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PART I. 



THE PROCESSES OF ANALYSIS. 



W. A. 



CHAPTER I. 



Complex Numbebs. 

1. Real Numbers, 

The idea of a set of numbers is derived in the first instance fix>m the 
consideration of the set of positive integral numbers, or positive integers ; 
that is to say, the numbers 1, 2, 3, 4, .... Positive integers have many 
properties, which will be found in treatises on the Theory of Integral 
Numbers ; but at a very early stage in the development of mathematics 
it was found that they are inadequate to express all the quantities occurring 
in calculations ; and so this primitive number system has come to be 
enlarged. In elementary Arithmetic, and in the arithmetical applications 
of Algebra, several new classes of numbers are defined, namely rational 
yractions such as ^, negative numbers such as —3, and irrationai numbers 
such as the number 1*414213..., which represents the square root of 2. 

The object of the introduction of these extended types of number is 
that we may express the result of performing the operations of addition, 
subtraction, multiplication, division, involution, and evolution, on all integral 
numbers. Thus, the result of dividing the integer 1 by the integer 2 is 
inexpressible until we introduce the idea of fractional numbers: and the 
result of subtracting the integer 2 from the integer 1 is inexpressible until 
we introduce the idea of negative numbers. 

The totality of the numbers introduced up to this point is called the 
aggregate of real numbers. 

The eztension of the idea of number, which has just been described, was not effected 
without some opposition from the more conservative mathematicians. In the latter half 
of the 18th centiury, Maseres (1731—1824) and Frend (1757—1841) published works 
on Algebra, Trigonometry, etc., in which the use of negative quantities was disallowed, 
although Descartes had used them unrestrictedly more than a hundred years before. 

1—2 



4 THE PROCESSES OF ANALYSIS. [CHAP. L 

2. Complex Numbei^s*. 

If we attempt to perform the operations already named — multiplication, 
etc. — on any of the real numbers thus recognised, we fiud that there is one 
case in which the result of the operation cannot be expressed without the 
introduction of yet another type of numbers. The case referred to is that 
in which the operation of evolution is applied to a negative number, e.g. to 
find the square root of — 2. To express the results of this and similar opera- 
tions, we make use of a new number, denoted by the letter t; this is defined 
as a quantity which satisfies the fundamental laws of algebra (Le. can be 
combined with other numbers according to the associative, distributive, 
and commutative laws) and has for its square the negative number —1. 

It is easily seeu that all the quantities which can be formed by com- 
bining i with real numbers are of the form a + bi, where a and 6 are real 
numbers. A quantity a + 6t of this nature is called (after Gauss) a complex 
number. Real numbers may be regarded as a particular case of complex 
numbers, corresponding to a zero value of the quantity 6. 

The complex quantity thus introduced may in the first instance be 
regarded as formed by the association of the pair of real numbers a and 
6; as the quantities a, 6, i are subject to the ordinary laws of algebra, 
we obtain for the addition and multiplication of two complex numbers 
a + bi and c + di the formulae 

(a + bi) + (c + di) = (a + c) + (6 + d) i, 

(a + 6i) (c + di) ^{ac — bd) + {ad + be) i. 

But a complex number will usually be considered apart from its composition, 
as an irresoluble entity. Regarded in this light, it satisfies the fundamental 
laws of algebra ; so that if a, 6, c are complex numbers, we have 

a^-b^^b-^-a, 

ab = id, 

{a'\-b)'\-c^a'\-{b-\-c\ 

ab ,c=^a ,bCt 

a (6 + c) = oft -h oc. 

It is found that the operations of multiplication, etc., when applied to 
complex numbers, do not lead to numbers of any fresh type ; the complex 
number will therefore for our purposes be taken as the most general type 
of number. 

The introduction of the complex number has led to many important 
developments in mathematics. Functions which, when real variables only 

* For the general theory of complex numbers, see Hankel, Theorie der eomplexen Zahlen- 
ty Sterne (Leipzig, 1867), and Stolz, Vorletungen Uber allgemeine Arithmetik 11, (Leipzig, 1886). 
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are considered, appear as essentially distinct, are seen to be connected when 
complex variables are introduced : thus the circular functions are found to 
be expressible in terms of exponential functions of a complex argument, by 
the equations 

cos a? = 2 (e'^ + «"**), 

sin a? = 2i («** - ^"^)- 

Again, many of the most important theorems of modem analysis are 
not true if the quantities concerned are restricted to be real; thus, the 
theorem that every algebraic equation of degree n has n roots is true in 
general only when complex values of the roots are admitted. 

Hamilton's quaternions furnish an example of a still further extension of the idea 
of niunber. A quaternion 

is formed from four real niunbers ic, or, y, z, and four number-units 1, », J, ky in the same 
way as the ordinary complex number .r+ty is formed from two real numbers ^, y, 
and two number-imits 1, i. Quaternions however do not obey the commutative law of 
multiplication. 

3. The modulus of a complex quantity. 

Let x + iy be a complex quantity; x and y being real numbers. Then 
the positive square root of ^ + y* is called the modvius of {x + yi), and is 
written 

|a? + yi|. 

Let us consider the complex number which is the sum of two known 
complex numbers, x + iy and u + iv. We have 

(x 4- iy) + (u + iv) « (a: + ti) + » (y + *')• 

The modulus of the sum of the two numbers is therefore 

{(x + uy + iy-^- vy}i, 
or {(«« + y«) + (u« + 1;«) 4- 2 (xu + yv)}K 

But 

= (a;» + y») + (u« + v») + 2 {(xu+yvy+{xv - yw)*}*, 
and this latter expression is greater than (or at least equal to) 

(^ + y*) + (w* + 1;") + 2 (a:u + yv). 
We have therefore 

I ^ + ly I + 1 u -f- ly I ^ |(a? + ly) + (m + iv) I , 

or the modulus of the sum of two complex numbers cannot he greaier than the 
sum of their moduli ; and in geueral it follows that the modulus of the sum 
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of any number of complex quantities cannot be greater than the sum of their 
moduli. , 

Let us consider next the complex number which is the product of two 
known complex numbers x + iy and u + iv; we have 

(x + ty) (u + iv) = (xu — yv) + 1 (aw + yu), 

and therefore 

I (a? 4-ty)(u 4- iv) I = {(xu - yvy + {xv+yuy}^ 

^{(a^+f)(u' + ^)}^ 

The modidus of the product of two complex quantities (and hence of any 
number of complex quantities) is there/ore equal to the product of their moduli. 

4. ITie geometrical interpretation of complex numbers. 

For many purposes it is useful to represent complex numbers by a 
geometrical diagram, which may be done in the following way. 

Take rectangular axes Ox, Oy, in a plane. Then a point P whose 
coordinates referred to these axes are x, y, will be regarded as representing 
the complex number x + iy. In this way, to every point of the plane there 
corresponds some complex number; and conversely, to every possible complex 
number there corresponds one and only one point of the plane. 

The complex number x -hiy may be denoted by a single letter z. The 
point P is then called the representative point or affix of the value z ; we 
shall also speak of the number z as being the affia of the point P. 

If we denote («" + y*)* by r and tan~* [-]hy 0, then r and are clearly 

\x/ 

the radius vector and vectorial angle of the point P, referred to the origin 

and axis Ox, 

The representation of complex quantities thus afforded is often called the 
Argand diagram*. 

If Pi and P, are the representative points corresponding to values Zi 
and z^ respectively of z, then the point which represents the value Zi + z^^ is 
clearly the terminus of a line drawn from Pi, equal and parallel to that 
which joins the origin to Pj. 

To find the point which represents the complex number ZiZ^, where ^ ana 
z^ are two given complex numbers, we notice that if 

Zi = ri (cos 01 + i sin 0i), 
Zt = ra (cos 0^ + i sin d,), 

* J. B. Argand published it in 1806 ; it had however previously been used by Gauss, and 
by Caspar Wessel, who discussed it in a memoir published in 1797 to the Danish Academy. 
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then by multiplication 

^1^8 = nn {cos (^1 + 0^ + 1 sin (^1 + tf,)}. 

The point which represents the value ZiZ^ has therefore a radius vector 
measured by the product of the radii vectores of Pi and Pj, and a vectorial 
angle equal to the sum of the vectoiial angles of Pi and P,. 



Miscellaneous Examples. 

1. Shew that the representative points of the complex numbers l+4t^ 2 + 7t, 3+lOt, 
are oollinear. 

2. Shew that a parabola can. be drawn to pass through the representative points of 
the complex numbers 

2 + t, 4+4i, 6 + 9t, 8+161, 10+26t. 

3. Determine by aid of the Argand diagram the nth roots of unity ; and shew that the 
number of primitive roots (roots the powers of each of which give all the roots) is the 
number of integers including unity less than n and prime to it. 

Prove that if ^i, ^a, ^s, ... be the arguments of the primitive roots, 2cosjt?^=0 when 
J9 is a positive integer less than —j- — |^, where a, b, c,.„ k are the different constituent 

primes of n; and that, when p— , , , 2co8i>d«=^^ — —j-j where fA is the number of 

aoc,,,K (wc,m,Jc 

the constituent primes. 

(Cambridge Mathematical Tripos, Part I. 1895.) 



CHAPTER II. 
The Theory of Absolute Contergence. 

6. The limit of a sequence of qaantities. 

Let Ziy z^, Zt, ... he B. sequence of quantities (real or complex), infinite in 
number. The sequence is said to tend towards a limiting value or limit I, 
provided that, corresponding to every positive quantity €, however small, a 
number n can be chosen, such that the inequality 

{zn.-llKe 

is true for all values of m greater than n. If ^ is a variable quantity which 
takes in succession the values ZiyZ^ytsf ...j then z is said to tend to the limit I. 

Example. Consider the sequence of niunbers ^, ^, i,...* for which z^= — . This 
sequence tends to the limiting value ^=0; for if any poeitire quantity t be taken, and 
if n denote the integer next greater than - v^-g > ^hen the inequality 

1 

ia true for all values of m greater than n. 

6. The necessary and sufficient condition for the existence of a limit. 

We shall now shew that the necessaiy and sufficient condition for the 
existence of a limiting value of a sequence of finite numbers ^i, z^f z^, ... is 
that corresponding to any given positive quantity e, however small, it shall be 
possible to find a number n such that the equation 

is verified for all positive integral values of p. This may be expressed in 
words by the statement that a finite variable quantity has a limit if and 
only if its osdlUUions have the limit zero ; it may be regarded as one of the 
fundamental theorems of analysis. 

First, we have to shew that this condition is necessary, i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit I exists ; then 
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(§ 5) corresponding to any positive quantity e, however small, a number n 
can be chosen such that 

and I Zn^ — Z I < - , for all values of p ; 



therefore 






€ € 
<€, 

which shews the necessity of the condition 

I ^n+P — -^n I < ^» 

and thus establishes the first half of the theorem. 

Secondly, we have to shew that this condition is sufficient, i.e. that if it 
is satisfied, then a limit exists. Suppose then that this condition is satis- 
fied. Let 

Zr^Xr + if/r, 

where Xr and if/r are the real and imaginary parts of Zr. Then if 

I ^n+p ~ -^n I < €> 

we have | (x,,^ - «?«) + i ( t/n+p - yn) I < «, 

or (Xn+p - XnY + iVn+p " t/nY < c", 

and therefore ds» — e < Xfi^^ <Xn + €, 

and yn-€< yn+p <yn + €. 

Now the number n is determined by the quantity e, which can be assigned 
arbitrarily. Let ti^, tz,, n,, n4, ... be the numbers which correspond in this 

way to the quantities ^, -j, -, f^'"*' ^^^ ^* ^^ ^^^ lesist of the quantities 

^n + €, a?ni + 5 » ^»« + 7 > ••• ^n» + 54 » SO that the quantities ti^, Wi, t/,, ... are a 
decreasing sequence ; and let Vk be the greatest of the quantities 

€ € € 

SO that the quantities Vo, Vi, v^, ... are an increasing sequence ; and clearly 



Then any of the numbers in the t^-sequence is greater than any of the 
numbers in the v-sequence, since we have 

tlr>Vr>Vg, if r > s, 

and t^ > t*« > v,, if r < « ; 
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and the difference u^ — vt can be made as small as we please by increasing 
it. These two sequences u and v therefore uniquely define a real number 
(rational or irrational) ^, such that ^ is less than any number in the 
ti-sequence and greater than any number in the v-sequence, and the 
differences u^^^ and ^^v^ can be made as small as we please by increasing k. 

Then m* - f < t^* - v* < ^^ , 

Moreover, by hypothesis, 

2* 






where p is any positive integer ; and so 

Since ^_-3 csm be made as small as we wish by increasing k, this inequality 

shews that the sequence ^, ^, ^s, ... tends to the limit ^. Similarly the 
sequence ^i, ^s, ^s, ... tends to a limit rj. 

Thus if r be any small positive quantity, it is possible to choose a number 
m such that for all values of r greater than m we have 





xr f <J^. and yr-V <^-|. 


and therefore 


(^r-f)'+(yr-f)'<T». 


or 


Zr~l <T, 


where 


l-^ + iri. 



This inequality shews that the sequence of quantities 2^1, j?,, ^,, ... tends to 
the limit I ; which establishes the required result, namely that the condition 
expressed is sufficient to ensure the existence of a limit. 

7. Convergence of an infinite series. 

Let tti, u,, t^, '"\Un be a series of numbers (real or complex). Let the 
sum 

be denoted by Sn. 

Then the infinite series 

Wi4-Ws + t^ + W4+ ... 

is said to be convergent, or to converge to a sv/tn S, if the sequence of numbers 
Si, Si, S^f ... tends to a definite limit S as n tends to infinity. In other 
cases, the infinite series is said to be divergent When the series converges 
the quantity S — Sn, which is the sum of the series 



.? 
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is called the remainder after n terms, and is frequently denoted by the 
symbol jRn- 

The sum U^+i + Mn+, + ... + Un+p 

will be denoted by Sn^p* 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and sufficient condition for the 
convergence of an infinite series is that 5„,p shall tend to the limit zero 
as n tends to infinity, whatever p is. 

Since Un+i^^^n,!, it follows as a particular case that iLn+i must tend to 
zero as n tends to infinity, — in other words, the terms of a convergent series 
must ultimately become indefinitely small. But this last condition, though 
necessary, is not sufficient in itself to ensure the convergence of the series, 
as appears from a study of the series 

In this series, 

1 11 J_ 

80 ««.->2;,» 

or «n,n>2- 

Therefore 8=1 + Si,i + fl^.a + 8^^ + 8^^^ + /S„.,e + ... 

1 1,1, 

^ 1 ^222 •••> 

which is clearly infinite ; the series is therefore divergent. 

Infinite series were used by Lord Brouncker in Phil. Trans. 1668, and the expressions 
convergent and divergent were introduced by Gregory in the same year. But the great 
mathematicians of the 18th century uned infinite aeries freely without, for the most part, 
considering the question of their convergence. Thus Euler gave the sum of the series 



as zero, on the ground that 



•••+p + ^ + J+l+«+«*+«'+ • («) 



r+is«+^+... = -^^ (6) 



*"d i + F + ?+-=,4i w- 

The error of course arises from the fact that the series (6) converges only when | a | < 1, and the 
series (c) converges only when | « !>1, so the series (a) does not conveige for any value of «. 

The modem theory of conyergence may be said to date from the publication of Gauss' 

Ditqwintiones circa seriem infinitam l4-^-^+... in 1812, and Cauchy's Analym Alg^hriqys 

1 • y 
in 1821. See Rei£^ Oeschichte der unendlichen Beihen (Tubingen, 1889). 
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8. Absolute convergence and semi-convergence. 
In order that the series 

(which we shall frequently denote by 2un), whose terms are supposed to be 
any complex quantities, may be convergent, it is sufficient, but not necessary, 
that the series S 1 1^ | shall be convergent. 

For we have 

and this last expression is infinitely small, whatever p may be, when n is 
infinitely great, provided the series ^\v^\ is convergent. 

Although this condition is sufficient to ensure the convergence of the 
series 2tin> i* is not necessary, i.e. the series l,iLn can converge even when 
the series S | tin | diverges. This may be seen by considering the series 

This series is convergent ; for writing it in the form 

1 . 1^ . 1 . 

or 2 "'■i2"*"3o"*" ••• * 

we see that its sum is greater than ^ i &nd that the partial sum obtained by 

truncating the series after its 2nth term increases as n increases; on the 
other hand, by writing it in the form 

or 1-1-1- 

w ^ 6 20 •••' 

we see that the sum is less than 1, and that the partial sum obtained by 
truncating the series after its (2n + l)th term decreases as n increases. 

These partial sums must therefore tend to some limit between ^ &nd 1, and 
so the series converges. But the series of moduli is 

which as already shewn is divergent. In this case therefore, the divergence 
of the series of moduli does not entail the divergence of the series itself. 

Series whose convergence is due to the convergence of the series formed 
by the moduli of their terms possess special properties of great importance, 
and are called absolutely convergent series. Series which though convergent 
are not absolutely convergent (i.e. the series themselves converge, but the 
series of moduli diverge) are said to be semi-convergent or conditionaUy 
convergent. 
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9. Ttie geometrical series, and the series ^ --• 

The convergence of a particular series is in most cases investigated, not 
by the direct consideration of the sum Sn^p, but (as will appear from the 
following articles) by a comparison of the given series with some other series 
which is known to be convergent or divergent. We shall now investigate 
the convergence of two of the series which are most frequently used as 
standards for comparison. 

(1) Hie geometrical series. 
The geometrical series is defined to be the series 

l + ^r-f-J' + ^ + z*.... 
Considering the series of moduli 

l + |2:| + |2r|«+|^|«+ ..., 

we have for it iSn.p = |-^|'*^' + |-^|'*+' + ... +1^1**+^, 



Sn.,= kr^^j^'' 



1 I « |j» 

Now if I ^ I < 1, then -:= r-j is finite for all values of p, while 1^1**+* tends 

to zero as n tends to infinity. The series 

l-¥\z\ + \z\^-\-... 

is therefore convergent so long as ! ^^^ | < 1, and therefore the geometric series is 
absolutely convergent so long a^ \z\<l. 

When \z\^l, the terms of the geometric series do not tend to zero as n 
increases, and the series is therefore divergent. 

(2) Theseries ^ + 2^ + 3^ + ^i + 5. + --- 

* 1 

Consider now the series 2 - , where s is any positive real quantity. 

nasi ^ 

TTT !_ 112 1 

We have ^ + i^ < 7;^ < 



2* 3* 2* 2*-^ * 

11114 1 

4* "*" 5* "^ 6* "*" 7* "^ 4* "^ 4^1 ' 

and so on. Thus the sum of any number of terms of the series is less than 
the sum of the corresponding terms of the series 

1111 

1 J_ 1 1 

^^ j^=r + 2«-* ■*"2*<^*» 2*^*-^i ' 
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and hence the convergence of this last series would involve that of the 
original series. But this last series is a geometrical series, and is therefore 
convergent if 

1 , 

that is, if 8> 1. 

The series X — is therefore convergent if s>l; and since its terms 

are all real and positive, they are equal to their own moduli, and so the series 
of moduli of the terms is convergent ; that is, the convergence is absolute. 

If » = 1, the series becomes 

1+1+1+1+ 

which we have already shewn to be divergent; and when «=!, it is d, fortiori 
divergent, since the effect of diminishing « is to increase the terms of the 

• 1 

series. The series 2 — w therefore divergent if s^l. 

10. The Comparison-Theorem. 

We shall now shew that a series 

Wl + 1^ + ti, + ^4 + ... 

wUl be absolutely convergent, provided \un\ is always less than C\vn\, where 
C is any finite number independent of n, and Vn is the nth term of another 
series which is known to he absolutely convergent. 

For we have under these conditions 

I Wn+i i + I Un+% I + ..' + I «^i+p I < C ( I Vn+i I + I Vn+a | + ... + | Vn+j, |}, 

where n and p are any integers. But since the series Svn is absolutely 
convergent, the series S | Vn | is convergent, and so 

|Vn+i| + |Vn+8| + ... +|v«+p| 

tends to zero as n increases, whatever p may be. It follows therefore that 

I t/„+i I + I Wn+8 I + ... + ! ^+p I 

tends to zero as n increases, whatever p may be, i.e. the series S | Un | is 
convergent. The series 2wn is therefore absolutely convergent. 

Corollary. A series will be absolutely convergent if the ratio of ite 
terms, to the corresponding terms of a series which is known to be abso- 
lutely convergent, is always finite. 

Example 1. Shew that the series 

cos «+5^ cos 2z+;^ cos 3«+ jj cos 4z+ ... 

is absolutely convergent for all real values of t. 
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I C06 flZ 1 

For when « is reaL we have I co6 tu I < 1, and therefore I — =— < -= . The moduli of 

the terms of the given series are therefore less than, or at most equal to, the corresponding 
terms of the series 

2 1 1 

2* **" 3* **" 4> • 

which by § 9 is absolutely convergent The given series is therefore absolutely convergent. 
Example 2. Shew that the series 

where «,^=^1 +-)«»*, (n=l, 2, 3,...) 

is convergent for all values of;?, except the values zmmzi, e^, %, .... 

The geometric representation of complex numbers is helpful in discussing a question of 
this kind Let values of the complex number z be represented on a plane : then the values 
'i) ^s) %»— ^^ ^01^™ A series of points which for large values of n lie very near the 
circumference of the circle whose centre is the origin and whose radius is unity: so 
that in £Etct the whole circiunference of this circle may be regarded as composed of points 
included in the values z^. 

For these special values z^ of 2r, the given series is clearly divergent, since the term 
becomes infinite when z^^z^. The series is therefore divergent at all points z 



situated on the circumference of the circle of radius unity. 

Suppose now that z has a value which is distinct from any of the values i». Then 
is finite for aU values of n, and less than some definite upper limit e : so the moduli 



of the terms of the given series are less than the corresponding terms of the series 

1« ^2' 3' 4' 

which is known to be absolutely convergent The given series is therefore absolutely 
convergent for aU values of z, except the values z^. 

It is interesting to notice that the area in the ^-plane over which the series converges 
is divided into two parts, between which there is no intercommunication, by the circle 

1*1-1- 

Example 3. Shew that the series 

E Z Z Z 

2sin^+4sing+8sin — + ...+2*sin ^+..- 

converges absolutely for aU finite values of z. 
For when n is large, the quantity 

2* sin In 



2" 



3* 

has a value nearly unity; the given series is therefore absolutely convergent, since the 

comparison series 2 ' ' is absolutely convergent. 
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11. Discussion of a special seines of importance. 

The theorem of § 10 enables us to establish the absolute convergence 
of a series which will be found to be of great importance in the theory of 
Elliptic Functions. 

Let a>i and a>9 be any constants whose ratio is not purely real; and 
consider the series 

i+zl ^ ^ \ 

z^ \{z - 2m(k)i - 2nft),)« (2moi + 2n(k),)« J ' 

where the summation extends over all positive and negative integral and 
zero values of m and n (the simultaneous zero values m = 0, n = excepted). 
At each of the points z == 2ma>i + 2na>s one term of the series is infinite, and 
the series therefore is not convergent. The absolute convergence of the 
series for all other values of z can be established as follows. 

Let z have any value not included in this set of exceptional values. 

The series may be written 

z^ (2ma), + 2n©,)« (V 2mft)i 4- 2nwJ J * 

Now when | 2ma)i + 2na>s I is large (and we can suppose the series arranged 
in order of magnitude of | 2m(k)i + 2m»a|), we have 

(i ' r_i 

Limit V gm... + 2n<oJ j 

2mo>i + 2na>9 
The series is therefore absolutely convergent if the series 

2 ^ 



(2ma>i + 2noi2)* 
is absolutely convergent : that is, if the series 

2 1 

(2ma>i + 2rj(k)a)* 
is absolutely convergent. 

To discuss the convergence of the latter series, let 

a>, = «! + i/8„ w, = Oa + iySj, 

where a,, Oa, y8i, yS,, are real. Then the series of moduli of the terms of this 
series is 

2 I . 

{(aim + a^ny + (/Sim + /San)']* 

This converges if the series 

'^ (which we may denote by S) 



(m» + n») 



i 
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converges ; for the quotient of corresponding terms is 

f(a, + «,A^)' + (A+y8,M)')* 



where 

and this is never zero or infinite. 



1 + M' 

n 
m 



We have therefore only to study the convergence of the series 8. Now 

00 00 1 

5f= S ^ ^ 



ms -00 »= - 00 (m* + n^y 



00 00 1 

= 4 2 2 ^ 



where in the summation the occurrence of the pair of values m = 0, n = 
together is excluded. 

Separating 8 into the terms for which m=^n, m> n, and m < n, re- 
spectively, we have 

00 1 oom-l 1 aof»-l 1 

iS=2 -—.+ 2 2 --^--j+2 2 ---.. 

«=i (2m*)* m=i n=o (m* + n')* n-i w=o (m» + n»)* 

^ . «-i 1 m 1 
But 2 ^i< i<-i. 

n=o (7/i» + n»)* (my ^^' 

Therefore 18< 2 -^+ 2 --+ 2 -.. 

m = l 2*m» «• = ! ^ »=lW' 

* 1 • 1 

But the series 2 — ; and 2 - are known to be convergent. So the 

series 8 is absolutely convergent. The original series is therefore absolutely 
convergent for all values of z except the specified excluded values. 

Example. Prove that the series 

1 
2-- 



in which the summation extends over all positive and negative integral values and zero 
values of m,, m,, ... m,., except the set of simultaneous zero values, is absolutely convergent 

if ^>- . (Eisenstein, Crelle's Joumcd^ xxxv.) 

12. A convergency-test which depefids on the ratio of the successive teiniis 
of a series. 

We shall now shew that a series 

^1 + ^ + 1^3 + «4 + • • • 

is absolutely convergent^ provided that for all values of n greater than some 



w. A. 



2 
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fixed value r, the quantity . — ^1 is leas than K, where K is some positive quantity 
independent of n and less than unity. 

For the terms of the series 

|Wr+, |^-|wr+«l^-|^+^l + ••• 
a^e respectively less than the terms of the series 

|w^+,!(i-f ir+ir«+ir« + ...), 

which is a geometric series, and therefore absolutely convergent when K<\, 



Thus if 



^+1 



tends as n increases to a limiting value which is less than 



unity, the series is absolutely convergent. 
Example 1. If ; c |< 1, shew that the series 

converges absolutely for all values of z. 

For the ratio of the (n+ l)th term to the nth is 

or c«* + V, 

and if I c |<1, this is ultimately indefinitely small 

Example 2. Shew that the series 

, , «-^.. , (a-6)(a-26) ^, (a-6)(a-26) (a-36) ^ 
^■*" 2T "^ 3! ^ 4! ^■*"- 

converges absolutely so long as I ^ |<,ti • 

Ct'—fiJl} 

For the ratio of the (n+ l)th term to the »th is v\h or ultimately - 6^ : so the con- 
dition for absolute convergence is ' 6« !<1, or U|<-t^ 

Example 3. Shew that the series 2 ^ converges absolutely so long as 

For when |2|<I, the terms of the series bear a finite ratio to those of the series 
2 712""^; but this latter series is then absolutely convergent, since the ratio of the 



(n+ l)th term to the nth is ( 1 H — ) z, which tends to a limit less than unity as n i 



mcreases. 



13. A general theorem on series jor which Limit 



n=« 



^+1 



= 1. 



It is obvious that if, for all values of n greater than some fixed value r, 
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I Un+i I is greater than I t^n |, then the terms of the series do not tend to zero as 
n increases, and the series is therefore divergent. On the other hand, if 



is always less than some quantity which is itself less than unity, we have 
shewn in § 12 that the series is absolutely convergent. The limiting case 



is that in which, as n increases, 



u 



n+i 



U 



n 



tends to the value unity. In this case 



a further investigation is necessary. 
We shall now shew that a series 



in which i — ~ 



^1 + ^ + ^+ •••> 
tends to the limit unity as n increases, will be absolutely con- 



vergent if, for all values ofn after some fixed vaius, we have 






<1- 



1 + c 



n 



where c is a positive quantity independent of n. 

For compare the series 2 | tin I with the convergent series Svn, where 



A 



t;„= 



'n 



1 + , 



n 



and ^ is a constant ; we have 



-(^-1) 



Vn \n+l/ V nJ 



1+1 1 1 

= 1 — — ^ + terms in -■ , -- 



V, 



As n increases, ""^^ will therefore tend to the limit 

Vn 



1- 



ill 

n 



so that after some value of n we shall have 






^Vn+1 
Vn 



By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 

As Svh is convergent, S 1 1^ | is therefore convergent, and so Xu^ is abso- 
lutely convergent. 

2—2 
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Corollary. If -^^ \ can be expanded in descending powers of n in the 
form 

n vir Kv 

where Ai, A^, A^, ... are independent of n, then the series is absolutely 
convergent if ulj < — 1. 

This is easily seen to follow from the fact that when n is large the terms 

become unimportant in comparison with Ai, 

14. Convergence of the hypergesmetric series. 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeometric series, 



1 + 



a.b a (a + 1) 6 (6 + 1) 



z' + 



a(a + l)(a + 2)b(b + l)(b + 2) 
1.2.3.c(c + l)(c+2) 



l.c' ' 1. 2. c(c -hi) 
which is generally denoted by F (a, 6, c, z). 

If c is a negative integer, all the terms after the (1 — c)th will be infinite ; 
and if either a or 6 is a negative integer the series will terminate at the 
(1 — a)th or (1 — 6)th term as the case may be. We shall suppose these 
cases set aside, so that a, 6, and c are assumed not to be negative integers. 

The ratio of the (n + l)th term to the nth is 

Un+i _ (g + n — 1) {b + n —J.) 
n(c +w — 1) 



z. 



Therefore 



Un 



^n+i 



U 



n 



1 a- 1 

n i 



1-1- 



6-1 



n 



14- 



c-1 



n 



As n tends to infinity, this tends to the limit \z\. We see therefore by § 12 
that the series is absolutely convergent when \z\<\y and divergent when 
z\>\. 



When 1^1=1, we have 






1 + 



o-l 

n 



1 + 



6-1 



n 



c-i (c-iy 



n 



w 



, ^a-l-6-c-l^. .11. 

1 -h - -f terms m — , — , etc. 

n w' 71* 



Now a, b, c are in the most general case supposed to be complex numbers. 
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Let them be given in terms of their real and imaginary parts by the 

equations 

a = a' -I- ta"f 

6 = 6' + iV\ 

c = c' -I- iV. 

1 1 
Then (neglecting the terms in — , — , etc.) we have 

7l 71 

1 + ^^ 

n 

r / a' + 6' - c - 1\« /a" + 6" - c"V) * 
= ll^-^ n )^[ - n ■■)] 

a .|-6'-c'-l , .1 1 ^ 

= 1 H h terms m — , — , etc. 

n v? vr 

By § 13, the condition for absolute convergence is 

a' + 6'-c'<0. 

Hence when \z\-=i\,the condition for the absolute convergence of the hyper- 
geometric aeries is that the real part of a + b-^c shall be negative, 

16. Effect of changing the order of the terms in a series. 

In an ordinary sum the order of the terms is of no importance, and can 
be varied without affecting the result of the addition. In an infinite series 
however this is no longer the case, as will appear from the following example. 

Let 2=l+|-^ + i+J-i+i+,\-5+.... 

and ir=i_i+i_J + i_i + .... 

and let 2n and Sn denote the sums of their first n terms. These infinite 
series are formed of the same terms, but the order of the terms is different. 

Then if k be any positive integer, 

X, , 11111 

But ^*-P*- = 2/t^+2A,-X = 2it-l-2Jfc- 

Similarly p,_, -p,_, = ^ - ^^L^ . 

A series of equations like this can be formed, of which the last is 

Adding these, we have 

,1.11. 1 o 
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Thus Sat = iS4* + ^ iSafc. 

Making k indefinitely great, this gives 

an equation which shews that the effect of deranging the order of the terms 
in 8 has been an alteration in the value of its sum. 

Example, If in the series 

the order of the terms be altered, so that the ratio of the number of positive terms to the 

number of negative terms in S^ is ultimately a^, shew that the sum of the series will 

become log (2a). 

(Manning.) 

16. The fundamental property of absolutely canvergent series. 

We shall now shew that the sum of an absolutely convergent series is not 
affected by changing in any Tnanner the order in which the terms occur. 

For let S = u^ + 1/, + 1/, 4- «< + . . . 

be an absolutely convergent series, and let S* be a series formed by the same 
terms in a different order. 

Suppose that in order to include the first n terms of S, it is necessary to 
take m terms of S\ So if k be any number greater than m, we have 

^k =Sn + terms of S whose suffix is greater than n. 

Therefore 

I ^*' — ^ I < 1 'S^n — ^ I + the sum of the moduli of a number of terms of S 

whose suffix is greater than n 

< I Sn — S I -f I Un+i I + I Un+2 \ + | ^n+s | -+" 

When n tends to infinity, |/Sn — S| tends to zero since the series S is con- 
vergent, and the sum 



u 



n+i 



tends to zero also, since the series is absolutely convergent. 

Thus 1 8k — S I tends to zero when k is indefinitely increased ; which 
establishes the required result. 

17. Riemann's theorem on semi-convergent series. 

We shall now shew that a semi-convergent series 

ih + 1/, + 1^3 + ^4 + . . . , 

vnth real terms, may be made to converge to any desired real value, by suitably 
disposing the order in which the terms occur. This property stands in sharp 
contradiction to that proved in the last article; an example of it was 
afforded by the result of §15. 
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To establish the theorem, let the positive terms in the series be 

Upif Up^, Up^y ... , 

and let the negative terms be 

'*»,> ^it,» ^»,> ••• • 
Then the series 

and - Un, - Wh, - iA», - ... 

cannot be both convergent : for if they were, the original series would be 
absolutely convergent: one of them must therefore be divergent: and the 
other cannot be convergent, since in that case the original series would be 
divergent. It follows that the series 

^Pi + ^p. 4- U|,, + ... 
and -24^ -t4^-t*„,- ... 

are both divergent. 

Now let S be any real number, and let it be desired to change the order 
of the terms in the original series, in such a way as to cause it to converge 
to the sum 8. Suppose that a terms of the series 

have to be taken in order to obtain a sum greater than Sy so that 

Take now a number h of the terms of the series 
such as are required to make the sum 
less than 8 : so that 

"y. + ">.+ ••• +"p. + ^*n, 4-... -^ Un^_^> 8 > Up^ + Up^-j- ... 4- My. -fMn, + • • • + ^n*. 

Take next a number c of the terms of the series 
such as are required to make the sum 

Mp, 4- Mp, 4 ... 4-Wp.+ «*n, 4 ^n, 4- ... + U^n '\' Hj^i 4" ... 4- lfp.+, 

greater than 8 ; and then take a number d of the terms of the series 
in such a way as to make the sum 

"Wp, 4" ... "I" 'Mp, 4" ^Hi 4" • . • "t" "W-n* 4" ^«+i 4" ... 4" ^fp»+« 4" '^nn-i i • • • i ^*n»+«i 

less than 8 again ; and so on. 

Proceeding in this way, we obtain a series whose sum at any stage of 
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the process, differs from S by less than the last term included. But the 
terms of the series 

til + M,+ 11,+ ... 

are ultimately indefinitely small, since the series is convergent: we can 
therefore in this way obtain a series 

Up^ + ... + tip. + u^^ 4- ... 

whose sum differs from £> by as little as we please ; and it consists of the 
terms of the original series, disposed in a different order. This establishes 
the result above stated. 

Corollary. If the terms of the original series are complex, they can be 
disposed in such an order as to give an arbitrarily assigned value to either 
the real or the imaginar}' part of the sum. 

18. Cauchys theore^n on the multiplication of absolutely convergent series. 
We shall now shew that if two series 

<S = Wi 4- ti, + M3+ ... 

and T= r, + r, + r, + ... 

are absolutely convergent, then the series 

P = u^Vj + UiVi + ti,t;, -f- . . . , 

formed by the products of their terms, written in any order, is absolutely con- 
vergent, and lias for sum ST. 

Suppose that in order to include all the terms of the product 

(mi + ti, + t/, -4- ... + ti„) (r, + r, -h ... +Vn) 

it is necessarj' to take m terms of P; and let k be any number greater 
than m. 

Then 
P^=:(m, + m^+ ... -hM„)(t;,-i- rj+ ...+rn) + terms u^v^ in which either a or )9 

is greater than n, 

so Pt" ST ^^SnTn- ST + terms u^lvfi.. 

Let (u -\-p)he the greatest suffix contained in these suffixes o and /3. 
Then 

P.^ST ^ SnTn-ST +{lM„^ii + ...+'Mn+p {[ V, +...+ r»^ } 

Now when n tends to infinity, 

Wn+i -H ti„^^ -h ... + j Un+p . tends to zero, 
and Vn^i 4- • • • + ; ^^n+p ' tends to zero, 

while their coeflScients tend to finite limits. 

Therefore P^ — ST tends to zero, which proves the theorem. 
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Example 1. Shew that the series obtained by multiplying the two series 

l4.£ + i%f' + ?! + 

and 1+- + -J +-3+..., 

converges so long as the representative point of z lies in the ring-shaped region bounded 
by the circles !«|=»1 and |«|=2. 

For the first series converges only when |2|<2, and the second only when |«|>1, and 
both must converge if the product is to converge. 

Example 2. Prove by multiplication of series that 

{cos Zz . cos bz 1 fff' 2 /cos 2^ cos 4tz W . cos 3z . cos 5« . 

coe*+^S- +^5- + -| 19 -3V"2» " + ^«- + -j}-«« ^+-3*" +-M- + - • 

For the coefficient of cos (2r4-l) z in the product on the left-hand side of the equation is 

9(2r+l)2 3*1, (2it)M(2ir-2r-l)«^(2ir+2r+l)«J ' 

^^ 9(27+ if " 3(2r-Hl)«ib^, iv2F^ 2r- l^^k) '^ \^~ 2it+2r-Hlj J ' 



or 



tr« 1 s f 2 2 4 \ 1 

9(2r+l)* 3(2r+l)«ib=it(2i{-)*"*'(2i{r-l)2"(2ir-2r-l)(2it-H2r+l)/ ■*"3(2r+l)*' 

_-V+_J 2__/ 2.1.1+ ^+ .2_ 

9(2r+l)* 3(2r+l)* 3(2r-Hl)«V 2«^3«^4«^*'7 ^3(2r+l)*' 



»^Zr+l}* 3(Zr+i;* 3(5Jr- 

»r2 . 1 2 »r2 

or t-tt: rro + 



or 



9(2r+l)8'^(2r+l)* 3(2r+l)« * 6 ' 

1 



(2r+l)*' 
which gives the required result. 

19. Mertens theorem on the multiplication of a semi-convergent series by 
an absolutely convergent series. 

We shall now shew that if a series 

6' = 1^ + l^a -I- t^a + . . . 

is semi-convergent, and anothei^ series 
is absolutely convergent, then the series 

where Pn'^fhVn-^ U^Vn^i + . . . + t^nVi, 

is convergent, and its sum is ST. 

For Pn = the sum of all terms u^v^ in which a + y8 < n + 1 

= (^ + 1/^ + . . . 4- t/n)(Vi + Vj + . . . + Vfi) - V^Un -V^iUn^ ^%-i) - . . . 
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Therefore 

\Pn''ST\^\SnTn-ST\ + \Un\\v,\-h\v,\\Un-¥U^,\ + ... 

Now let k denote some number about half-way between 1 and ?i; let e be 
the greatest of the quantities 

and let 7 be the greatest of the quantities 
Then 

As n tends to infinity, € and { j Vft+t | + . . . + 1 1;„ | } are infinitesimal, while 
j|t;,j + ... H-jVjb^^!} and 7 are finite. So every term on the right-hand side 
of the last equation is infinitesimal, and therefore in the limit 

which establishes the theorem. 

20. AbeVs result on the viultiplication of series. 

We shall next prove a still more general theorem due to Abel*, which 
may be stated thus : 

Let two series 2 m» and 2 Vn converge to the limits U and V respec- 

•=1 11=1 

tively, and let the quantity 

be denoted by Wn> Then 1/ the series 

Wi + w. + w, + u»4 + . . . 
converges at all, it converges to the sum UV, 

It will be noticed that none of the series considered need be absolutely 
convergent. 

We shall follow a method of proof due to Cesaro*'". 

Lemma I. If a set of quantities Si, s^, s^, ... tend to a limit s, then 

. . 1 * 
Limit - 2 «,• = s. 
ii=x n ,=1 

For if 6 be any small positive number, we can find a number k such that 

the inequality 

Sr — s. < € 

is satisfied for all values of r greater than k. We have therefore 

1 " 1 * 1 •=" 1 » 

« 1 = 1 "•=! » 1=* w • = * 

• CnfUe't Journal^ i. (1827). 

t BulUtiH des Science* math. (2) xir. (1890). 
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Thus - ZSi « ; < - 2) «< H- - 2 «< — « I 

n,«i n I n<=i ^ »=* 

1 * , , n-k+l 
n ,=1 n 

1 * 
Now make n infinitely great compared with k ; then - S | «» | tends to zero, 

and tends to unity, 



..in 
Limit - 2 5i - « < 6 ; 



and so 

and as e can be made as small as we please, this establishes the Lemma. 



Lemma II. 7/, as n increases indefinitely ^ an and 6„ tend respectively 
to the limits a and b, then 

Limit - (ai6n + (hbnr-i + . . . + On^i) = db. 

To prove this, let v be the greatest integer contained in ^n. Then if e be 
any small positive number, we can take n so great that the inequality 

! 6r — 6 I < 6 

holds so long as r > n — v. 

Hence |ai(6n — &) + «3(&i*-i — t)+ . . . + a^ (in-i^+i — b)\ 

<6{jai| + I 02!+ ... + I a„|}. 

Hence Limit - | «! (6n — &) + Oj (6n-i — 6) + . . . + a„ (i^w-i^+i — 6) | 

n 



n=oo 



< 6 Limit - { I Oi I + 1 a, I + . . . 4- 1 a„ I } 

< € I a I , by Lemma I. 

The right-hand side of this inequality can be made as small as {we 
please; hence 

Limit - {ai(6n-i>) + a2(6«-i-6) + ... 4- a„ (6n-F+i - 6)} = 0, 

n=co n 

or Limit -{a^bn-h a^bn-i-h . . . H- a„ 6^-1^+1) 

= J6 X Limit- (tti + 0^4+ ... +a„) 

= ^a6, by Lemma I. 
Similarly 

Limit - {a^^ibn-v + a^+^bn-t^+i + ... + On^i) = icti. 

n=ao ^ 
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A/Jding the laiit two e^^uatioiu, we have 

Limit ('aa6» + a,6»-i + ... + a«6:> == aA, 

which e«$Uiblihhef$ L^mrna II. 

Now let IT^ denote the sum of the n first terms of the series 

w,H- Wj-f- ur,+ ..., 

coasidere^l in the above enunciation of Abel's result, we have 

W'n = ^ J^n + M,F„_, 4- ... + w«F,. 

where i\ af*d K,» are use<J to denote the sums of the first n terms of the series 
U SkXid V. From this we have 

and W) by Lemma II. it follows that 

Limit -(ir, + ir,+ ...4-TFn)= t^'F. 

But if the set of quantities IT,, TF,, IT,, ... tend to a limit TT, we have 
by Lemma I. 

Limit - ( TT, + Tf, + ... 4- TTn) = W. 

Hence W^UV, 

which establishes Abel's result. 

Example 1, Show that the Heries 

is convergent, but that itn square (formed bj Abel's rule), 

, 2/21\ /22\ 

JH divergent. 

Example 2. If the convergent series 

)>o multiplied by itself, the terms of the product being arranged as in AbeFs result, shew 
that the resulting serias is divergent if /* ^ ^, but that it converges to the sum S^ when 

(Cauchj and Cajori.) 

21. Power-Se7'ieff. 

A Heri(^s of the type 

(^0 4- ciiZ + a^z^ 4- (I3Z* 4- . . . , 
in which the (juantities Uq, a,, a^, a, ... are independent of z, is called a series 
pivceedhiff (iccordifig to ascending powers of z, or briefly a power-series. 
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We shall now shew that if a power-series converges for any value z^ of z, 
it will be absolutely convergent for all values of z whose representative points 
are unthin a circle, which parses through Zq and has its centre at the origin. 



OD 



For if z be such a point, we have | ^ | < j 2Jo |. Now since Son^©** converges, 



n=sO 



the quantity a^z^ must tend to zero as n increases indefinitely, and so 
we can write 



On = 



Zr 



n 



where €n tends to zero as n increases. Thus 

ttol + IOil 1^1 + |aa||2:|* + ... = 6o + €i 



z 1 


Z 


' i X 


! +^2 




+ e, - 


^0 1 


Zo 


!-^o 



"f" • • • . 



Now ultimately every term in the series on the right-hand side is less 
than the corresponding term in the convergent geometric series 



nso 



Z 



n 



the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent series ; 
which establishes the result stated. 

It follows from this that the area in the ^-plane over which a power- 
series converges must always be a circle ; for if the series converges for any 
point outside the particular circle which has just been found, we can (by 
taking this point as the point z^ obtain a new and larger circle within which 
the series will converge. 

The circle in the -^-plane which includes all the values of z for which 
the power-series 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius o/ convergence. 

The radius of convergence of a power-series may be infinitely great; 
as happens for instance in the case of the series 

^ 3!"^5! •**' 

which represents the function sin z ; in this case the series converges for all 
finite values of z real or complex, i.e. over the whole -j-plane. 

On the other hand, the radius of convergence of a power-series may be 
infinitely small ; thus in the case of the series 

1 + 1 ! ^ -h 2! 2;' -h 3! -3» + 4! ^ + ..., 



we have 






= n\z 
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whi/;h, for all valuect of n afiU^r i^^rne fixerl value, is greater than unity when 
z hax any value different from zero. The series converges therefore only at 
the {Xiint z»0, and it« circle of a^n vergence is infinitely small 

A fX/wer'Wni^;M may or may not converge for points which are actually on 
the cin:umferenc<; of the circle ; thus the series 

z z^ ^ z* 

whtmi mil i us of convergencf^ is unity, converges or diverges at the point ^ = 1 
wiu'jjniiuff as « is ffrnHUtr or not greater than unity, as was seen in § 9. 

22, Converyemy of series derived from a power-series. 

In; a |>ower-H4 fries, and consider the series 

a, + 2a,^ + 3a,-2:'+4a4^' + ..., 

which is obtained by differentiating the power-series term by term. We 
shall now shew that t/ie derived series has the same circle of convergence as the 
(yrigimd series. 

For let z b<5 a jwint within the circle of convergence of the power -series ; 
and ch<M>He u [Kisitive quantity r, intermediate in value between \z\ and the 

radius of convergence. Then, since the series ^anV^ converges absolutely, its 

tenus muMt decreiuie indefinitely as n increases; and it must therefore be 
jxmMible to find a positive quantity if, independent of n, such that the 

inequality 

I 3f 

l«n|<^ 

is true for all values otn. 

Then the terms of the series 



00 



are loss than tho corresponding terms of the series 

if « n!er|»»-i 

But in this sorios wo have 

•WtH-i^w+ 1 |ir|^/^_^l\ z 
M„ n r V n) r * 

which, for all values of n greater than some fixed value, is constantly less than 
unity ; this comparison-series therefore converges, and so the series 
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QO 

converges ; that is, the series 2 nan^"^ converges absolutely for all points z 

QO 

situated within the circle of convergence of the original series 2 an^, and the 
two series have the same circle of convergence. 

Similarly it can be shewn that the series 2 , , which is obtained by 

integrating the original power-series term by term, has the same circle of 

QO 

convergence as 2 On^^* 

23. Infinite Products. 

We proceed now to the consideration of another class of analytical ex- 
pressions, known as infinite products. 

Let l+Oi, 1 + a«, l-ho,, ... be an infinite set of quantities. If as 
n increases indefinitely, the product 

(1 + Oi) (1 + aa)(l + a,) ... (1 + On) 

(which we may denote by Iln) tends to a definite limit other than zero, this 
is called the value of the infinite product 

n=(l-hai)(l+a,)(l+a,) ..., 

and the product is said to be convergent 

The product is often written 11 (1 -I- On). 

n-\ 

If the value of the product is independent of the order in which the 
fiau^tors occur, the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem : 
in order that the infinite product 

(l-f-ai)(l+a,)(l + a,)... 

may he absolutely convei^geiit, it is necessary and sujfident that the series 

aj -h as -+- cTj + . . . 
should be absolutely convergent 

For Tin = 6»oK(i+«»)+i<«(i+««>+"+J<«(i+«-), 

so that n is absolutely convergent or not according as the series 

log(l -h Oi) 4- log (1 +a2)+log(l -f a,) -h ... 

is absolutely convergent or not. But since log(l + Or) is nearly equal to a^ 
when Or is small, the terms of this series always bear finite ratios to the 
corresponding terms of the series 

ai + a^-k- 08+ ..., 
and so the absolute convergence of one series entails that of the other ; which 
establishes the result*. 

* A difloasaion of the convergence of infinite products, in which the results are derived 
without making use of the logarithmic function, is given by Pringsheim, Math. Ann. zzxbi. 
pp. 119—154. 
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Example. Shew that the infinite product 

8in z tnii \z sin \z sin \z 
z ' ^t ' \z ' "JT 

IB abiy^lutelj convergent for all valuer of z. 

z 
wn - 

It A 

For when n is large, ^-» \& of the form 1 — -^) where X. is finite ; and the series 

n 

* X * 1 

2 * is absolutely convergent, as is seen on comparing it with 1 , . The infinite pro- 

duct is therefore absolutely convergent. 

24. <Som« examples of infinite products. 
Consider the infinite product 

SID Z 

which representH the function . 

In order to find whether it is absolutely convergent, we must consider the 
series ^ -_»i <>r 2 ^ niJ ^^^^ series is absolutely convergent, and so the 
product is absolutely convergent for all finite values of z. 

m 

But now let this product be written in the form 

'-^)('n)('-4)('-fe)-- 

The absolute convefgence of this product depends on that of the series 

z z z z 
7r IT tir I1T 

But this series is only semi-convergent, since its series of moduli 



z\ \z\ \z\ \z\ 

'+ — + ^ +'77-' + ... 



7r TT 27r tir 
is divergent. In this form therefore the infinite product is not absolutely 

convergent, i.e. if the order of the factors (1 ± j is deranged there is 

a risk of altering the value of the product. 

Lastly, let the same product be written in the form 

in which each of the expressions 



1 + - I « «» 
miTi 



y 
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is counted as a single term of the infinite product. The absolute convergence 
of this product depends on that of the series 



"^27r^"^-*" 



or 






and the absolute convergence of this series follows from that of the series 
The infinite product in this last form is therefore again absolutely 



±.' 



convergent, the adjunction of the factors e "' having changed the con- 
vergence from conditional to absolute. 

« 
Examjde 1. Prove that n U\ j ff"> is absolutely convergent for all values of 

^ if c is a constant other than a negative integer. 

For the infinite product is absolutely convergent provided the series 

Le. if 2 \ — i^^+ terms in — ,, —. etc.}- is, 

and on comparison with the convergent series 2 — ^ , this is seen to be the case 

Example 2. Shew that n jl-(l — ) «"""[ converges for all i)oints z situated 
outside a circle whose centre is the origin and radius unity. 

For the infinite product is absolutely convergent provided the series 

1=2 V W/ 

is absolutely convergent. But as n increases, (1 — ] tends to the finite limit «, so the 



n- 



ratio of the (n+l)th term of the series to the nth term is ultimately - ; there is therefore 

•6 

absolute convergence when , - 

; z 



<1, or |r|>l. 



Example 3. Shew that 



l_.2._3...(w-l) ^ 



tends to a finite limit as n increases indefinitely, unless z is a negative integer. 

W. A. 3 
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For the expression can be regarded as a product of which the nth term is 

This product is therefore absolutely convergent, provided the series 



,!i{ 2»« +termsm-3, -„etc.} 



is absolutely convergent : and a comparison with the convergent series 2 — , shews that 

this is the case. When ; is a negative integer the expression clearly becomes infinite owing 
to the vanishing of one of the factors in the denominator. 

Exttmpl^ 4. Prove that 

-('-;)(-^)(-:)(-s)('-^)('-4)---''--' 

For the given product 

-'K-('-;)(-4)('*i)-(-(3V.)(-i)('*s) 

w\ t 3 4 1 U-l U^k/ 

-IJnut,-il'-;-l--i^-4)..(l-i)^(l+i)e-s(l-^)^(l+^)e-S.... 
since the product whose fiictors are 

is ahm4mtfi^ conreneent and so the oi\ler of its factors can be ahervd. 
Since log2 = l-j + j_|+j_.., 

this shews that the gireii product is equal to 



= Limit 






8S. Camckws tAeorem om prodmets wkkk are moi absoliMy comnerpemL 
We shall now shew that if 

m 

«i + <>« + o, + a4+ ... 

lif ti jHwi-iVNnfnitfn/ «nnM9 of real terms, tkem the imjimite pivdmct 

tl -a^n --OsMl -ha,>... 
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converges {though not absolutely) or diverges {to the value zero), according 
as the series 

is convergent or divergent. 

For the infinite product in question converges (though not absolutely) 
or diverges (to the value zero) according as the series 

log (1 + ai) + log (1 + Oa) + ... 
is semi-convergent or diverges to the value — oo . 



»«■« 



Now since the series S On is convergent, the quantities On ultimately 

n=l 

diminish indefinitely, and therefore we can write 

log (1 + On) = On - ^ (1 + en\ 

where \€n\ tends to zero as n tends to infinity. 

»=« 
If the series S a^ diverges, it is clear therefore that the series S log(l + an) 

n=<» 

must diverge to the value — oo ; if on the other hand the series S Ot? con- 

nsao 

verges, the series X log (1 + On) is convergent. From this the results relating 

n-l 

to the infinite product follow at once. 

26. Infinite Determinants, 

Infinite series and infinite products are not by any means the only known 
cases of infinite processes which can lead to convergent results. The re- 
searches of Mr Q. W. Hill in the Lunar Theory* brought into notice the 
possibilities of infinite determinants. 

The actual investigation of the convergence is due not to Hill but to Poincar^ BuU. de 
la Soc, Math, de France^ xiv. (1886), p. 87. We shall follow the exposition given by 
H. von Koch, Acta Math, xvi. (1892), p. 217. 

Let Jlit (i, A: = — 00 , . . . -f 00 ) be a doubly-infinite set of given numbers, and 
denote by 

Dm = [^apji,ifc=-m,...+m» 

the determinant formed of the quantities 4^ (i, A = — w — . . . + m) ; then if, 
for indefinitely increasing values of m, the quantity D^ has a determinate 
limit D, we shall say that the infinite determinant 

is convergent and has a value D. In the case in which the limit D does not 
exist, the determinant in question will be said to be divergent, 

* Beprinted in Acta Mathematical vm. pp. 1—36 (1886). 

3—2 



36 THE PROCESSES OF ANALYSIS. [CHAP. IL 

The elements ilu(t = — x ... + x ) are said to form the principal diagonal 
of the determinant D ; the elements ^^(i'= x ... + x ) are said to form the 
line t ; and the elements Aait^ — x ... + x ) are said to form the column k. 
Any element ^^ is called a diagonal or a non-diagonal element, according 

as 1 = X: or i ^ k. The element A^^ is called the origin of the determinant. 

27. Convergence of an infinite determinant 

We shall now shew that an infinite determinant converges, provided the 
product of the diagonal elements converges absolutely and the sum of the non- 
diagonal dements converges absolutely. 

For let the diagonal elements of an infinite determinant D be denoted 
by 1 + ai,(t = — X ... + X ), and let the non-diagonal elements be denoted 

by aa ' » > i', 1 ~ i , so that the determinant is 

A ^^ """ ^C ... "J" 3C / 

I 

I - 

I . . . 1 + a_,_, a_io a_ii . . . 

ao_] 1 + cIm a„ ... 

... ctj — 1 a-^ 1 *T' ciy ... 



Then since the 


J series 


CO 

V 


aa 




is convergent, the 
is convergent. 


product 


n fi + 


V 




Now form the 


products 


= n (1+ s 





P«= n (1+ S a*); 



then if, in the expansion of P^, certain terms are replaced by zero and 
certain other terms have their signs changed, we shall obtain D^ \ thus, to 

each term in the expansion of Dm there corresponds in the expansion of P^ 
a term of ecjual or greater modulus. Now D^^p — Dm represents the sum of 
those terms in the determinant Dw+j, which vanish when the quantities 
Oa {*» k= ± (m + 1) ... ± {m + jo)} are replaced by zero : and to each of these 
terms there corresponds a term of equal or greater modulus in Pm*^p — Pm- 
Hence | i)«^p - Dm ^ Pm^p - Pm^ 

As the quantities P,,, Pm+i, ••• tend to a fixed limit, the quantities /)„,, 
-Dw+i, ••• will therefore tend to a fixed limit. This establishes the proposition. 
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28. We shall now shew that a determinant, of the convergent form 
aiready considered, remains convergent when the elements of any line are 
replaced by any set of quantities whose moduli are all less than som^e fixed 
positive number. 

Replace, for example, the elements 

. .. ^0,— fit) ••• ^0 ••• -"-©.w • • • 

of the line by the quantities 

. • . /i— tn , • • • /^o • • • fhn • • • 

which satisfy the inequality 

I Mr I < M. 

where /i is a positive number; and let the new values of Dm and D be 

denoted by D,n and D\ Moreover, denote by Pm and P' the products 

obtained in suppressing in Pm and P the factor corresponding to the index 
zero ; we see that no term of Dm can have a greater modulus than the cor- 
responding term in the expansion of /iPm' ] and consequently, reasoning as 
in the last article, we have 

which establishes the result stated. 

Example, Shew that the necessary and sufficient condition for the absolute conver- 
gence of the infinite determiuant 

1 ai 

jSj 1 02 ... 
jSj 1 Og 

is that the series 

01^1+02^+03^3+... 

shall be absolutely convergent. (von Koch.) 



Miscellaneous Examples. 

1. Find the range of values ofz for which the series 

2sin5«z-4sin*2 + 8sin«z-... + (-l)* + i2*8in*»z + ... 
is convergent. 

2. Shew that the series 

11. l_ _ 1_ 

z «+l"^z+2 z-^3'^"' 

is semi-convergent, except for certain exceptional values of z ; but that the series 

11 1 _ J 1__ 1 1 

« 2+i "*"2+p-i z+p 2+^ + 1 ••• z+2j5+^-i'^2 + 2p+^"^"" 

in which (p+q) n^ative terms always follow p positive terms, is divergent (Simon.) 
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3. Shew that the series 



1 J_ 1 J. 
1* 2^ 3* 4^ 



{l<a<« 



is couvergent. 

4. Shew that the series 

is convergent. 

5. Shew that the series 



(Cesaro.) 



2 



tt + /3»+a3+/3* + ... 



"^"{o-^y-4 



(0<oO<l) 



(Cesaro.) 



converges absolutely for all values of z, except the values 

(a = 0, 1 ; i:=0, 1, ... m- 1 ; m = l, 2, ... » ). 

i 

6. If s^ denote the sum of the first n terms of a convergent series whose sum is Sy 
shew that 

T • -i. « f . « «* «' 1 

7. In the series whose general term is 

where y denotes the number of figures in the expression of n in the ordinary decimal scale 
of notation, shew that 

Limit Mr* =^, 

and that the series is convergent, although the quantity -^^^ is infinitely great when n is 
infinitely great and of the form 1 -|- lO"- ». (Lerch.) 



8. Show that the series 






where ^„ = y*-»-«, {0<q<l) 

is convergent, although the ratio of the (n + l)th term to the nth is greater than unity 



when n is not a triangular number. 
9. Shew that the series 



(Cesara) 



00 p9nvte 

2 e- 



where w is real, and where (er+w)* is understood to mean ^^<«(»+»»), the logarithm being 
taken in its arithmetic sense, is convergent for all values of «, when the imaginary part of 
X is positive, and is convergent for values of s whose real part is positive, when x is real. 

10. Shew that the 5th power of the convergent series 2 ^ - ^ is convergent when 



n=l 



- — <r, and divergent when ^- - >r. 
9 9 



(Cajori.) 



MISC. EXS.] THE THEORY OF ABSOLUTE CONVERGENCE. 



39 



11. If the two semi-convergent series 

i (-ir_' and .Czl^\ 

n=i 'nr «• ' 

where r and $ lie between and 1, be multiplied together, and the product arranged as in 
Abel's result, shew that the necessary and sufficient condition for the convergence of the 
resulting series is r-hol. (Cajori.) 

12. Shew that if the series 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel's result, the resulting series converges. * (Cajori.) 

13. Shew that the ^th power of the series 

a, sin ^^-a^sin 2^ + ... + aN sin 7^^ + ... 

is convergent whenever ^ <r, r being the maximum number satisfying the relation 

1 



for all values of n. 






14. Shew that if is not equal to or a multiple of 29r, and if the quantities 
Kq, U|, ^2, ... are all of the same sign and continually diminish in such a way that the 
limit of tt,^ is zero when n is infinite, then the series 2t«M ^^^ {n6-^a) is convergent. 

Shew also that, if the limit of u^ is not zero, but all the other conditions above are 

6 6 . . 

satisfied, the sum of the series is oscillatory if - is commensurable, but that, if - is in- 

IT W 

commensurable, the sum may have any value between certain limits whose difference is 
a oosec^, where a is the limit of u,i, when n is infinite. 

(Cambridge Mathematical Tripos, 1896, Part I.) 

15. Prove that 

where k is any positive integer, converges absolutely for all finite complex values of z. 

00 

16. Let 1 d^^h^dkU absolutely convergent series. Shew that the infinite determinant 



(c-4)«-tfo 
- 4«-0„ 


4«-tfo 


4«-tf, 


4'-tf. 


-«4 

4«-<», - 


-6, 


(c-2)»-<», 
2»-tf« 


2»-tfo 


2»-<», 


-6» 
2»-<», - 




-6, 




-6, 


-6, 


-6, 


-0, 


2»-<J„ 


(c+2)»-tf, 
2»-tf, 


2»-tf, - 


-6a 
••• 4»-tfo 


-6^ 
4»-<», 

•••••••••••••••• 


-0. 
4»-0o 


4«-tf, 


(c + 4)«-tf, 
4'-<J, •■■ 



converges : and shew that the equation 



is equivalent to the equation 



A(c)=0 



sin« iirc = A (0) sin* ^ir^o*- 



(Hill.) 



CHAPTER III. 

The Fundamental Properties of Analytic Functioxs : 
Taylor's, Laurent's, and Liouvilles Theorems. 

29. The dependef%ce of one compiex number on another. 

The pn>blenis with which Analysis is mainly occupied relate to the 
dependetice of one complex number on another. If s and ^ are two complex 
numbers, so connected that the value of one of them is determined br the 
value of the other. e.g. if (^ is the square of x. then the two numbers ai^ 
said to depend on each other. 

This dependence must not be confused with the most important case of 
it. which will be explained later under the title of analytic /uHctumaliij^. 

If {" is a ml funcdoD of a real variable z^ then the relation betveen { and x, wfakh 
niav be written 

can be visualised br a curre in a plane, namely the locos of a point whose ooocdinafieB 
refencd to rectangular axes in the plane are ^ (. No such simple and convenient 
geometrical ngure can be found for the pur[K«e of Tisaalising an equatioD 

I =.'■ -• . 

considered as defining the dependence of one ci.>mpiex number (^(-ri^ on another 
complex number z=T-r*w. A lepi^sientation strictlv analogous to the one already given 
fv»r nwd vanabie» vouM require four-dimen:iionai space, since the number of quantitaea 
f , If, X. », is now four. 

One su^jeet^ion made by Lie and Weierstrass is to use a doubly -manifoM system of 
lines in the quadroply -manifold totality of lines in three-dimensional sfttces. 

Another suggee^titMi is to ie|iiesent ( And ^ sejiarately by metans of sui^^os 

$ = ( X, ¥. ^ = if X, *- 

A third sui^^ets^rion. due to Hedfter*, is to write 

then draw the surfAce '-=r x, r — which aiAv Nf c&Iied xbe •itM»Jji--«(r'wjf of the 
functioQ — and on i: u* expre^ the v^ues of fi ly surface^maHdn^ It m^t be 
pcvisibje u> nh^iifr this suggestion in varsous ways by rej^resenting ^ by cuthm dimwn 

on the sur&ce •"= r x, v . 

m 
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SO, Continuity. 

Let /(z) be a quantity which, for all values of z lying within given 
limits, depends on z. 

Let ^1 be a point situated within these limits. Then f(z) is said to be 
continuous at the point Zi , if, corresponding to any given positive quantity 6, 
however small, a finite positive quantity rj can be found, such that the 
inequality 

l/W-/(^OI<e 

is satisfied so long as ! 2r — ^^^ { is less than rj. 

If f{z) is continuous at z = Zi, and if its real and imaginary parts be 
denoted by u and v, then u and v depend continuously on z. 

For if f{z) = u + iv, we have 

i (u - 1^) + i(v- v,) I < 6, 
and so {u — UiY -f (v — v^y < e*, 

which gives {u — i^)* < €* and (v — ViY < €*, 

and so | w — t^ | < e and ] t; — Vj | < e. 

The popular idea of continuity, so far as it relates to a real variable C depending on 
another real variable z, is somewhat different to that just considered, and may perhaps 
best be expressed by the definition " The quantity ( is said to depend continuously on z 
if , as 2 passes through the series of all values intermediate between any two adjacent 
values Zi and z^, ( passes through the series of all values intermediate between the 
corresponding values d and C,." 

The question thus arises, how far this popular definition is equivalent to the analytical 
definition given above. 

Cauchy shewed that if a real variable (, depending on a real quantity z, satisfies the 
analytical definition, then it also satisfies what we have called the popular definition. 
But the converse of thi^ is not true, as was shewn by Darboux. This fact may be illus- 
trated by the following example*. 

Let E{x) denote the integer next less than x ; and let 



/(*-)="[i -^ (i+i-(^}]+^ {i+iw} "'" 



At jr=0, we have / (x) =0. 

Between x= -I and j;=s + 1 (except at :r=0), we have 

/(a?) = sin^. 

From this it is easily seen that/(:r) depends continuously on x near ars=0, in the sense 
of the popular definition, but is not continuous in the sense of the analytical definition. 

* Due to Mansion, MathesU, ix. (1899). 



42 THE PROCESSES OF ANALYSIS. [CUAP. nL 

31. Definite integrals. 

Let z^ and Z be any two values of ^ ; and let their representative points 
A and B in the ^-plane be connected by an arc (straight or carved) AB\ 
and let Zi, Zt, Zt* "> ^n be a number of points taken on the line AB in any 
manner. 

Let /(z) be a quantity which, for variations of z along the arc AB, 
depends continuously on z. 

Let z^ be any point situated in the interval z^Zi of the curve : let Zi be 
any point situated in the interval ZjZ^: and so on : and consider the sum 

We shall shew that if the number n increases indefinitely, in such a way 
tfuit each of the quantities Zr — Zr^i tends to zero, then this sum wiU tend to 
afiaed limit, independently of the way in which the points 

Iff 

*i» '^2» ••• ^n> -^o* -^1 » ••• ^n % 

are chosen. 

For let € be a given small positive quantity. Since f{z) is continuous, 
for each point ^ = a of the arc AB we can find a quantity ria such that 

\f{z) -f(a) I < 6, 
so long as \z - a\<rfa- 

Let ff be the least value of rja corresponding to points a on the arc AB. 
We shall suppose the subdivision of the arc has been carried so far that 
each quantity I Zr — Zr-i \ is less than rj, and shall first find the effect of 
putting in further subdivisions. 

Suppose then that the interval z^Zi is subdivided at points Zoi, ^03> --'Z^r.', 
that the interval ZiZ^ is subdivided at the points ^,i, ^m, ... ^ir, ; and so on : 
so that the sum s becomes 

* 

where V' is any point in the interval ZqZqi, z^{ is any point in the interval 
^oi^os» Aiid so on. 

Then 

-y l/(^/') -/(O} (^n - Z^) 4- [f{z,i) "fiz^)] {Z,, - Zu) + ... 
i" * • • • 
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Therefore 

] «' — « I < e { I -^01 — -^0 1 + I -^w - ^01 1 + . . . } 

< e X the length of the broken line connecting the points Zo,ZoifJ^nf' 

where I is the length of the arc AB. 

Now by making e indefinitely small, we can make the right-hand side of 
this equation as small as we please; and therefore the sum s tends to a 
definite limit when the number of subdivisions is indefinitely increased, 
provided that at each change in the subdivisions the old points of division 
are retained. 

The restriction contained in the last phrase has still to be removed. 
To do this, suppose that two diflferent methods of division, in each of which 
the quantities |^r — ^r-i| sJ*e less than 97, furnish sums 81 and 82. Now 
combine the two methods of division, so that every point of division in 
either of the original schemes becomes a point of division in the new 
scheme. Let the sum corresponding to this new method of division be «,j. 
Then since by the above 

I «i — *i2 1 < «/ and I «j — «ia I < €l, 

we have I «i — «a I < 26/, 

which shews that s^ and 8^ tend to the same limit. The theorem is thus 
established. 

The limit thus shewn to exist is called the definite integral of f(z), 
taken along the arc AB; it is denoted by 



L 



/(z) dz ; 

AB 

in cases where there is no ambiguity as to path, it may be denoted by 

B 

f{z) dz. 

A 

As an example* of the evaluation of a definite integral directly from the definition, 
suppose it is required to find the definite integral of the continuously dependent quantity 

(1 -«*)"% taken along the straight line (part of the real axis) joining the origin (e— 0) 
to a point z=Zy where Z is real Denote the definite integral by /. Then by definition, 



£ 



/= Limit 2 h±lZlL^ 

and the mode of choosing the points Zy, and V is arbitrary, within the limits already 
explained ; we shall take 

2^=sinrd, 

V = 8in(r+i)d, 

where d= -%m~^Z. 

n+1 

* Netto, ZeiUchrift filr Math. xl. (1S96). 
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ThuH /-Limit 2 "inCr+^a-rinr* 



«=• r=0 



oo8(r+i)d 



= Limit 2 2 sin r 
= Limit 2 (n + 1 ) sin - 

. a 

sm- 
= ain " 1 Z Limit — ^5— 

2 
=8in-iZ 

The value of the definite integral is therefore 8in~* iT. 

32. Limit to the value of a definite integral. 

Let M be the greatest value of I f{z) \ at points on the arc of inte- 
gration AB, 

Then 1/(^0') {z. - z,) +/(^/) {z^ - ^0 + • • • +/( V) (^ - -^») I 

<l/(V)l|^i--^o| + i/(Oli^2-^il + ... + |/(0| i^-'^nl 

^Ml, 
where / is the length of the arc of integration AB. 

We see therefore, on proceeding to the limit, that 

dz 



I A') 

J AB 



AB 

cannot be greater than the quantity Ml, 

33. Property of the elementary functions. 

The reader will be already familiar with the word function, as used 
(in text-books on Algebra, Trigonometry, and the Differential Calculus) to 
denote analytical expressions depending on a variable z ; such for example as 

z^, e*, log^, s\u~^z^. 

These quantities, formed by combinations of the elementary functions of 
analysis, have in common a remarkable property, which will now be investi- 
gated. 

Take as an example the function e*. 

Write e" =f(z). 

Then if / be a point near the point z, we have 

/{z') -f{z) _<^-^_. e^'-^-l 
z ^ z z — z z - z 



= 6^ 



z — z' (z — z'y 

14- —— + ^ - 4- 
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and hence, if the point z' tends to coincide with Zy the limiting value of the 
quotient 

/(iV/(f) 

I'-Z 

is e*. 

This shews that iht limiting value of 

z'~^z 

is in this case independent of the direction of the short path by which the 
point / ynoves towards coincidence ivith z, i.e. it is independent of the 
direction in which / lies as viewed from z. 

It will be found that this property is shared by all the well-known 
elementary functions; namely, that if f(z) be one of these functions and 
A be any small complex quantity, the limiting value of 

l{fi'+h)-/(z)] 

is independent of the mode in which h tends to zero. 

34. Occassional failure of the property. 

For each of the elementary functions, however, there will be certain 
points z at which this property will cease to hold good. Thus it does not 

hold for the function at the point ^ = a, since the limiting value of 

z "^ a 

If 1 i_ 

h z — a —A -? — a] 

is not finite when* z^a. Similarly it does not hold for the functions log z 
and z^ at the point z^O, 

These exceptional points are called singular points or singularities of the 
function f{z) under consideration ; at other points the function is said to be 
regular. 

36. The analytical function. 

The property noted in § 33 will be taken as the basis of oiir definition of 
an analytic function, which may be stated as follows. 

Let an area in the ^-plane be given ; and let t^ be a quantity which has 
a definite finite value corresponding to every point z in that area. Let 
z, z-^-Bzhe values of the variable z at two neighbouring points, and UyU-^-Bu 
the corresponding values of u. Then if at every point z within the area 

K- tends to a finite limiting value when Sz tends to zeix), independently of 
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the way in which Sz tends to zero, u is said to be an analytic function of z, 
regular within the area. 

We shall generally use the word ** function " alone to denote an analytic 
function, as the functions studied in this work will be almost exclusively 
analytic functions. 

In the foregoing definition, the function u has been defined only within 
a certain area in the ^'-plane. As will be seen subsequently, however, the 
function u will generally exist for other values of z not excluded in this area ; 
and (as in the case of the elementary functions already discussed) may have 
singularities, for which the fundamental property no longer holds, at certain 
points outside the limits of the area. 

The definition of functionality must now be translated into analjrtical 
language. 

If /(z) be a function of z, regular in the neighbourhood of a particular 
value z, then, by the definition, the quantity 

f(z') -f(z) 
z —z 

tends to a definite limit, depending only on z, when / tends to z. Let this 
limit be denoted by the symbol /'(-?). 

Then (by the definition of a limit) for every positive quantity e, however 
small, it is possible to find a quantity 97, such that 

is less than e, so long as \z — z\ is less than 97. 
If therefore we write 

/(^') =/(^) + (^ - z)/' (^) + e' (^' - z\ 

we see that | e' | is less than €, so long as \z' -'Z\ is less than 17 ; that is, the 
function /(^) must be such that the quantity €\ defined by the equation 

/(/) =/(z) + {Z- - Z)f (Z) + 6 (/ - Z\ 

tends to the limit zero as z tends to z. 

The necessity for a strict definition of the term "function'' may he seen from the 
following consideration. 

Let y denote the temperature at a certain place at time t. k& % varies, y will vary, 
and y may loosely be called a "function" of t. But y cannot be expressed in terms of t 
by a Maclaurin's infinite series 

,=*)...«. (S),..^i;@),..-- 

for if it could, the knowledge of the temperature for a single day would enable us to 
determine the quantities 
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and then from the Maclaurin's expansion it would be possible to predict the temperature 
for the future ! 

Maclaurin's series is in fact, as will appear subsequently, applicable only to analytic 
functions, in the sense in which analytic functions have been defined above. 

36. Cauchys theorem on the integral of a function round a contour, 

A simple closed curve in the plane of the variable z is often called 
a contour: i{ A, B, C, D be points taken in order along the arc of the 
contour, and '\if{z) be a quantity depending on z and continuous at all points 
on the arc, then the integral 



/ 



f{z)dz, 

ABCDA 

taken round the contour, starting from the point A and returning to A again, 
is called the integral of the quantity f{z) taken round the contour. Clearly 
the value of the integral taken round the contour is unaltered if some point 
in the contour other than A is taken as the starting-point. 

We shall now prove a result due to Cauchy, which may be stated as 
follows. If f(z) is an analytic function^ regular at all points in the interior 
of a contour, then 



/- 



where the integration is taken round the contour. 

For let A, B, C, D be points in order on the contour. Join ^ to (7 by an 
arc AEC, which will divide the region contained within the contour into two 
distinct portions. Then the integral taken round the contour ABCDA is 
equal to the sum of the integrals taken round the two contours ABCEA and 
AECDA ; for 



f f(z) dz+f f(z) dz 

J ABCBA J ABCDA 

= f f{z)dz^-\ f{z)dz-{-{ f(z)dz^f f(z)dz 

J ABC J CEA J ABC J CDA 

= f f(.z) dz. 

J ABCDA 

since the integrals along CEA and A EC neutralise each other. 

Now join any point E on the arc AEC to D by an arc EFD, and join 
^ to £ by an arc EOB ; then in the same way we see that the integral 
round ABCEA is equal to the sum of the integrals round ABGEA and 
EOBCE, and the integral round AECDA is equal to the sum of the 
integrals round AEFDA and DFECD. 

Thus the original contour-integral is equal to the sum of the integrals 
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round the four contours ABGEA, EGBCE, AEFDA, DFECD, into which it 
has been divided by drawing the cross-lines. 

Proceeding in this way by drawing more cross-lines, we see that the 
original contour-integral can be decomposed into the sum of any number of 
integrals ronnd smaller contours, which constitute a network filling up the 
original contour. 

Now suppose that each of these small contours has linear dimensions of 
the same order of magnitude as a small quantity L Let z^ be a point within 
one of them. Then on this small contour we have 

f{z) =f{Zo) + (^ - Z,)f {Z,) -\-(z- Zo) 6, 

where e is infinitely small when I is infinitely small. 

Thus jf(z) dz =j/(zo) dz + j(z - zo)f(zo) dz + j(z - Zo) edz, 
where all the integrals are taken round the small contour. 



Now j / (^o) dz ^f(zo) j dz 



=f(zo) X the increase in value of z after once 
describing the small contour 

= 0. 
Similarly jf(zo) (z - z^) dz = ^/(^o)/d {(^ - ^oY] = 0, 

when the integral is taken round the small contour. 

Thus, if rj be the greatest value of | € | for points on the small contour, 
we have 

jf{z)dz\^rjj\z-'Zo\\dz\, 

where the integrals are taken round the small contour. 

Now the right-hand side of this equation is clearly of the order rjl* of small 

quantities. The value of j/(z) dz, taken round the small contour, is there- 
fore a small quantity of order rfl\ 

Now the number of such small contours in a given area is of the order 

^. If 17' be the maximum value of rj for all the small contours in the 

V 

area, we see therefore that the total sum of the integrals for all the small 

1 

i 

made indefinitely small by decreasing I. 

It follows, therefore, that the sum of the integrals round all the small 



contours in the area is at most of the order rj'l^x j^ or 17'; and rj' can be 
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contours is zero; that is, the integral round the original contour is zero, 
which establishes Cauchy's result. 

Corollary 1. If there are two paths z^AZ and z^BZ from z^ to Z, and if 
/(2:) is a regular function of z at all points in the area enclosed by these two 

paths, then I f(z)dz has the same value whether the path of integration is 

z^AZ or Zf^BZ. This follows from the fact that ZqAZBzq is a simple contour, 
and so the integral taken round it (which is the difference of the integrals 
along z^AZ and z^BZ) is ^ero. Thus, ii'f(z) be an analytic function of z, the 

value of I f(z) dz is to a certain extent independent of the choice of the 

arc AB, and depends only on the terminal points A and B, It must be 
borne in mind that this is only the case when f(z) is an analytical function in 
the sense of § 35. 

Corollary 2. Suppose that two simple closed curves (7© and Ci are given, 
such that Co completely encloses (7,, as e.g. would be the case if Co and Ci 
were concentric circles or confocal ellipses. 

Suppose moreover that f{z) is an analytic function, which is regular at 
all points in the ring-shaped space contained between Co and Cj. Then by 
drawing a network of intersecting lines in this ring-shaped space, we can 
shew exactly as in the theorem just proved that the integral 



jfiz) dz 



is zero, where the integration is taken round the whole baundary of the ring- 
shaped space; this boundary consisting of two curves Co and (7,, the one 
described in a positive (counter-clockwise) direction and the other descried in 
a negative {clockwise) direction. 

Corollary 3. And in general if any connected region be given in the 
^-plane, bounded by any number of curves Co, (7i, Cj, ..., and it f(z) be 
any function of z which is regular everywhere in this region, then 



j/(z) dz 



is zero, where the integral is taken round the whole boundary of the region; this 
boundary consisting of the curves Co, C^, ... , each described in such a sense that 
the region is kept either always on the right or always on the left of a person 
walking in the sense in question round the boundary. 

An extension of Cauchy*8 theorem I f{z)dz=0, to curves lying on a cone whose vertex 

is at the origin, has been made by Raout {Xouv. Annates de Math. (3) xvi. (1897), 
w A. 4 
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pp. 365-7). Osgood (BulLAmer, Math. Soc,^ 1896) has shewn that the property //(r) €b=0 

may be taken as the defining-property of an analytic function, the other {Hx>perties being 
deducible from it. 

Example. A ring-shaped region is boimded by the two circles \z\ = l and .?|=2 in the 
2-plane. Verify that the value of f — , where the int^ral is taken round the boundary 
of this region, is zera 

For the boundary consists of the circumference iz- = l, described in the clockwise 
direction, together with the circumference z =2, described in the counter-clockwise 
direction. Thus if for points on the first circumference we write £=«*•, and for points on 
the second circumference we write 2=2e^, then 6 and <f> are real, and the integral becomes 



i:-^-*L 



2<^ ' 
or -2iri-h2iri*, Le. zero. 

37. The value of a function at a pointy expressed as an integral taken 
round a contour enclosing the point. 

Let (7 be a contour within which f{z) is a regular function of 2. 

Then if a be any point within the contour, the expression 

/(£) 
Z" a 

represents a function of z, which is regular at all points within the contour G 
except the point 2 = a, where it has a singularity. 

Now with the point 2 = a as centre, describe a circle 7 of very small 
radiu& Then in the ring-shaped space between 7 and (7, the function 

/(f) 

z — a 

is regular, and so by Corollary 2 of the preceding article we have 

[ f{z)dz f f(z)dz 
J c z — a J y z — a 

where I and / denote integrals taken in the positive or counter-clockwise 
sense round the curves C and 7 respectively. 

But (§35) /•/(£)d.^f/(a) + (.-a)/'(a) + «(.-a) 

^ Jy z-a Jy z—a ' 
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where € is a quantity which tends to zero when the radius of the circle 7 ia 
indefinitely diminished. Thus 

JCZ-CL -^^^JyZ-a Jy Jy 

Now if at points on the circumference 7 we write 

z — a= re**, 

where r is the radius of the circle 7, we have 

and [ dz=^\'' ire^de = 0\ 

also 1 edz\ ^1;. 27rr, 



where 17 is the greatest value of [el for points -? on 7; and therefore in the 
limit when r is made indefinitely small we have 



/. 



edz = 0. 



Thus f -M^ = 2^/(«). 

J c z ^a 



c 
or 



This remarkable result expresses the value of a function /(^) at any point 
a within a contour (7, in terms of an integral which depends only on the value 
oi f{z) at points on the contour itself. 

Corollary, If f(z) is a regular function of ^ in a ring-shaped region 
bounded by two curves C and C\ and a is a point in the region, then 

•^ ^ ^ zmjcz — a 2inJcz — a 

where C is the outer of the curves and the integrals are taken in the positive 
or counter-clockwise sense. 

38. The Higher DerivcUes. 

The quantity /'(^), which represents the limiting value of 

f(z + h)^/(z) 
h 

when h tends to zero, is called the derivate of f(z). We shall now shew that 
/' (z) is itself an analytic function of z^ and consequently itself possesses 
a derivate. 
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For if (7 be a contour surrounding the point z, and situated entirely 
within the region in which f{z) is regular, we have 

/'(a) = Limif^^° + \>-^("> 

= Limit/.Jf /(f)ii-f>M^l 
;i=o 27nA {jc ^ — (^ — h J c ^ — O' ) 

= Limit - — . / 7 ^TTT^ r\ 

= J_r/W^+LimitAf __/(£)df_^ 

Now f /(^)^^ 

is a finite quantity, since the integrand 

(2- -af{z-a- h) 

is finite at all points of the contour G, and the path of integration is of finite 
length. Hence 

Limit ^ - ^ ^-y ^ = 0, 

and consequently / (a) = ^. /^^^ , 

a formula which expresses the value of the derivate of a function at a point 
as an integral taken round a contour enclosing the point. 

From this formula we have, if h be any small quantity, 

f (g 4- h) -/- (g) 1 f f(z) dz ( _1 1 I 

h 2m J c h {{z — a-hf {z-- of) 

^ 2(.-a-|) 

~ Mc^^"^ ^'-{z-a- Ky {z - of 

27njc (-2^ — «) 
where ^ is a quantity which is easily seen to remain finite as h tends to zero. 

Therefore as h tends to zero, the expression 

f'{ a-\-h)-f'{a) 
h 

tends to a limiting value, namely 

2 r /(^) dz ^ 
lirij o{z— of ' 
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The quantity /' (a) is therefore an analytical function of a ; its derivate, 
which is represented by the expression just given, is denoted by /" (a), and is 
called the second derivate of f(a). 

Similarly it can be shewn that f (a) is an analytical function of a, 
possessing a derivate equal to 



Sr f(z)dz 
iJci^-a/' 



this is denoted by /'" (a), and is called the third derivate of f{a). And in 
general an nth derivate of/ (a) exists, expressible by the integral 

n\ r / (z) dz 
2mJc{z-ay-^'' 

and having a derivate of the form 

(n+l)!f f(z)dz . 

this can be proved by induction in the following way. 
Let /<n,(„).JLL.f /(£)^. 

Then 

/'»'(o + A)-y'»' (o) _ jU f J(z)dz f 1 _ J ) 

h 2mJc h \(z-a-hY+' (z-o)»+'j 



^ jt!_ f /{z) dz f / _ M-»- _ I 



(n + !)! /• f{z)dz 
" 27rt ./c(«-a)"+» 

+ terms which vanish when h tends to zero. 

which establishes the required result. 

A function which possesses a first derivate at all points of a region in the 
^-plane therefore possesses derivates of all orders. 

Example 1. Verify the theorem 

by use of Taylor's Theorem. 
By Taylor's Theorem we have 

2.r»j(,(«-a)"*i 2ir»Jc {t-aY^^ *' 
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But when k is an integer other than unity, I -, ^r is zero, since , n— 7 resumes 

Jciz-ay (r-a)*-i 

its original value after describing the contour. So the only surviving part of the right- 



hand side is ^ ./<**) (a) 1 , or/(*) (a). 

iiri Jc z — u 

Example 2. Verify the same theorem by means of integration by parts. 

We have 

nl [ f{z)dz _ [ (7i~l)! f{z) \ {n-l)\f r(z)dz 
2frt 7(7 («-«)*** c\ ^ni {z-a)^]'^ 2irt }c{z-aY' 

and the first term is zero, since -/- \^ resumes its original value when z makes the circuit 

' (z— a)* ° 

of the contour C, Proceeding in this way, we have 

n! C f(z)_d^^± [ f!Hz)dz 

39. Taylors Theorem. 

Consider now a function f{z\ which is regular in the neighbourhood 
of a point ^ == a. Let C be the circle of largest radius which can be drawn 
with a as centre in the ^-plane, so as not to include any singular point of 
the function f{z)\ so that f{z) is a regular function at all points of C. Let 
z = a-\-hhe any point within the circle C. Then by §37, we have 

•^ ^ ' 27ri J c z — a — k 
_ l_r I 1 h_ k^ A^^ \ 

=/(a) + A/'(a) + £/''(a)+... + -"/'"'(a)+o^- f r" Anlff '— ""ia • 
j\ /^ J \ ^^2r ^ ^ nr ^ ' Im] ciz — aY^^iz-a — K) 

fiz) 
But at points z on the circle C, the modulus of . will not exceed 

^ z—a—h 

some finite quantity M, 

Therefore 

1 r f{z)dz.h''+' M.2irR (\h\Y^^ 

27n}c{z-aY^'{z-a-h) ^ iir \RJ ' 

where 12 is the radius of the circle C, so that 27ri2 is the length of the path 
of integration in the last integral, and 12 = | ^ — a | for points z on the cir- 
cumference of C, 

The right-hand side of the last inequality tends to zero as n increases 
indefinitely. We have therefore 

/(a + h) =f{a) + hf (a) + ^V" (a) + . . . + ^/ <»' (a) + . . . , 
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which we can write 

f{z) =/{a) + (z- a)/' (a) + ^^^/" (a) + . . . + ^^^' /<»' (a) + . . .. 

This result is known as Taylor's Theorem ; the proof we have given is due 
to Cauchy, and shews exactly for what range of values of z the theorem 
holds true, namely for all points z which are nearer to a than the nearest 
singularity oif{z). It follows that the radius of convergence of a power-series 
is always such as just to exclude from the circle of convergence the nearest 
singularity of the function represented by the series. 

At this stage we may introduce some terms which will be frequently 
used. 

If f{a) = 0, the function f{z) is said to have a zero at the point z = a. 
If at such a point/' (a) is different from zero, the zero of /(a) is said to be 
simple; if, on the other hand, the quantities /'(a), /"(a), .../<"~^> (a) are all 
zero, so that the Taylor s expansion of f{z) at 2: = a begins with a term 
in {z — a)**, then the function f(z) is said to have a zero of the nth order at 
the point z=^a. 

Example 1. Find a function f{z\ which is regular within the circle C of centre at the 
origin and radius imity, and has the value 

a - cos 6 sin 6 



a*-2aco8d-fl a*-2acostf-fl 

(where a>\ and 6 is the vectorial angle) at points on the circumference of C, 

We have 

f{z) dz 



,^m-t\M 



C **• . Xdd . —;; —■ , putting «■» C«* 

a*-2aco8tfH-l ^ ^ 



2irJo a-e^ ^ k^ocr^^ Jo 
= -j^^-p since the only non-zero term is that from k=n. 
Therefore by Maclaurin's Theorem*, 

or f{z)ss - - for all points within the circla 

ct ^ z 

This example raises the interesting question, What is/(;e) for points outside the circle ? 
Is it still — ? This will be discussed in §§ 41, 42. 

oo 

Example 2. Prove that the arithmetic mean of all values of «"* 2 a^?*, for points z 

on the circumference of the circle |2| = 1, is an, if 2a^z^ is regular at all points within the 
circle. 

• The result /W=/(0) + «/'(0)+^/"(0)+.... 

which is obtained by putting a=0 in Taylor's Theorem, is usually called Maclaurin^s Theorem. 
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• fir) (0) 

Let 2 ctv^^f{z\ 80 that c^^ — y- , Then the required mean is 



r=0 P' 

'f{z)M 



-( 



or 

2irt 



or 



_ , where £=e**, 
^ 

—. / •^-^4-1- > where C is the circle, 
wij c ^ 

/(•)(0) 



n\ ' 



or a^. 



Example 3. Prove that if A is a given constant, and (1 - 22A + A^ is expanded in the 
form 

H-APiW+A»P,(z)H-A3/>5(z)+ (A), 

where P^ {z) is easily seen to be a polynomial of degree n in <, then this aeries converges so 
long as 1 is in the interior of an ellipse whose foci are the points «=! and z« — 1, and 

whose semi-major axis is ^ (^+t) • 

Let the series be first r^arded as a function of A. It is a power-aeries in A, and 
therefore converges so long as the point A lies within a circle on Uie A-plane. The centre 
of this circle is Uie point A=0, and its circumference will be such as to pass through that 
singularity of (1 — 22A-(- A^~' which is nearest to AaO. 

But l-2«A-|-A««(A-«-|-\/««^)(A-«->/««-l), 

so the singularities of (1-2«A-|-A*)"* are the points A=«-(2*-l)* and A— «+(«*- 1)*, 
at which it is infinite. 

Thus the series (A) converges so long as 'A| is less than either 

U-(2«-l)*:or «+(2«-l)*|. 

Now draw an ellipse in the z-plane passing through the point m and having ita foci at 
the pointa 1 and - 1. Let a be its semi-major axis, and 6 Uie eccentric angle of f on it. 

Then «=acoe^+»(a'-l)^sin^, 

which gives r+(2*-l)*={a±(a«-l)*}(coe^+t8in^), 

80 >±(«*-l)*,«ci±(a«-l)*. 

Thua the series (A) converges so long as A is leas than the least of the quantities 
a'\'{a*- V^ and a - (a*— 1)*, Le. so long as A is less than a^{€^- 1)*. But 

A=a— (a*-l)* when ^=s(*+i)- 

Therefore the aeriea (A) converges so long as « is within an ellipse whoae foci are 1 and 
- 1, and whose semi-major axis is - i^+T ) • 

40. Forms of the remainder in Taylors Series. 

The form found in the last article for the remainder after n terms in 
Taylor's series is 

p L I f{z)h-dz 
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It is not difficult to derive from this expression the forms of the remainder 
usually given in treatises on the DiflFerential and Integral Calculus. For 

on integrating by parts the quantity n I ^ ^ ^ ^ , we have 

Jo \Z — u — t) 






- tYdt_ 






or 



{z - a)'*+^ {z - «)"+« 

by successive repetition of this process, 

^ h^ 

{z — aY{z — a-hy 

K;AtaA M a new form for the remainder. 

Now suppose that all the quantities concerned are real. Then along the 
line of integration, (A — tY~^ has a fixed sign, so 

where H lies between the greatest and least values of/<"^(a + between 
^ = and e = A. We can therefore write H =/<~> (a + Oh\ where < tf < 1, 
and then 

or i2 = ^/(n)(a^^A), 

which is Lagrange^s form for the remainder, 

Darboux gave in 1876 (JourncU de Math. (3) ii. p. 291) a form for the remainder in 
Taylor's Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of real variables. 

41. The Process of Continuaiion, 

Near every point P (Zq) at which a function f(z) is regular, we have 
seen that there is an expansion for the function as a series of ascending 
positive integral powers of (z — Zq), the coefficients in which are the suc- 
cessive derivates of the function at z^. 

Now let A be the singularity of f{z) which is nearest to P, Then the 
circle within which this expansion is valid has P for centre and PA for 
radiu& 
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Suppose that we are given the values of the function at all points of the 
circumference of this circle, or more strictly speaking, of a circle slightly 
smaller than this and concentric with it : then the preceding theorems enable 
us to find its value at all points within the circle. The question arises. How 
can the values of the function at points outside the circle be found ? 

In other words, given a power-series which coiwerges and represents a 
function oiily at points within a circle, to derive from it the values of the 
function at points outside the circle. 

For this purpose choose any point Pi within the circle, not on the line 
PA. We know the value of the function and all its derivates at Pj, from 
the series, and so we can form the Taylor series with Pi as origin, which 
will represent the function for all points within some circle of centre Pi. 
Now this circle will extend as far as the singularity which is nearest to Pi, 
which may or not be A\ but in either case, this new circle will generally* lie 
partly outside the old circle of convergence, and for points in the region 
which is included in the new circle but not in the old circle, the new series will 
furnish the values of the f unction, although the old series failed to do so. 

Similarly we can take any other point Pa, in the region for which the 
values of the function are now known, and form the Taylor series with P, 
as origin, which will in general furnish the values of the function for other 
points at which its values were not previously known ; and so on. 

This method is called continuation'^'. By means of it, starting from a 
representation of a function by any one power-series we can find any number 
of other power-series, which between them furnish the value of the function 
at all points where it exists ; and the aggregate of all the power-series thus 
obtained constitutes the analytical expression of the function. 



Example, The series 



represents the function 



\ 2 z^ 2? 
a a^ a' a* 






only for points z within the circle \z\ = a. 

But any number of other power-series exist, of the type 

JL_ z-^h jz^bY (.-6)3 
a^b^ (a-by'^la-b)^ "^ (a-b)*^'"' 

which represent the function for ix)ints outside this circle. 

* The word "generally" must be taken as referring to the cases which are likely to come 
under the student's notice before he reads the more advanced parts of the subject, 
t In Qerman, ForUetzung, 
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On functions to which the contimuition-process cannot he applied. 

It is not always possible to carry out the process of continuation. Take as an example 
the function f{z) defined by the power-series 

which clearly converges in the interior of a circle whose radius is unity and whose centre 
is at the origin. 

Now as z approaches the value +1 by real values, the value of f{z) obviously tends 
towards -hao ; the point +1 is therefore a singularity oif(z). 

But f{2)=z'+f(z')y 

so if 2 is such that 2^=1, and therefore /(?') is infinite, then f{z) is also infinite, and so 
« is a singularity of f{z) : the point r= - 1 is therefore a singularity of /(«). 

Similarly since 

we see that if z is such that ^>e 1, then z is a singularity of f{z) ; and in general, any root 

of any of the equations 

«8 = i, z4«i^ ^8„i^ ^le^l^ ...^ 

is a singularity of /(z). But these i)oints all lie on the circle \z\ = l ; and in any arc 
of this circle, however small, there are an infinite number of them. The attempt to 
carry out the process of continuation will therefore be frustrated by the existence of this 
unbroken front of singularities, beyond which it is impossible to pass. 

In such a case the function f(z) does not exist at all for points z situated outside the 
circle \z\^\ ; the circle is said to be a limiting circle for the function. 

42. The identity of a function. 

The two series 

1 + ^ + ^" + -2*+... 

and - 1 + (^ _ 2) - (2 - 2)« + (2f - 2)» - (2r - 2)* + . . . 

are not simultaneously convergent for any value of z, and are distinct 

expansions. Nevertheless, we generally say that they represent the same 

Junction, on the strength of the fact that they can both be represented by the 

same rational expression . 

This raises the question of the identity of a function. Under what 
circumstances shall we say that two different expansions represent the same 
function ? 

We shall define a function, by means of the last article, as consisting of 
one power-series together with all the other power-series which can be 
derived from it by the process of continuation. Two diflferent analytical 
expressions will therefore be regarded as defining the same function if they 
represent power-series which can be derived from each other by continuation. 

It is important to observe that a single analytical expression can represent 
different functions in different parts of the plane. This can be seen from the 
following example. 
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Consider the series 

The sum of the first n terms of this series is 

1 / 1\ 1 

The series therefore converges for all finite values of z. But since when 
n is infinitely great, z^ is infinitely small or infinitely great according bs\z\ 
is less or greater than unity, we see that the sum to infinity of the series is 

z when | ^ | < 1, and - when 1 2^ | > 1. This aeries there/ore represents one 

function at points in Hie interior of the circle 1 2^ | = 1, and an entirely different 
fwnction at points outside the same circle, 

Eaxtmple. Shew that the series 

Z3 «6 Z^ 

, 1/ar 21/2z\5241/2«Y ) 

represent the same function in the oommon part of their domain of convergence. 

43. Lauren£s Theorem. 

A very important extension of Taylor s Theorem was published in 1848 
by Laurent ; it relates to the expansion of functions under circumstances in 
which Taylor's Theorem cannot be applied. 

Let C and C be two concentric circles of centre a, of which C is the inner; 
and let f{z) be a function which is regular at all points in the ring-shaped 
space between C and C\ Let a + A be any point in this ring-shaped space. 
Then we have (§ 37, Corollary) 

'' zmJcZ — a — h 2m}oZ — a — h 

where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circles. 

This can be written 

1 ( ^/ xfl , z-a {z - o)» . { z - o)"-^' 1 J 
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We find, as in the proof of Taylor's Theorem, that 



f m^y^-^' and f 4^)-^ 



h) A«+» 



tend to zero as n increases indefinitely ; and thus we have 

h h 
/{a + A) = Oo + tti A + OaA* + • • • + T + Fa + • • • » 

where an = ^j^^^, and 6„ = 2^./^(.- a)»-/(.)«fo. 

This result is Laurent's Theorem; changing the notation, it can be 
expressed in the following form : If z be any point in the ring-shaped space 
within which /(z) is regular, and which is bounded by the two concentric 
circles C and C oj centre a, then J {z) can be expanded at the point z in the 
form 

y(^) = ao4-ai(2?-a)4-a,(2:-ay4-...4-7j3^.4- . J .3 + ..., 

v^kere o^- ^^jj^"^,. and 6„= ^^^j ^it - a)^-^ fH) dt. 

An important case of Laurent's Theorem arises when there is only one 
singularity within the inner circle C\ namely at the centre a. In this case 
the circle C can be taken to be infinitely small, and so Laurent's expansion 
is valid for all points in the interior of the circle C, except the centre a. 

Example 1. Prove that 

1 /^» 

where •^ii(^)=5- I cos (n^ — a? sin ^) <W. 

For Laurent's Theorem gives 

i Z 

where a»=5^. f ^^*"'^ ^i and hn=^, [/^'"^^z^-icfc, 

and where C and C are any circles with the origin as centre. Taking (7 to be the cirele of 
radius unity, and writing z^e , we have 

2m] 
= — / cos (n^ - 07 sin ^) (2^, 
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iuce the parts of / sin (n^-^Fsin 0)d$ which arise from B and 2ir-0 will destroy each 

Jo 



since 

other. Thus 



a»=«AiW- 



Now ft«=(-l)"a«, since the function expanded is imaltered if -- be written for z. 
Thus 

which completes the proof. 

Example 2. Shew that, in the annulus defined by 

|a|<|2:<l^l, 
the expression I. — .-yr — A can be expanded in the form 

- 1.3...(2i-l).1.3...(2«+2n-l)/aY 
where S,- 2^ T«^«7i"!l?+;ij! [bj ' 

For by Laurent's Theorem if C denote the circle |«|s=r, where |a|<r<|6|, then the 
coefficient of «** in the required expansion is 

Putting z=re^f this becomes • 

sir'-^'»(-5'")"{' -"'-")"'■ 

The only terms which give integrals different from zero are those arising from k^l+n. 
So the coefficient of z^ is 

Sir jo 7 2'.i! 2'-^«.(^+n)! 6»-^*' 

or JiT- 

Similarly it can be shewn that the coefficient of — is S^a^. 

Example 3. Shew that 



where ^*^2^ | e(«+«')c~»cos{(M-v)8in^-n^}cW, 

and ^» ^ ^ / ^^•*'*"*'^*'~* cos {(i; - u) sin ^ - nS} dB, 
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44. The nature of the singularities of a one-valued function. 

Consider now a function f{z) which is regular at all points of a certain 
region in the 2^-plane, except a point z =^a\so that the point a is a singularity 
of the function f{2). 

Surround the point a by a small circle 7, with a as centre. Then in the 
ring-shaped space between 7 and some larger concentric circle (7, the function 
f(z) can by Laurent's Theorem be expanded in the form 

^0 + -4 , (-^ - a) 4- -^2 (-? - a)' + -4 3 (^ — a)* -f . . . 

JSi Bn B* 

^ . — i — I " ^ = \. , 

z —a (z — ay {z — af 

The terms in the last line are called the Principal Part of the expansion of 
the function at the singularity a ; if they were non-existent, the function 
would clearly be regular at the point ; so they may be regarded as consti- 
tuting the analytical expression of the singularity. 

Now these terms of the Principal Part may be unlimited in number, 

i.e. the series 

JSi B2 Bj 

^ — a (z — ay {z- ay 

may be an infinite series ; in this case the point a is said to be an essential 
singularity* of the function f{z\ Or on the other hand, they may be 
limited in number, i.e. the series just written down may be a terminating 
series ; so that the expansion can be written in the form 



{z-aY {z-ay-^ '" Z'-a 

In this case the function is said to have a pole of order n at the point a. 
When n is unity, so that the expansion is of the form 

— - 4-ilo + ili(«-a) + ^,(2:-tt)"+..., 
z-^a 

the singularity is said to be a simple pole. 
Example 1. Find the singularities of the function 

c 



Near ^=0, the function can be expanded in the form 



a a* a* 



e 



* The name essential singularity is also applied to any singularity of a one-valaed fhnotion 
which is not a pole, i.e. to singularitieB for which no Lanrent expansion at all can be found. 
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e 

or 



-' ^'^(~ "^ 9) H"P<^itive powers of z. 



There is therefore a simple pole at 2=0. Similarly there is a simple pole at each 
of the points 27rnia (w= ±1, ±2, +3, ...). 

Near 2=0, the function can be expanded in the form 

e 



z-a 

e.e « -1 



c c* 

or 



e 



pHvljrr' 



which gives an expansion involving all positive and negative powers of (z - a). So there is 
an essential singularity &t z—a. 

There is also an essential singularity at 2=00 , as will be seen after the explanations of 
the next article. 

Example 2. Shew that the fxmction defined by the series 

. ^-.j(i+y-4 

has a simple pole at each of the points 

/ 1\ ^' 
z=n+-\e » (X-=0, 1,2, ...»-l; ?i=l, 2, ...00). 

(Cambridge Mathematical Tripos, Part II., 1899.) 

46. The point at infinity. 

The behaviour of a function f{z) for infinite values of the variable z 
can be brought into consideration in the same way as its behaviour for finite 
values of z. 

For write ^ = - , so that the infinite values of z are represented by the 

z 

point / = in the /-plane. Let f{z) = (l> (/). Then the function ^ (z') may 

have a zero of order m at the point z' = 0; in this case the Taylor expansion 

of (f) (/) will be of the form 

and so the expansion of / (z) valid near z= 00 will be of the form 

- il B C 

In this case, / (z) is said to have a zero of order m at z = 00 . 
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Again, the function <f> (z) may have a pole of order m at the point -er' = ; 
in this case, 

and so for large values of z, f{z) can be expanded in the form 

N P 

•^ ^ ^ Z 2^ 

In this case, ^ = 00 is said to be a pole of order m for the function f{z). 

Similarly y (2:) is said to have an essential singularity at ^ = x , if ^ {z) 

has an essential singularity at the point / = 0. Thus the function ^ has an 

1 
essential singularity at ^ = x , since the function ^ or 

has an essential singularity at / = 0. 

Example. Discuss the function represented by the series 

m X t 

The function represented by this series has singularities at 2=—;; and z= — -y 

(na>l, 2, 3, ...), since at each of these points the denominator of one of the terms in the 
series is zero. These singularities are on the imaginary axis, and are infinitely numerous 
near the origin z—0: so no Taylor or Laurent expansion can be formed for the function 
valid in the r^on inmiediately surrounding the origin. 

For values of z other than these singularities, the series converges absolutely, since the 

ratio of the (n4- l)th term to the nth is ultimately -. rY~a > which is very small when n 

is large. The function is an even function of z (i.e. is unchanged if the sign of ^ be 
changed), is zero for all infinite values of z, and is regular at all points outside a circle 
C of radius unity and centre at the origin. So for points outside this circle it can be 
expanded in the form 

where, by Laurent's Theorem, 

^ 2ni J c n=on\ a *»+2* 

^^^ n!(a-2"+««) n\ V^" z^ ^ t!^ ^ "•"•'V' 

and the coeflftcient of - on the right-hand side of this equation is ^ — j . 

Z 7v • 

W. A. 5 
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Therefore, since only terms in - can furnish non-zero integrals, we have 



Stti 11=0 ] 



= 2 



c n\ z 



Therefore for large values of z (and indeed for all points z outside the circle of radius 
unity) the function can be expanded in the form 

1 J. i_ 

The function has a zero of the second order at js= oo , since the expansion begins with 
atermin^. . 

Z^ 

46. Many-valued functions. 

In all our previous work we have supposed the function f(z) to have one 
definite value corresponding to each value of z. 

But functions exist which have more than one value corresponding to 

each value of z. Thus the function z^ has two values (viz. -f VF and — VF) 
corresponding to each value of z, and the function tan~* z has an infinite 
number of values, expressed by the formula tan""^ z ± kir, where k is any 
integer. 

We may however for many purposes consider + Vz and — VJ as if they 
were two distinct functions, and apply to either of them separately the 
theorems which have been investigated in this chapter. When we in this 
way select some one determination of a many-valued function for considera- 
tion, it is called a branch of the many-valued function. Thus the values 
log z, log z + 27ri, log z + 47ri, . . . , would be said to belong to different branches 
of the function log z. 

There will be certain points for which the values of the function given by 
different branches coincide: these points are called branch-points of the 
function, and must be included among its singularities. Thus the function 
Z^ has a branch-point at 2: = 0, since either branch there gives the same value, 
zero, for the function. 

It must not however be supposed that the branches of a many-valued 
function really are distinct functions. The following example shews how 
the different branches of a many- valued function change into each other. 

Let f{z) = zK 
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Write z^r (cos -{-% sin 0\ where < tf < 2ir. Then the two values of 
f{z) are 

+ Vr ( cos ^ + i sin ^ j and — Vr f cos ^ + i sin x j . 

Let us take the former of these values, and consider its changes as the 
point z describes a circle round the origin {z = 0). As the point travels, r is 
unchanged, but constantly increases, and when the point reaches again the 
starting-point after completing the circuit, has increased by 2ir. The 
function has therefore become 



or 



r ( 6^4-27r . . 6^ + 27r\ 
+ vr (cos — 2 — + * s^^ "~2 — ) » 

r ( ^ . • • ^^ 
— vr (cos ^ + 1 sm ^ 1 . 



In other words, the branch of the Junction with which we started has passed 
over into the other branch. 

In following the succession of values oi f{z) along a given path, the final 
value is deduced without ambiguity from the initial value; and all con- 
ceivable paths lead to one of two final values, viz. ^z and — V^r. But it 
appears from the above that it is not possible to keep these branches per- 
manently apart as distinct functions, because paths lead from one value to 
the other. 

The idea of the different branches of a function helps ns to understand many of the 
*' paradoxes" of mathematics, such as the following. 

Consider the function 

for which ^ = 2* (1 +log «). 

When z is negative and real, -j is not real Now if ^ is a n^ative quantity of the 
form -^ (where p and q are positive or negative integers), u is real 
If therefore we draw the real curve 

we have for negative values of « a series of conjugate points, arranged at infinitely small 
intervals of z : and thus we may think of proceeding to form the tangent as the limit of 

du 

the chord, just as if the curve were continuous ; and thus -r- , when derived from the 

inclination of the tangent to the axis of Xy would appear to be real. The question thus 

du — 
arises, Why does the otdinary process of differentiation give a non-real value for -r- 1 The 

5—2 



68 . THE PROCESSES OF ANALYSIS. [CHAP. III. 

explanation is, that these conjugate points do not all arise from the same branch of the 
function t*=e*. We have in fact 

and log z has an arbitrary additive part 2kirif where k is any integer. To each value of k 
corresponds one branch of the function u. Now in order to get a real value of u when z is 
negative, we have to choose a suitable value for k : and this value ofh varies as we go from 
one conjv^gate point to an adjacent one. So the conjugate points do not represent values of 
u arising from the same branch of the function us 2*, and consequently we cannot expect 

the value of -i- to be given by the tangent of the inclination to the axis of x of the 
az 

tangent-line to the series of conjugate points. 

Example 1. If log ^ be defined by the equation 

log 2rs Limit n(2*- 1), 



n=ao 



shew that logz is a many- valued function, which increases by 2frt when z describes a 
closed path round the origin. 

For put z—r (cos ^ -h i sin B). 

Then one of the values of log z, on this definition, is 

Limit n \i^ ( cos -4-tsin-|-lL 
«=« \ \ n nj J 

1 
where r* is the positive nth root of r. 

This can be written 

1 
Limit w{r"-l} + i^. 

When z describes a closed path round the origin, the first term in this expression 
remains unaltered, while the second increases by ini ; hence the result. 

Example 2. Find the points at which the following functions are not regular. 

(a) «*. Answer, ««ao. 

(6) cosec^. Answer, «=0, ±ir, ±2fr, ±3ir, .... 

0-1 



W «8_5^+6- 


Answer, 2— 2, 3. 


(d) el 


Anawer, z=0. 


(«) {(^-1)^}*. 


Answer, «=0, 1, 00. 



Example 3. Prove that if the different values of a*, corresponding to a given value of «, 
are represented on an Argand diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a. 

(Cambridge Mathematical Tripos, Part I., 1899.) 
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47. Liouville's Theorem. 

We know by § 38 that if / (z) be any function of z which is regular at 
all points of the -er-plane within a circle C, of centre a and radius r, then 






Now let M be the greatest value of \fiz)\ at poiuts on the circle (7. 
Then this equation gives (§ 32) 

n\M 

From this inequality an important consequeDce can be deduced. Suppose 
that /(z) is, if possible, a regular function of z over the whole z-plane, 
including infinity, i.e. that it has no singularities at all. 

Then in the above equation M is finite when r is infinite, whatever n is ; 
and therefore /<**> (a) is zero for all values of n and a, i.e. f(a) is a constant 
independent of a. We thus arrive at Liouville's theorem, that the only 
function which is regular everywhere is a constant, 

As will be seen in the next article, and again frequently in the latter half of this 
volume, Liouville's theorem furnishes short and convenient proofis for some of the most 
important results in Analysis. 

48. Functions with no essential singularities. 

We shall now shew that the only one-valued functions which have no 
singularities in either the finite or infinite part of the plane, except poles, are 
rational functions. 

For let / {z) be such a function ; let its singularities in the finite part 
of the plane be at the points Ci,c^,,,,Ck', and let the principal part (§44) 
of its expansion at the pole Cr be 

I • • . I 



Z-Cr^{z^Cry^-^{z^CrYr 

Let the principal part of its expansion at the pole 2^ = x be 

axZ-\-a^^-¥ ... +a,i^**; 

if ^ = 00 is not a pole, but a regular point for the function, then the coeflScients 
in this expansion will be zero. 

Now the function 

f(z\ - V |J^ . ^f>« , , ^»^ ] 

-a^z—a^- ...—anZ"^ 
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has clearly no singularities at the points Ci> c,, ... Cj^i ^ ; it has therefore no 
singularities at all, and so by Liouville's theorem is a constant ; that is, 

f{z) = constant + Oj^: + o^* + ... + a^ 

r=l \Z -Cr (Z- CrY {z - CrT^ J 

f{z) is therefore a rational function, and the theorem is established. 

Miscellaneous Examples. 

1. Obtain the expansion 

/<-)-/(")-^^{'-i-v(H^)^fe-r/-(^°)-tef/'«(=f>-}- 

2. Obtain the expansion 

/(.)-/W+'s^"[/-(«)+/'(.)-n{/-(«i^)+/'(»+^)+- 

^^^.[/-<">v"(.)-^«{/-(-'-i=)v-(«5=^)*... 



+?^i'/'*' <">-•""<-» 



v-(-'-=^^>)}] 



+ .... (Corey.) 

3. Obtain the expansion 

+ ... (Corey.) 

4. In order that values U-\- Vi, which are given as continuous functions of the arc 
of a circle, should be the boundary values of an analytic function, shew that it is necessary 
and sufficient : 

(a) That — \i — - — ■ - at the place ^=0 should be uniformly integrable for 

all values of a ; 
(6) That the values of V shall be given by 

V{a)^^ ['' {U(a-ir)-U{a'\'ir)}cotiylrd^. (Tauber.) 

SStt Jo 
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5. Shew that for the series 



i 1- 



«=o «*+«"*' 



the region of convergence consists of two distinot areas, namely outside and inside a circle 
of radius unity, and that in each of these the series represents one function and represents 
it completely. 

(Weierstrass.) 

6. Shew that 

(Jacobi & Scheibner.) 

7. Shew that 

(l-e) i^^, + m(m-H)^^ ^,n(m+lMm+n-l)^ 

+ '"('"+^^7<'"+"> (l-«)-'/'V(l-0»-dt. 

(Jacobi & Scheibner.) 

8. Shew that 

+ ^^ *^^ (m+l)(m+3)...(m + 2n-l)jo ^ ^ ' 

(Jacobi & Scheibner.) 

9. Uf in the expansion of {a+ctit+ct^^^ by the multinomial theorem, the remainder 
after n terms he denoted by R, so that 

(a+ai«+a^«)"»=Jo+-^i«-<-^««*+ — +^fi-i«*"*+^ 
shew that 

y2-(a+a,«+a^)« [' ^^nt^"H^^-n+l)a^A^,,t- 

(Jacobi & Scheibner.) 

10. If (ao+ai«+cv«)-*"-i ['(oo+Oi^+a^^cfe 
he expanded in ascending powers of e in the form 

shew that the remainder after (n— 1) terms is 

(ao+ai«+(v«)-*-i f (ao+ait+a^)«{naoi4»-(2M+n+l)a^^i<}r-icft. 

Jo 

(Jacobi & Scheibner.) 

11. Shew that the series 

.i,i.«.w„ijii). 



nsO 



^^^^ ^*W=~^+*""2!"^3!"--n!' 
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and where <f> (t) is a regular function of z near z^O,is convergent in the neighbourhood of 
the point r=0; and shew that if the sum of the series be denoted hj f{z\ then /{») 
satisfies the differential equation 

/' («) =/(«) - <^ (z). (Pincherle.) 

12. Shew that the arithmetic mean of the squares of the moduli of all the values of 
the series 2 a^e* on a circle |«|=r, situated within its circle of convergence, is equal 



to the sum of the squares of the moduli of the separate terms. 

(Gutzmer.) 

13. Shew that the series 

2 g-8(am)» ^jwi-l 
m=l 

converges when |2| < 1 ; and that the function which it represents can also be represented 
when |z| < 1 by the integral 

VW J o' e'-z x^' 
and that it has no singularities except at the point z^l, (Lerch.) 

14. Shew that the series 

2 2 r z z"^ 1 

- (« + Z-^) +- 2 l^j _ 2v- 2v'zi) {2u+2y'ziy "*" (1 - 2ir- 2i/«-i0 {2u+2y'z-hy) ' 

in which the summation extends over all integral values of p, v\ except the combination 
(yaO, V =0), converges absolutely for all values of z except purely imaginary values ; and 
that its sum is + 1 or — 1, according as the real part of ^ is positive or negative. 

(Weierstrass.) 

15. Shew that sin-|t«f£ + -)[ can be expanded in a series of the type 

z z^ 
in which the coefficient of either sl^ or z^^ is 

5- / sin {2u cos 6) cos n6d$, 

16. If 

00 2^ 

hew that /(c) is finite and continuous for all real values of z^ but cannot be expanded as 
Maclaurin's series in ascending powers of z ; and explain this apparent anomaly. 



CHAPTER IV. 
The Uniform Convergence of Infinite Series. 

49. Uniform Convergence, 

We have seen* that the sum of a convergent series of analytic functions 
of a variable z can have discontinuities as z varies. It was found by Stokes "f 
and Seidell in 1848 that this can never happen except in association with 
another phenomenon, that of non-uniform convergence, which will now be 
investigated. 

Consider the series 

o ^' z^z'^jz^V) 

. z-^z^jz^l) 

■*" (1 -hn^ + ^») {1 -|-(n -h 1)^ +^+^} "^ ••• • 

We shall first shew that this series is convergent for all values of z except 
certain isolated points. 

For, except for the roots of 1 -h wxr + ^»» = 0, the nth term can be put in 

the form 

1 1 

l-^-nz-^-s^ l+(n-|- 1)^ + 2:"+^' 
so the sum of the first n terms is 

a L . 1 

" 1+2^ i4-(n + l)^ + ^»+i' 

which, as n becomes infinitely great, tends to the value , ^ for all points 
except z = 0: and for z = 0, we have S = 0, 

Thus (except at the roots of the equations 1 -h n^ + ^'^ = 0) the series 
converges ; and it represents a regular function, except at 2: = 0, where it has 
a discontinuity. 

♦ In § 42. 

f ColUcUd Papers, Vol. i. p. 286. 

t MUneh, Ahh. 
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What lies at the root of the discontinuity ? 

The remainder after n terms is 

1 



Rn = 



l + (w + l)^ + ^'*+*' 



For ordinary values of z, say z = 1, this remainder decreases rapidly as 

n increases. Thus if n = 10, z = 3, the remainder = ^^^ ^^ , a negligible 

quantity. But now let z approach near to its discontinuity 0: say 
z = iQQQQQQ . Then with this value of z, the remainder after 1000 terms is 

nearly 1, and the remainder after 1000000 terms is still nearly j. This 

shews that, ds z approaches the discontinuity at z=»0, the terms which 
contribuie sensibly to the sum tend to recede to the infinitely distant part of the 
series^ so the first 1000 terms do not furnish a good approximation at ail. 

We can express this analytically as follows : — The number of terms n, 
which we have to take in order to make \Rn\ less than a given ^mall positive 
quantity €, tends to oo as we approach the point of discontinuity. 

This circumstance is the basis of the following definition : — 

Let Mi(^)4- u^(z) + Ut(z) '\' u^(z) '\- ... 

be a series of functions of z, which is convergent at all points z within a given 
area in the ^^-plane. Let Rn be the remainder after n terms. Then since 
the series converges, if we take a small finite quantity € we cfin find at any 
point on the area a number r (varying from point to point) such that |i2n| < € 
so long as n > r. If the numbers r corresponding to the aggregate of points 
in the vicinity of a given point z are all less thau some definite finite number, 
the series is said to be uniformly convergent at the point z ; but if near any 
point z the number r tends to infinity, so that no definite upper limit can be 
assigned to it, the convergence of the series is said to be non-uniform* in 
the neighbourhood of the point z. 

Example 1. Shew that the series 

which converges absolutely for all real values of z, is discontinuous at 2b0 and is non- 
imiformly convergent in the neighbourhood of 2b0. 

The sum of the first n terms is easily seen to be 1 +^*~/"rT^v^ * ^ when z is not 
zero the sum is 1 +£^ and when z is zero the sum is zero. 

* An interesting geometrical treatment of uniform convergence is given by Osgood in VoL iii. 
of the Bull, of the Amer. Math. 8oe. p. 59 (1896). 
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The remainder after n terms is .. . ,. . . This can be made smaller than any 

log- 
aasigned small finite positive quantity c by choosing n so that n-l> | j ji . But as 

t tends to zero, . —^v tends to infinity, so n must tend to infinity, i.a we have to 

include an infinite number of terms in order to get the remainder less than c . This series 
is therefore non-uniformly convergent in the neighbourhood of 2=0. 

Example 2. Shew that at x=0 the sum of the series 

z z z 

is discontinuous and the series is non-uniformly convergent 

The sum of the first n terms is easily seen to be 1 1 : so when z is zero the 

sum is 0. 

The remainder after n terms of the series is z ; so when z is nearly zero, say 

xs one-hundred-millionth, the remainder after a million terms is «— ^ or 1 - r^ , so 

100^ 
the first million terms of the series do not contribute one per cent of the sum. And in 
general if « be small, it is necessary to take n large compared with the large quantity 

- in order to make the remainder after n terms smalL There is therefore non-uniform 

t 

convergence in the neighbourhood of 2=0. 

Example 3. Discuss the series 

• 2{n(n -H)2«-l} 

nil {l+nVHl-H(n-H !)«««}• 

The nth term can be written =-« - —-. ^r^-, , so the sum to infinity is ;— — = , 

1-Hn'2> 1-H(w-Hl)'«' H-2»' 

and the remainder after n terms is ,— ~ ^o--. 

l + V^+lr** 

However great n may be, if we take z equal to — =- , this remainder will have a finite 

▼alue, namely \ ; the series is therefore non-uniformly convergent at z=0. 

Note. In this example the sum of the series is not discontinuous at zbO. 

Cayley* regards non-uniform convergence as consisting essentially in the occurrence of 
A discontinuity in the sum of a series. The condition for a discontinuity in a series 

at the point z«a is that the series 

• Ur(a)-Ur{z) 
r-l a-z 

ahall have an indefinitely large sum when (a— z) is indefinitely small. 



• ti 



Note on Uniform GooTergenoe," Fn)c. Jhy. Soe. Edinb. xix. (1891-2), pp. 208-6. 
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Thufi in the series 

(l-«)+z(l-«)+r«(l-«) + ..., 

which is non-uniformly convorgont and disoontinuoius at x si, we have 

* ^ ' — -^--- ■ = - z\ when a= 1, 

BO the sum of the series j, ~> ' " ■■ is - — , which is infinite for «=1. 

60. Connexion of discontinuity with non-uniform convergence. 

We shall now shew that tlie sum of a series of continuous functions of z, 
if it is a uniformly convergent series for values of z wiikin certain limits, 
cannot he discontimious for values of z within those limits. 

For lot the series hef{z) = Uj (^r) -h t/, (^) + . . . -h ii^ (^) + • • • = ^n C-^) + ^ (*)» 
where Rn is the remainder after n terms. 

Since the series is uniformly convergent, we can to any small positive 
number e find a corresponding integer n independent of z^ such that 

I Rn (-*) I < n for all values of z within the area. 

Now n and e being thus fixed, we can, on account of the continuity of 
8n {z)y find a positive number 17 such that, when |* — / 1 < 1;, the inequality 

is satisfied. 

We have then 

\f{z) -f{z') I = ! (Sn {Z) - S, (/)} + iin (5) - i2n (/) I 

<€, 

which establishes the result. 

Example 1. Shew that at t«0 the series 

where n^ («)■.«, •i^(«)-ti**-*-i**~*, 

and i^eai x'alues of t are concerned, is discontinuous and non-uniformly convei^geut. 

1 
The sum of the first m terms is s^-^ ; as n tends to infinity, this quantity tends to 

1, 0, or - 1, according as « is |X)sitivc, sero, or negati^-e. The series is therefore absolutely 
convKMgcnt for all values of ;, and has a discontinuity at i=0. 

1 
The remainder after n terms, when z is small and positive, is 1 -2**~^ ; however great 

II may be, by taking «=*~(^~*) we can cause this remainder to take the value 1 - - , which 
is di^Brent fW>m aeixx The series is therefore non*unifonnly conveigent at i«Ol 
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Example 2. Shew that at 2=0 the series 

is discontinuous and non-uniformly convergent. 
The nth term can be written 

so the sum of the first n terms is , . ,^ {- . Thus considering real values of z sreater 

than - 1, it is seen that the sum to infinity is 1, 0, or - 1, according as 2 is negative and 
greater than -2, zero, or positive There is thus a discontinuity at z^O. This discon- 
tinuity is explained by the fact that the series is non-uniformly convergent at z=0 ; for 
the remainder after n terms in the series when z is positive is 

-2 

H-(l+2)*' 

and however great n may be, by taking z= this can be made to take the value 

— 2 

, which is difierent from zero. The series is therefore non-uniformly convergent 



l+« 
at «=0. 



61. Distinction between absolute and uniform convergence. 
The uniform convergence of a series does not necessitate its absolute 
convergence, nor conversely. Thus the series (§ 49, Ex. 1) 2-tt— -^ con- 
verges absolutely, but (at ^r = 0) not uniformly : while if we take the series 

1 (- 1)'^'^ 

„=.! -2^ + n ' 
its series of moduli is 

2 1 



which is divergent, so the series is only semi-convergent ; but for all real 
values of 2, the terms of the series are alternately positive and negative and 
numerically decreasing, so the sum of the series lies between the sum of its 
first n terms and of its first (n -h 1) terms, and so the remainder after n terms 
is less than the nth term. Thus we only need take a finite number of terms 
in order to ensure that for all real values of z the remainder is less than any 
assigned quantity, i.e. the series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms. 

Uniformly convergent series behave like series with a finite number of 
terms in that they are continuous and (as we shall see) can be integrated 
term by term. 
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62. Cofidttion /or uniform convergence, 

A sufficient though not necessary condition for the uniform convergence 
of a series may be enunciated as follows : — 

If for all values of z within a certain region the moduli of the terms of a 

series 

S = lii (2:) + w, (^) + w, (2:) + . .. 

are respectively less than the corresponding terms in a convergent series of 
positive constants 

then the series S is uniformly convergent in this region. This follows from 
the fact that, the series T being convergent, it is always possible to choose n 
so that the remainder afler the first n terms of 7, and therefore of S, is less 
than an assigned positive quantity € ; and since the value of n thus found 
is independent of z, the series S is uniformly convergent. 

Corollary, The theorem is still true if the moduli of the terms of S, 
instead of being less than the terms of T, are to them in a variable but finite 
ratio. 

Example. The series 

^ • ^ , 
cosz + 5jCOs'z + ^cos'r +... 

is uniformly convergent for all real values of 2, because the moduli of its terms are not 
greater than the corresponding terms of the convergent series 

whose terms are (XMitive constants. 

63. Integratioti of infinite series. 

We shall now shew that if S (z) = u^ (z) -h u^{z) -^ ... is a uniformly con- 
vergent series of continuous functions of z, for values of z contained within 
some domain, then the series 



jui{z)dz'\-j iii{z)dz-^.... 



where all the integrals are taken along with some path C in the domain, is 
convergent, and has for sum lS(z)dz. 

For let n be some definite finite number, and write 

S(r)= w,(r)+ w,(r)+ ... + ti>(^) + ii,(r), 



80 



JS {s) dz = K (z)dz'\- ... + jun(z) dz '\- j Rn {z)dz. 
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Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z, such that when n ^ r we have 
I i2„ (^) I < €, for all values of z \\\ the area considered. 

Therefore if I be the length of the path of integration, we have (§ 32) 



\' 



<d. 



Rn{z)dz 

Therefore the modulus of the difference between I S (z) dz and the sum 

of the n first terms of the series S f ttn (^) dz is less than any positive 
number provided w is large enough. This proves both that the series 
X I iAn{z)dz is convergent, and that its sum is I S(z)dz. 

Example I. As an example of the necessity of this theorem, consider the series 

• 2z{n(n+I)8in'«*— I}cos«* 



n-1 {l+7i^sin«««}{H-(n+I)«sin«««}" 

The nth term is 

2^71 cos x' 22:(n+l)co8r* 

l + n«sin« ^ " i + («4.i)«8in«««' 

and the sum of n terms is therefore 

2^008 2^ 2z(»+l)co8«' 
l+sin^z^" H-(n+l)»8in"«>' 

The series is therefore absolutely convergent for all real values of z: but the remainder 

after n terms is 

2r(n + l)cos2* 

r+(7r+T)28inQ* 

and if n be any number however infinitely great, by taking z= — r this has the finite value 

w+ 1 

2. The series is therefore non-uniformly convergent at z^O. 

Qg cos 2^ 

Now the sum to infinity of the series is , - --^—ot aud so the integral from to 2 of 

•^ 1 + sm* z^ ^ 

the sum of the series is tan~> (sin ^). On the other hand, the sum of the integrals from 

to 2 of the first n terms of the series is 



tan " * (sin 2*) - tan " > (n + 1 sin 2'), 

and for n= oo this tends to 

tan~i(sin2')— -. 

Therefore the integral of the sum of the series differs from the sum of the integrals of 
the terms by - . 

Example 2. Discuss the series 

• 2e*2{l-n(e-l)+g*'^'g'} 
n-in(n+l)(l+«*2«)(H-c*+i2») 

for real values of «. 



80 THE PROCESSES OF ANALYSIS. [CHAP. IV. 

The nth tenn of the serieB may be written 



2e^z 2€^*h 



n(l+c*z«) (n+l)(l +<?»*»««)• 
The sum of the first n terms is 

2ez 2^*h 

T+es^ (n+l)(l +«*+!««)* 

The series therefore couveirgeB to the value = — -^ ; and since the terms are real and 

ultimately of the same sign, the convergence is absolute. The integral from to i? of the 
sum of the series is 

log(H-ez«). 

The sum of the first n terms of the series formed by integrating the terms of the series 
is 

log(l-he^)--l^log(l+«*-iz2), 

which fornaoo tends to 

log(l+««)-l 

This discrepancy is accounted for by the non-uniform convergence of the series at 2=0 ; 
for the remainder after n terms in the original series is 

or 



z 



and however great n may be, on taking z= ——r this takes the value unity ; so the series 
is non-uniformly convergent at 2=0. 

Example 3. Discuss the series 

where 

til = «■■■, iin = iwe-**" - (n - 1 ) 2«-(»»-i)3«^ 

for real values of 2. 

The sum of the first n terms is me"^*^, so the sum to infinity is for all real values 
of £. Since the terms Un are real and iiltimately all of the same sign, the convergence 
is absolute. 



In the series 



/ y^dz+j u^dz+ j u^dz+,„y 



the sum of n terms is } (1 - e"*^, and this tends to the limit ^ as n tends to infinity ; this 
is not equal to the integral from to j of the sum of the series 2 u^. 

The explanation of this discrepancy is to be found in the non-um'formity of the 
convergence near 5=0, for the remainder after n terms in the series Wi+Uj+... is - me-*^ ; 

and however great n may be, by taking r= - we can cause this to tend to the limit - 1, 

WW 

which is different from zero: the series is therefore non-unifbrmly convergent near 2=0. 



/; 
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64. Differentiation of infinite series. 

The converse of the last theorem may be thus stated : 

If S (z) =i Ui{z) -^ U2(z) -¥- ... isa convergent series of analytic functions of z, 
which are regular when the variation of z is restricted to be within a certain 

ft // 

domain, and if the series 2 (^) = -v- 1^ (-^) + t- t^a (^) + . . . w uniformly convergent 

within this domain, then this latter series represents -j- S (z). 

For by the preceding result, if a and z are two points within the domain, 
we have 

r t{t)dt = r < (0 dt -h [*«,' (t)dt-h... 

J a J a J a 

= Wi(ir)-tti(a) + ... +i^(^) — t4»(a) + 

Since 

i^(^) + t^(«)+ ... and t^i(a)-|-t4j(a) + ... 

are each of them convergent series, we can write this 

2(0^^ = K W + W2 ('^) + •..} - K (a) + t4j(a) + ...} 

^S(z)-S(al 
and hence 

We may note that a derived series may be non-uniformly convergent even when the 
original series is uniformly convergent : for instance the series 

sin 2- ^ sin 22:+i sin 3;+ ... 

is non-uniformly convergent at z^^-ir; although the series from which it can be derived, 
namely 

- cos a+5}C08 2«- ^ cos 3^-h ..., 
is imiformly convergent for all real values of z. 

66. Uniform convergence of Power-Series. 

We shall now shew that a power-series is uniformly convergent at all 
points within its circle of convergence. 

For let i2 be a region, forming part of the area of the circle, and let r be 
a quantity greater than the modulus of every point of R, but less than the 
radius of convergence. Then if z be any point of R, the moduli of the terms 
of the series 

a^ •¥ OiZ •¥ a^^ '\- ... 
w. A. 6 
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are less than the moduli of the corresponding terms of the convergent series 

Oo + Oir + 0^**+ ... . 

But the latter series does not involve z, and so (§ 52) the power-series is 
uniformly convergent within the region i2 ; as S is arbitrary, the series there- 
fore converges uniformly at all points within the circle of convergence. 

It must be observed that nothing is proved regarding points on the 
circumference ; we do not even know that the series is convergent there at all. 

Corollary, A power-series is continuous within its circle of convergence : 
and the series obtained by differentiating and integrating it tenn by term 
are equal to the derivate and integral of the function respectively. 

Example. As an example of this, consider the series 

which is convergent at all points within a circle of radius 1. We can integrate it term by 
term, so long as the path of integration lies in this circle ; the result is 



/: 



» dz ^ ^ 

oT+?"^'"3'^6"'- 



Now I = — -« clearly represents that value of tan~*« which lies between - ^ and +^ . 
So the series represents this value of tan ~ ' z and no other. 



Miscellaneous Examples. 

1. Shew that the series 



nil (r-Z*)(I-Z- + l) 



represents 7= — r^ when \z\<l and represents ., __ >, when |j?|>1. 

Is this hct connected with the theory of uniform convergence ? 

2. Shew that the series 

28mJ+48in^+...+2-«in^+... 

converges absolutely for all values of z, but does not converge uniformly near z^O, 

to 

3. Ifaseries^W" 2 (c^- c,,+,)sin(2i» + l)2fr (in which Cq is zero) converges uni- 
formly in an interval, shew th&tg{z) is the derivate of the series 



00 



Cr •. 



f(z)= 2 ^sin2i«»ir. (Lerch.) 



CHAPTER V. 

The Theory of Residues : Application to the 
Evaluation of Real Definite Integrals. 

56. Residues. 

If a point ^ = a is a pole of order m for a function f(z), we know by 
Laurent's theorem that the expansion of the function near ^ = a is of the form 

where ^ (z) is regular in the vicinity of ^ = a. 

The coefficient a_i in this expansion is called the residue of the function 
f{z) relative to the pole a. 

Consider now the value of the integral \f{z) dz, where the integration is 

taken round a circle 7, whose centre is the point a and whose radius is a small 
quantity p. 

We have ( /(z)dz ='2 a., f 7-^+ f <f>{z)dz. 

Jy r=m J y \Z — a) Jy 

Now I (f>{z)dz^O, since <f>(z) is a regular function in the interior of the 
J y 
circle 7 : and (putting -e — a = pe**) we have 

Jy{z-ay Jo p^'er* ^ Jo 

2wrg-f+T*»"| 
= p-»'+» - -, , when r + 1 

= 0, when r+1. 

But when r=s I we have 

r _dz_^ ^ ^.^^ ^ 2^. 
JyZ — a Jo 

Hence finally / /(z)d^ = 27rta»i. 

Now let C be any contour, containing in the region interior to it a number 

6—2 
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of poles a, 6, c, ... of a function /(z), with residues a_i, 6_i, c_i, ... respec- 
tively : and suppose that the function f(z) is regular at all points in the 
interior of 0, except these poles. 

Surround the points a, 6, c, ... by small circles a, ^8, 7, ... : then since 
the function f(z) is regular in the region bounded by C, a, ^, 7, ..., its 
integral taken round the boundary of this region is zero. But this boundary 
consists of the contour C, described in the positive sense, and the contours 
«» A 7> • • • described in the negative sense. 

Hence = J /(^) dz -| f{z) dz-j f(z) dz.... 



or 



0=1 f{z)dz — 27na^i — 2mb^i.... 



Thus we have the theorem of residues, namely 

f{z)dz = 27ritR, 



L 



C 

where XR denotes the sum of the residues of the function /(z) relative to 
those of its poles which are situated within the coutour C. 

This is an extension of the theorem of Chapter III. § 36. 

67. EvaitLoMon of real definite integrals. 

A large number of real definite integrals can be evaluated by the use of 
contour-integrals and the theorem of residues. The following examples will 
serve to illustrate the various ways in which these aids to the evaluation 
may be applied. 

Example 1. To find the values of 

r%«^*co8(n^-sind)(W and ^ e"^^ e\n(ne'Bm6)dB. 
Denoting these integrals respectively by / and «/, we have 



-H 
-I 



^ cos tf +i sin 9 - intf ja 








Write e**^Zy and let C be a circle of radius unity round the origin in the x-plane. Then 
as 6 assumes the sequence of real values from to 2n-, z describes the circle C, 

Hence l-iJ^- \ e^z'^^^dz 



^ J O 



= 2fl- X the residue of -—-r\ at ^=0 
_2fr 
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Therefore '^■•— n 

ni 

Example 2. The method used in Example 1 can be very generally applied to 
trigonometrical integrals taken between the limits and 2Yr. As another example, 
consider the integral 

'*' («>6). 



Jo CL 



+6 cos 6 



Write e^=z*y and let C be the circle on the ^-plane whose centre is at the origin and 
whose radius is unity. 



Then 



'I 

* J 



dz 
c 5?+2a«+6 



f4fl- X simi of residues of t-= — ^ i at poles contained within C. 

02'+2a«+o '^ 



Now 



1 



fc««+2a«+6 2\/a*-6« 



-^^^.+ 



, a , ^/a^ - 6* a «Ja* - 6^ 



Therefore the two poles are at «= - r r — and r= - r + - — r — , and the residue 

at the former (which is the only one within (7) is - . 

2\/a«-6« 

Hence / 



y/a^-b*' 
Example 3. Shew that 

2» dB 2ira 



. 



{a+bcoaOy {a^-b^)^' 
Example 4. Find the value of 



/ 



** jt'sinnu; , 
dx. 



-oo 



x^+d 



2 



Let C be a contour formed by the real axis together with a semicircle y, consisting of 
that half of a circle, whose centre is at the origin and whose radius is very* large, which 
lies above the real axis. 

MfMVi 

Then ^ j is a function of z which has only one pole in the interior of C, namely at 

, -— , cfe = 2iri X residue of , — ^ at its pole at. But writing 
g=a%+(y we have 



t—ma 



= -Q^ + positive powers of f . 
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Therefore ^ ^ "" « ^ _ ^+ powtiTe powers of U-ai). 



ThuM the residue of = = at oi is - €"■•. 



■^""-^ '*^-/c^C'^-{/T. +/J^1^'^ 



SiDoe ^—f ' u* infinitesiiDal compared with — at {loiiits on y, the integral round y is 
infinitesimal compared with I !— or 2ir, and is therefore zero. 

Therefore trte""^— I . »cfe. 

Equating imaginary parts, we have 

f* T sin mx , _ 

Example 5. To find the value of 



xdx 



xcCr 



Take a contour C composed as in Example 4 of an infinite aemidrole 7 and the real 

a. 

Then / ^-.e* . .(£«— Sw-i x residue of —.«« . at its poles inside C. 

But -.0^ * 1 has only one pole in the interior of C, namelj at the point rayi. 
Now if 2— n +f, we have 

1 -w 

Therefore the residue is -•«*' 

But at points on 7, <*« = 0, so e«''^ = 1, and so 

/ 1 hgi xdx _ 1 /" ^ » 

^«»l«sin(a8in6x)jj^^, 
|"f.«»fc' sin (asin ^) J^ =1 (^"^ -!)• 



or 



We may note that in the al»ove / stands for the limit of I where k is infinitely 
great and is not equal to the limit of | where k and I are different. 
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Example 6. Prove by integrating 



/: 



i^dz 



round the contour used in Examples 4 and 5, that 
Example 7/- -Find the value of 



/, 



* sin mx , 



Consider a contour C7, formed of 1® a semicircle F whose centre is at the origin and whose 
radius is very large, 2? a semicircle y whose centre is also at the origin and whose radius is 
very small, and ^ the portions of the real axis intercepted between these circles. The semi- 
circles are to be drawn in the upper half of the 2-plane, Le. the half above the real axis. 

Then I , , . — rr:B2irt x the residue of -,-n ^. at the singularity z^ai. 

But if we vnrite «=a» + f, where f is small, we have 

»«"'~* fi^/" ^2\.. ^ I w-"«» 6^/ .2\1. 



Thus the residue at ai is - 



Therefore - 



4as 



(-!)■ 



2a* 



("'+5)-jc«(^«+a»)»-U-. "^ir jv;«(^+a«)»- 



Now /^ . 2V2 i's infinitely small at points on F, so the integral taken round F vanishes. 

Therefore I -/:s ^— «\-« *= "i ^rr" (»'*+-) • 

In this, I means I + / > where the two c's are the same : but in the final result 

J — • J • J —00 

we can put c «0, since the final integrand is finite at the origin. 

Equating the imaginary parts on both sides of this equation, we obtain 

/* nmmjcdx n ne"^^ / 2\ 
^ao x{x^+a^)^'^ a^" ~2^\^'^a)* 

„ . ^ f sin tnxdx n »re""^/ . 2\ 

Example 8. Find the value of 



/ 



cos 2ax - cos 2bx , 
-— , dx. 



Take the contour C formed as in Example 7 by an infinite semicircle F, a small semi- 



88 THE PROCESSES OF ANALYSIS. [CHAP. V. 

circle y round the origin, and the parts of the real axis intercepted between them. Within 
this contour the function —^ has no singularities. 

In this equation I must be r^arded as an abbreviation for / + i where c is the 
radius of y. 

Now at points on r, — ^ is zero compared with - , so the intend round r is zero. 

Also / — r- c&= one-half of 2tnx the residue of - ,- at the origin 

Jy ^ «" 

B»iri X the residue of = 

Therefore I -p-cfe=— 2ira, 

and SO l ^ cfe=2jr(6-a). 

Taking the real part of this we have 

/* cos 2CLX - cos 2bx , « ,. v 
^ ^ <ir=2tr(6-a), 

and since -, — - is finite when x=0, we need no longer restrict I to 

Example 9. Find the value of 



mean 



rdx 



"We have / jc»"* sin ( — -icrj 

1 C rdx 

Consider a contour C, formed as in Examples 7 and 8 by an infinite semicircle r, 
a small semicircle y round the origin, and the parts of the real axis intercepted between 
them. 

Then | I { _ « )^i ««• ^i^ = 2iri x the residue of 5 (-«*)•"* ^••^xTj*^ >*« singularity 



«=ir. 
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Putting «->n+( and neglecting powers of f, we see that the expansion of 

begins with a term _i!I_f_, 

SO the required residue is — - r*-* e^^. 

Therefore z^'^^'^^l ( (-«*)""*«*• ^^ 

2 ^ J c «*+r* 



-H/:. -/.-/j '-"■'•-' A^^ 



At points on r the integrand is infinitesimal compared with - , and so the integral 
round r is zero. 

At points on y the integrand is approximately ^ — ^ — ««"*, and so if a > the integral 
round y is zero. 

rdx _fr 
jp* +1^ ~ 2 



Therefore / V-sin (^-6.) /-g, = | J^_«).-..^ .r^. = ? ^-t.-»r. 



Example 10. Find the value of | «««)«6*sin (a sin &r) — . 

Jo ^ 

Wehave [ e««*te8in(asin6jr)^ = ^. f tf«^— , 

where in the latter integral j must be regarded as an abbreviation for / + / where 

J -00 J 9 J -00 

f is a small quantity. 

Take a contour C, consisting as in Examples 7, 8, 9, of an infinite semicircle r, a small 
semicircle y of radius c round the origin, and the parts of the real axis intercepted between 
them. 

Then 0=/" «««^-f «««^-f ««»-^+r «««^. 

jc X jT ^ jy ^ y -• ^ 

At points on r, we have «***=0, 6««^= 1, and so 

JT X JTX 

At points on y, «***= 1, so 

J y ^ Jy ^ 

Therefore P <K»«^^=^(e»-i), 

««co8^sin(asin&x) -=5(«"-l). 

/e*'dz 
round the same contour as that used in Examples 

7, 8, 9, 10, shew that [*??Bf (ir=^. 

Jo X 2 
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RxarnfjU 12. To fiml the value of 

/ , (£r, aud I , -dbr '0<a<l^ 

Write /-/ f—dx.zDdK'^l f—dx. 

All will lie iieefi from the working below, the int^gnl JT ha« a meaning odIt when I is 

+ I , where i^ ijt a small positive quantity, 
i+y Jt, 

O/rwider a cmtour C formed of (aj that half r of a circle, whoee centre is at the origin 
and wli/jHe radiiis is a large quantity H, which is above the real axis, (6) that half y of a 
circle wIkjhc centre in at the origin and wh^jse radius is a small quantity r, which is above 
the real axis, (C) that lialf y rif a circle, whose centre is at the point (-1) and whoee 
ra^lius is a small quantity /, which is abr^ve the real axis, (c/) the parts of the real axis 
interceiitd Vjetwocn these semicircles. 

, where the many- valued function is supposed to have that one of 
c l+« 

iU detenninations which is real and positive when z is real and positive. The integrand is 
regular in the interior of the contour C\ and so 

r 

Now on y the integrand in sensibly equal to 3f^^\ and so the integral to — , which 

-r 

is hiftnitosimal, since a >0. 

(_l)a-l 

On y, the integrand is sensibly equal to ^ — ; putting 1 +««/««•, the integral 

1 +^ 



or 



along y is / id6^ or tV (-!)•"*. 



On r, the integrand is sensibly equal to -g^^i the modulus of which is infinitesimal 
oomiMirod with • , ; f^o ^^^ integral along r is zero. 

Thus irt-(-l)i-«/+^=-/(co8afr-t8inair) + ir. 

Tlioreforo equating real and imaginary parts, we have 

sin an ' 
Jir=»rCot air. 

Kxitmple 13. By using the result 



/ 



x^'^cLv 



1+^ smatr 
shew that 5-^=— . Limit 2 -r—z,- (Kronecker.) 
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68. Evaluation of the definite integral of a rational function. 

The principles which have been applied in the preceding paragraph can 
also be used to evaluate an integral of the form 



J —00 



where y*(j?) is a rational function of x^ in the cases when this integral has a 
meaning. 

a CscS 
For suppose that f{x) is brought to the form of a quotient Ty-; , where 

g (x) and h (x) are polynomials in x. In order that the integral may have a 
meaning unconditionally, it is necessary that the degree of g (x) should be 
at least two units lower than that of h (x\ and that the equation h(x) = 
should have no real roots. 

Consider now a contour C, formed of the real axis together with a 
semicircle T of large radius, whose centre is at the origin, and which lies in 
the upper half of the z-plane. 

We have I f{z)dz-=2iri x sum of residues of f(z) at the poles of f{z) 
J c 

contained within C 



Now \ =^ \ + I • ^^^ since f{z) has a zero of at least order 2 at 
x: = 00 , it follows that I is zero. 

/** 
Hence I f(x)dx = 2iri x sum of residues of f(x) at those of its poles 

which are contained in the upper half of the z-plane. 

If the degree of g (x) is lower than that of h (x) bj only one degree, or if h (x) has real non- 
repeated roots, the integral will still have a meaning provided we make certain restrictions, 

le. that I shall be understood to mean the limit, when k tends to oo and c to zero, of 

/c-« fk 
+ / , where c is a typical root of the equation A (x)^0, 
-k J e+t 

Example I. The function . ^ , ,n3 has a single pole in the upper half of the £-plane, 

3t 
namely a,tzs=:u and the residue there is - r^ ; we have therefore 

iO 



/ 



dx Sir 



-oo(:f«+1)2 8* 



Example 2, Shew that I 7— — r «t*= r-i- 
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59. Cauchys irUegml. 

We shall next discuss a class of contour-integrals which are very fre- 
quently found useful in analytical investigations. 

Let (7 be a contour in the ^-plane, and let /(z) be a function regular 
everywhere in the interior of C. Let ^ (z) be another function, which in the 
interior of C has no singularities except poles ; let the zeros of 4> {^) in the 
interior of be Oi, a,, ..., and let their degrees of multiplicity be ri,r^, ...; 
and let its poles in the interior of C be bi,bf, ..., and let their degrees of 
multiplicity be «i, «2> 

Then by the fundamental theorem on residues, we have 

^ — ; I f(z) T-i-\ dz = sum of residues of ■ t-/ \- i^ the interior of C 
^TnJc <^(^) <l>iz) 

Now !T} can hsLwe singularities only at the poles and zeros of 

<f> (z). At one of the zeros, say ai, we have 

4>{z)^A(Z'' OiX* +B(z-a,y^+' + .... 

Therefore <t>' (^) = -^n (^ - OiY^-' + £ (r^ + 1 ) (-? - a,)'*' + . . . , 
and f(z) =/(flh) + (-? - a,)/' (aO + . . . . 

Therefore . / \ = + a constant + positive powers of (z — a,). 

ip(z) z — Oi 

Thus the residue of j^T } > at the point ^ = Oi, is r,/(ai). 
Similarly the residue at ^ = 6, is — .»i/(6,) ; for near ^ « 6,, we have 

and /(^) =/(6,) + (^ - 6,)/' (6|) + . . . , 

so ; / V = — '•^^ + a constant + positive powers o{ z — bi. 
if>{z) z-bj ^ ^ 

Hence ^ f^/{z) *'^^^J dz^t r,f{a,) - 2 8j{h,\ 

the summations being extended over all the zeros and poles of <f> {z). 

60. The number of roots of an eqtuition contained within a contour. 

The result of the preceding paragraph can be at once applied to find the 
number of roots of an equation <f>(z) = contained within a contour C. 

For on putting f(z) = 1 in the preceding result, we obtain the result that 
s — : I . / idz \b equal to the excess of the number of zeros over the number 




m. 
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of poles of <f>(z) contained in the interior of (7, each pole and zero being 
reckoned according to its degree of multiplicity. 

Example 1. Shew that a polynomial (ft (z) of degree m has m roots. 
Let («) = ao«»»+aiZ'~"* + ..^+a^. 

Then <<>'W ^ w«o«"* " ^±_:ii.± «tn - 1 

For large values of z, this can be expanded in the form 

<t>{z)'' z ^gi^"- 
Thus if (7 be a large circle whose centre is at the origin, we have 

1 f *'W_7 ra [ dz 

awl J CH>\^) *'*'* y C 2 

Hence as ^ (z) has no poles in the interior of (7, we have 

number of zeros of <b {z)=-zr—. \ %-rl dz* 

^^' 2mjc<l>(^) 

Example 2. If at all points of a contour C the inequality 
is satisfied, then the contour contains k roots of the equation 

For write /(«)=a^a^+a,„_ia^"*H-...+ai«+Oo- 
Then /W=at^ A a^^+...+a ,,_,g>^+a,.^ ^»+...+a, ^ 

=ajt«* (1 + 6^) say, where | C^l < I on the contour. 
Therefore the ntunber of roots of f{z) contained in C 

C dz 

But I — = 2rn ; and since 1 1''' | < 1 we can expand (1 + i7) "Mn the form 

Therefore the ntunber of roots contained in C is equal to k, 

61. Connexion between the zeros of a function and the zeros of its derivate. 

Macdonald* has shewn that if f(z) be a regular function of z in the interior of a 
contour C, defined by an equation \f{z)\=M where M is a constant^ then the number of zeros 
of f(z) in this region exceeds the number of zeros of the derived function f'{z) in the same 
region by unity, 

* Proe, Lond. Math. Soe. xxix. (1898). 



■^dz 



so 
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For since f(z) ha8 uo essential singularity in the region, the number N of its zeros in 
the region is finite. Now if m be a small number, the part of the locus \f{t)^—m in the 
interior of the contour C consists of N closed curves surrounding the N zeros of /(«). Ar 
m increases, these ovals increase, until two of them coalesce, the point at which they 
coalesce being a node on the curve corresponding to that particular value of m. When 
m has increased to its final value M, the N closed curves have coalesced into one closed 
curve, and therefore N—l nodes have been passed through. Each of these nodes is 
a zero of /'(;); for if /(«)cs0+i^, where and ^ are functions of x and y with real 

coefficients, then -^ and %— vanish at a node on the curve 0^ +^8 constant; that is, 

f {z) vanishes. Moreover, two ovals cannot coalesce at more than one point, b» f(z) is 
single-valued. 

Hence the number of zeros of /' {z) inside the contour is (iV~ 1). 

The proof assumes the zeros of/{z) in the interior of (7 to be all simple : the case where 
f{z) has multiple zeros can be at once reduced to this, by dividing out the factor common 
to f{z) and /' (z). If /' (z) has two zeros equal, two of the double points coalesce, that is, 
three ovals coalesce at the same point. 

Similarly it can be shewn that the number of zeros of /' (z) in the region between the 
contours \f(z)\ssm^ and 1/(^)1=^2 ^^ equal to the number of zeros ot f{z) in the same 
region, if f{z) is regular in the region. 

Example 1. Deduce from Macdonald's result the theorem that a pol3momial of degree 
n has n zeros. 

Examph 2. Deduce from Macdonald's result that if a function f{z\ regular for real 
finite values of r, has all its coefficients real, and all its zeros real and different, then 
between two consecutive zeros of f{z) there is one zero and one only of/' («). 



Miscellaneous Examples. 

1. A function <f>{z) is zero for «=0 and regular when |«K1. If /(a?, y) is the 
coefficient of i in (•v+yO> prove that 

' 1-2^'cos^-h.r' -^(^ ^' ^^^ ^) ^"^ (^)- 

(Trinity College Examination, 1898.) 

« oi. ^1- X r* sin cur , 1 «« + l 1 /t j x 

2. Shew that j^ ^__ dr-- ^j-j- ^. (Legendre.) 

3. By integrating I e-^dz round the perimeter of a rectangle of which one side is the 
real axis and another side is parallel to the real axis and at a distance a from it, shew that 

/ c-<*cos2a^rf<«\/ire-«*, 
and / e-^mi5Lcadtm»0. 



>00 



4. Shew that / _ — ^ — qaT^ ^^% **i^ 6d6=^ ^ log —r^ . 

Jo l-2rcos2^+r* ® 4 ® 4 
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5. Shew that 



/. 



^dar=— log(l+a) if -l<a<l 



1 — 2aco8J7H-a* 4a 

and " ^ ^^ (^ "^D ^^ ** > ^- (Cauchy.) 

6. Shew that 



/. 



sin 0iX sin (baX sin 0^^ sin oo; _, n , , . 
— *— cosa|a:...cosa,n^ "^=5 Vi9f •••<P»> 



•• • 



if a be difierent from zero and 

«>l*il+l*2l+... +|**H-|«il + ...+ |a«|. 



(St6rmer.) 



7. If a point z describes a circle C of centre a, any one- valued function u^/(z) will 
describe a closed curve y in the t^-plana Shew that if to each element of y be attributed 
a mass proportional to the corresponding element of (7, the centre of gravity of y is the 

point r, where r is the sum of the residues of — - at poles in the interior of C. 



z — a 

(Amiguee.) 



8. Shew that 

dx tr(2a+6) 



: 



9. Shew that 

dx IT 1.3...(2n-3) 1 






_«(a+64?*)** 2«-i6* I.2,..(n-1) a^-k' 

10. If F„(:r)-(l-a?)(l-4?«)...(l-^-i)...(l-a:»)(l-^}... (1 -ar«*-«)... 

... (1 -^-i)(l -xft»-«) ... (1 -ar<«-»>*), 
shew that the series 

"-'(f.-l)n-« 
converges when x is not a root of one of the equations 



©■-»' 



and that the sum of the residues of f{x) contained in the ring-shaped space included 
between two circles whose centres are at the origin, one having a small radius CLnd the 
other having a radius between n and n-hlf is equal to the number of prime numbers less 
than n+1. 

(Laiurent.) 



CHAPTER VI. 
The Expansion of Functions in Infinite Series. 

62. DarbouoDS formula, 

Darboux has given* a formula from which a large number of expansions 
in infinite series can be derived. 

Let f{z) be an analytic function of z, regulai* at all points z within a 
circle of centre a and radius r; and let ^ be a point within this circle. 
Let 4> (z) be any polynomial in z, of degree n. Then if Rn denotes the 
expression 

(- ir(z- a)»+» j <!> (0/<"-^>' {a + ^ (z - a)} dt, 

Jo 

where the integration is taken along the real axis of t, we have on integration 
by parts 

Rn = [V ir (^ - «r </> (0/"» {a + t(z- a)}] 

+ (- !)»-> (z - a)» f V' (0/*~^ [a + tiz-- a)] dt, 

J Q 

or J2„ = (- 1)» («-o)»{«^ (!)/<»' (z)-^(0)/'»' (a)} 

+ (- 1)»-' (z - o)» f V' (0/'"' {o + < (« - a)} de. 

Jo 

Integrating the last integral by parts in the same way, we obtain 
Rn^{- 1)» (z - a)» {ij, (I)/'"' {z) - <l> (0)/'"' (a)} 

+ (-l)»-n«-ar- {f (I)/'"-" (z)-f (0)/<»->(a)} + ... 
- (^ - a) {^<»-« (1) /' (z) - ^•-« (0)/' (a)} 

+ (« - a) f V'"' (0/ {a + t(z- a)} dt. 
Jo 

Now <^'"> (t) is a constant independent of t, since ^ (0 is a polynomial of 
order n ; and hence 

(z - a) P <^<»' (<)/' {o + < (^ - o)l dt = ^* (0) {/(z) -f(a)}. 
Jo 

* LiouvilleU Journal (3), ii. (1876), p. 271. 
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Thus finally we have Darboux's formula 
*^» (0) {f{z) -/(a)} = (^ - a) {^<-» (1)/' {z) - ^<-^) (0)/' (a)}... 

+ (- IT {z - a)*+» f ^ 4> (0/<*+'^ fa + e (r - a)} dt 

Jo 

Taylor's expansion may be derived from this formula by putting 
^(^)a(^.l)», and then making n tend to infinity: other new expansions 
may be obtained by substituting special polynomials of degree n for <f> (t), and 
in the resulting formula making n tend to infinity : in ecu^h case it must 
of course be shewn that Rn tends to zero as n tends to infinity. 

Example, By substituting 2n for n in Darboiix's formula, and taking ^ (t)=ir{t-l)% 
obtain the expansion 

/(*)-/(«)- J^ ^ " ^^^n'l " "^ l/^'" W+( - !)<-"/<"(«)}. 

and find the expression for the remainder after n terms in this series. 

68. The BemotUlian numbers and the Bemoullian polynomials, 

, Z £ 

If the constants which occur in the expansion of ^ cot x in ascending 
powers of 5 be denoted by Bi, £,, B^, ... , so that 

then Bn is called the nth Beiinoullian number. It is found that 

The Bemoullian numbers can be expressed as definite integrals in the 
following way. 



We have | ^ , = 2 I «"**•* sin pxdx 

Jo e^-l n^iJo ^ 



00 



= 2 — ^ — 

It'. 






A 



Equating coefficients of p***"^ on the two sides of this equation, 8md writing 
X = 2^, we obtain 

. r t*^' dt 

= 4n I -— ; r . 

Jo e^^-1 

A proof of this result, depending on contour integration, is given by Carda, MancUshefte 
fur Math, und Phys, v. (1894), pp. 321-4. 

W. A. 7 
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ExampU, Shew that 

« 2n [^ a!»^'^dx 

*"tr*»(2*»-l)yo ainhx ' 

The ^^mou^/uin polynomial of order n is defined to be the coefficient of 

f* 6** — 1 . 

— j in the expansion of t -fzy ^ ascending powers of t It is denoted by 

^(m), so that 

*7^ ".ti — jn— <^> 

This function possesses several important properties. Writing (s + 1) 
for s in the preceding equation and taking the difference of the two results, 
we have 

<6- = S{^(z+l)-<^(5)}^. 

On equating coefficients of t^ on both sides of this equation we obtain 

itr*^* = <^n(i^+l)-<^i(r), 
which is a di€ference-equation satisfied by the function ^(t). 

The explicit expression of the BemouUian polynomials can be obtained 
as follows. We have 



and 



i t 

""2 L * 2 

"2i 2i~2 
=.1.1 + ^.^ + 






Hence 

From this, by equating ccefficients of r. we have 

tlie fauei t^nu being thai in ^ or j*: ibis is the expiicit expr«s»OQ cf cbe xih 
BeraoaUian f^^IynomiaL 
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The Bemoullian numbers and polynomials were introduced into analysis by Jacob 
Bernoulli in 1713. 

Example, Shew that 

64 The Maclaurin-Bemoullian expansion. 

In Darboux's formula write ^ (t) = if>n (t), where (f>n (t) is the nth Bemoul- 
lian polynomial 

Now from the equation 

^n(^+l)-^»(0 = ^-S 
we have by differentiating k times 

<f>n^ (t + l)- 4>n^ (t) = n(n - 1) ... (n- A:)r-*-^ 
Putting ^ = in this, we have 

But the value of ^n^ (0) is obtained by comparing the expansion 

</>n(^) = *n(0) + ^^n'(0) + |j^n"(0) + ... 

with the expansion 

Substituting the values of (l>n*^(l) and <f>n^(0) thus obtained in Darboux's 
result, we find what is known as the Miiclaurin-BernotdlianformiUa, 

(z - a)/' (a) =/{z) -/(a) - ^ {/' (z) -/' (o)) 

_(z- o)»+' n 

2n! Jo 

In certain cases the last term tends to zero as n tends to infinity, and we 
can thus derive an infinite series from the formula. 



Jo 



Example. ltf{t) be an odd function of t, shew that 



2»»28» + l 



/V*.(0/<****K-^+2^)c&, 



2n\ 
where ^^ (^) i^ the Bemoullian polynomial of order n. 

7—2 
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66. Burmann*s theorem. 

We shall next consider a number of theorems which have for their object 
the expansion of one /unction in powers of another function. 

Let if>(z) he a, function of z, which takes the value b when s takes the 
value a, so that 

Suppose that ^ (z) is an analytic function of z, regular in the neighbour- 
hood of the value z = a, and that 4> (a) is not zero. Then Taylor's theorem 
furnishes the expansion 

and on reversing this series we obtain 

which expresses z as a regular function of the variable {<l>{z)^b}, for values 
of ^ in the neighbourhood of a. If then /(z) be a regular function of j? in 
the neighbourhood of a, it follows therefore that/(z) is a regular function of 
{if> (z) — 6} in this neighbourhood, and so an expansion of the form 

/{z) =/(a) + a, {^ (z) - 6} + J, {<f> (z) - 6}' 

will exist, which, as it is a power-series in {^ (z) — &}, will be valid so long as 

\^{z)-b\<r, 
where r is some constant. 

The actual expansion is given by the following theorem, which is 
generally known as Bumianns theorem. 

If'^(z) be afarCiction of z defined by the equation 

z — ci 

then the function f{z) can for a certain donuiin of values of z be expanded in 
the form 

and the remainder after n terms in the series is 

r) dtdz 



1_ p f U(z)-b '\'-^/'(t) <f>^ 
'.^ijjyl<l>{t)-bj <i>(t)-<f, 



2inJJylil>{t)-bj <f, (t) - <f, (z) ' 
where y is a simple contour in the t-plane, enclosing the point t = a. 
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To prove this, we have 

_ j_ f'r f'(t)<i>'(z)dtdz r , ^(^)-6 , 

B„t J- f f [H')-b-]' /'(t)<l>'(z)dtdz _ }<^(^)-6}*-^' f /' (<) <fe 
2ir»7<. ;, L^ (t) -bj <l>(t)-b - 2in{k+l) }y [if, (t) - 6}*+' 

" 2«(Jfc + 1) i, (« - a)*+"i 2,ri(&+l)!^tA (a) IV' W) J- 

Therefore /(5)=/(o)+*T' {*g^* ^, [/' (a) {^(a)}*] 

Example 1. Prove that 

(-l)«-»(7n(«-a)«^(**-**) 



where 






To obtain this expansion, write 
in the above expression of Burmann's theorem ; we thus have 



But 



s=(n— 1) ! X coeflBcient off*"* in the expansion of «""*<••*') 
=(n-l)! X ooefficient of f" in 2 ^ i; ^'K" t r 

, ,x, V* (-irn'-(2a)>-»^^ 
-(n-l}!x 4^(^_i_^)j(2r-n+l)!- 

The highest value of r which gives a term in the summation is r«n-l. Arranging 
therefore the summation in descending indices r, beginning with r*n- 1, we have 

{i-* -"'-'^}._.-( - 1)"-» {(2-)"-- "(*'-;)(*'-') (2na)>^ + ...} 

-(-i)-'c; 

which gives (be required result. 



f»f 
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Example 2. Obtain the expression 

J •« .2 1.^ .2.4 1.- . 
««— 8in««-|-^ . 2®P^+3~5 • 38in««+ .... 

Example 3. Let a line p be drawn through the origin in the z-plane, perpendicular to 
the line which joins the origin to any point a. If z be any point on the «-plane which is 
on the same side of the line p as the point a is, shew that 



, , "1 /z—aX 

log2Bloga+2 2 ^ ( — — ) 

^ * ^ m-i2wi + l \z+aj 



66. Teixeira's extended form of Burmann'a theorem. 

In the last paragraph we have not investigated closely the conditions of 
convergence of Burmann's series, for the reason that the theorem itself will 
next be stated in a much more general form, which bears the same relation 
to the theorem just given that Laurent's theorem bears to Taylors series: 
viz., in the last paragraph we* were concerned only with the expansion of a 
function in positive powers of another function, whereas we shall now discuss 
the expansion of a function in positive and negative powers of the second 
function. 

The general statement of the theorem is due to Teixeira*, whose exposi- 
tion we shall follow in the next two paragraphs. 

Suppose (1) that/(^) is a regular function of -? in a ring-shaped region A^ 
bounded by an outer curve S and an inner curve s\ (2) that 6{z) is b, 
regular function everywhere inside /S, and has a single zero a within this 
contour; (3) that x is the affix of some point within A\ (4) that for all 
points of the contour 8 we have 

and for all points of the contour s we have 

\0(x)\>\e{z)\. 

The equation 

e{z)''0{x) = Q 

has, in this case, a single root z^xva the interior of S, as is seen from the 
equation 

ff (z) dz 






s e{z) ' ' 

of which the left-hand and right-hand members represent respectively the 
number of roots of the equation qonsidered and that of the roots of the 
equation 0{z)^O contained within S. 

• CretU't Journal, cxxn. (1900), pp. 97—128. 
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Cauchy's theorem therefore gives 

^.^^_ 1 [ f /(zyd'izydz r f(z)e'(z)dz -] 
•'^''' 2i-,r\jse{z)-0{x) ],e{z)-0{x)y 

The integrals in this formula can, as in Laurent's theorem, be expanded 
in powers of (x), by the formulae 



fmjyizidz^rA 

]se{z)-0{x)-^S^''na i 



z)ff{z)dz 



0n+i (z) 



/i^?^-.!.i^//«^'«'<')*- 



We thus have the formula 



/(x)=iAn0-(x)+l ^ 

where A - ^ [ miS^ 

Bn=^j/(z)0^'(z)0'iz)dz. 

This gives a development of /(a?) according to positive and negative 
powers of (x), valid for all points x within the ring-shaped space A. 

67. EvalticUion of the coefficients. 

If the function /(^r) has no singularities but poles in the region limited 
by the curve s, the integrals which occur in the preceding formula can 
be evaluated in the following way. 

Let bi, bi, ... bje be the poles; and let Ci, Cs, ... ct, c, be circles with 
centres 61, 6„ ... bt^ a, respectively, and with very small radii. 

Then A ^ 1 f /(z) 0' (z) dz _ 1 f fiz)dz 

» ZiriJa 0^->-'{z) ~2inJsn0^(z) 

^ I J:_f /'(')dz 1 [f'(z)dz 
and B„ = ^. j f(z) ^> (z) 0' (z) dz 
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Thus if dm be the degree of multiplicity of the pole bm, uid if — — be 
denoted by 0i (x), we have 

It may happen that a is also a pole oi f{x). It is easily seeo that in 
this case A^ ia given by the formula 

• 1 \df ( /(«)(. - v)-«n 



_i r *!i i/'w (.-»)'« n 



where y3 is the degree of multiplicity of the pole a ; the formula for B^ must 
likewise be replaced by 

vhen n < /3. 

The preceding formulae do not give the value of ^«; this can be found 
from the fonnula 

■ .tiSiirJ^ «(«) 2iwJ, «(j) 

which gives 

A = k ■ ' r *'""' ( /(«)yw('-t-)-i i +ft„j 
''•%t,(a.-i)!L&^.l «w ;J.^+/<''>' 

when a is a regular point for/(x); and 

, _ i 1 f d—' ( /(.)y(»)(.-t.)» n 

•~.ti(a.-l)lL"fc— 1 »<•) IJ.-t 

, 1 r-j* ( /wywc^-.y n 

when a is a pole of /{a:). 
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Example 1. Shew that 

l/2*\^ 1 / 2a? V . 1.3 / &c \* 
*"2Vi+?>/"^274Vl+^/ + 27476 Vl+W"*""" 
when — 1 < or < 1. 

Shew that the second member represents - , when \x\>l. 

X 

Example 2. If 8^^ denote the sum of all combinations of the numbers 

2«, 4«, 6«,...(2n-2)«, 
taken m together, shew that 

« sin2^,i,(2n+2)!t2»+3 2n + l ^-^ 3 p""'" » 

the expansion being valid for all values of z represented by points within the oval whose 
equation is | sin « | «i 1 and which contains the point a=0. (Teixeira.) 

68. Expansion of a function of a root of an equation, in terms of a 
parameter occurring in the equation. 

Now consider the equation 

0(x)^(w'^a)0i{x)^t, 

where t is a number such that along the contour S we have |^ (^)| > |^|> and 
along the contour s we have \0{z)\ < \t\. 

The equation d (x) = t, regarded as an equation in x, will then have a 
single root in the ring-shaped region bounded by the curves S and s; we see, 
in fact, from the equations 

-1, 

-0, 

that the equation in question has one root in the interior of S and none in 
the interior of s. 

Then if the function f(x) is regular in the region limited by S and *, we 
see frt>m the preceding articles that the formula 

fft-0 fi-1 ^ 

where An and Bn have the values already found, gives the expansion in 
powers of t of the function /(a?) of the root considered. 

As an example of this formula consider the equation (x - a) oosec x^t, and let 

f{x) —. 

^ ' x-a 
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Then we find 

J _ cosa 

" sin a ' 

• (n+l)!n da^*^ ' 

Si ^ — , Sa ^ B* = . . . = 0. 

* sin a * ^ 



Hence 



cosa^ * r* flg*'*'^(8in**a) 1 



j7-a sin a »«i(w-fl)!n cfa*'^* <sina' 

and thus gives the expansion, in ascending powers of t^ of , where x is given in terms 

JC ^' O/ 

of t by the equation 

x=a-ht sin X, (Teixeira. ) 

69. Lagrange's theorem. 

Suppose now that the Ainction/(2r) is regular at all points in the interior 
of 5, 80 that the poles &n &21 ••• ^k do not exist. Then the formulae which 
give the quantities A^ and Bn now become 






^0 =/(a), 

Moreover the contour 8 can now be dispensed with, and the theorem of 
the last article takes the following form : 

Let f(z) be a regular function of z at all points in the interior of a 
contour S, and let (z) be a regular function with no zero in the interior of S. 
Let a be a point inside S, and t a number such that for all points 2r on 5 we 
have 

\(z^a)0{z)\>\t\. 

Then the equation (z — a)0 (z) = t will have one root x in the interior of 
8, and /(a?) will be given as a power-series in t by the expansion 



f{x) = f(a) 4- 1 — , i—zi i zrHr ^ • 



This result was published by Lagrange in 1768 ; it is usually stated in a 
slightly different form, to obtain which we shall write 

the result may now be enunciated as follows : 

^ff(^) ^^ ^W ^ regular functions of z within a contour S surrounding 
a point a, and if t be a quantity such that the inequality 

\t<t>{z)\<\z'-a 
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is satisfied at all points z on the perimeter of <S, then the eqtuttion 

z = a + t(l> (z\ 

regarded as an equation in z, has one root in tlie interior of 8: and if this root 
he denoted by x, then any regular function of x can he expanded as a power- 
series in t hy the formula 

/(^)=/{a)+ 2^5^. [/'(«){*(«)}•]• 

This result is of course a particular case of the more general theorem 
given in § 68. 

Example 1. Within the contour surrounding z^^a and defined bj the inequality 

\z(z-'a)\>\a\, 
the equation 

z-a — =0 

z 

has one root z, the expansion of which is given by Lagrange's theorem in the form 

« (-l)-i(2«- l)! 
'="+ i, «!(»-l)!a*.^ " • 

Now from the ordinary theory of quadratic eqviations, we know that the equation 

z 
has two roots, namely 

f{..v^S)«di{.-yr;5), 

and our expansion represents the former of these only — an example of the need for care in 
the discussion of these series. If however we regard the expansion as a power-series in a, 
and derive other power-series from it by continuation in the a-plane, we shall ultimately 
arrive at the series 

nil n\ (n-1): a*»-i' 
which represents the other branch of the function z. 

Example 2. If jr be that one of the roots of the equation 

which reduces to unity when z is zero, shew that 
«.= 1 + «+!L(!i±3),»+"J!^4) (n + 5) 

y iT/»T 21 ^ 3! 

. »(n+6)(»+6)(»+7)^ , »(«+6)(>t+ 7)(«-t-8)(n+9) ^ . 
+ j^j— -^+ ^T *•+... 

80 long as \z\<^. 

Example 3. If ^ be that one of the roots of the equation 

x=\-\ryj(^ 
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which reduces to unity when y is zero, shew that 

iogJ7=yH — 2 — y"H g--^ y* + •.., 

the expansion heing valid so long as 

|y|<|(a-l)«-ia-«|. (McClintock.) 

70. RoucM'e extension of Lagrange's theorem. 

Consider now two functions /(^) and ^(^), which are regular at all points 



within a contour C, on the perimeter of which the inequality 
satisfied 



cul>(z) 



/W 



<1 is 



Then we shall shew that if the equation f(z)^0 have p roots Oi, a,, ... Op 
• in the region contained by C, the equation f{z) — a^ {z) = wUl have p roots 
Oi', a,', •.• Op', in that region'; and for every function F(z) regular in the region 
we shall have 

f(z) 
where ^Ir (z) = -^ ^ . 

We may note that this theorem reduces to that of Lagrange when 

f(z) ^z—a and p = 1. 

The result stated may be obtained in the following way : 

We have 2 /-(o,') - ^. j F{z /'\'\-''f^'h z 

^ ' itnJc f{js) — a4>{z) 

When n is large, the last integral tends to zero: we thus have on the 
right-hand side a power-series in a, in which the coefficient of a^ is 



or 
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or L i J:Z' r i^-(a.)0(a.)h ] 

which establishes the theorem. Putting F(z) = l, it is seen that the number 
of roots a' is p. 

71. Teixeira has published the following generalisation of Lagrange's theorem, the 
proof of which may be left to the student Let 

where ^, («), ... 0^ (') ^re regular functions of z in the interior of a contour K, and Ms a 
point inside JT. Let a be a positive quantity, so small that the condition 



z-t 



z-t 



+ ...+ 



«**» w 



z-t 



<1 



is satisfied along the contour K, Then to every value of x which satisfies the condition 
I ^ I < a there corresponds a unique value of z in the interior of K ; and / («), where / is a 
regular function at all points in the interior of K, can be expanded in ascending powers of 
X by the formula 

where the summation is extended over all positive integral solutions of the equation 

and where 

6=a+/3+y + ...+X. 

Another form of this result is 
where the quantities 0r,M are obtained from the equations 

72. Laplace's extension of Lagrange's theorem. 

Lagrange s result can easily be extended to a case in which the given 
equation is of a somewhat more general type. 

Suppose that the equation 

zrsz'^[a-\'tif> {z)] 

is given, and that it is desired to expand some function f{z) of a root of this 
equation in ascending powers of t 

If we write a^-t<\> {z) = u, 

the equation reduces to w = a + ^<^ {^ {u)]. 

The problem of expanding /(^) is therefore equivalent to that of expand- 
ing /'{'^(^)j, where u is given by the last equation ; and this can be done by 
Lagrange's theorem. 
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73. A further generalisation of Taylor's theorem. 

The series of Laurent, Darboux, BurmanD, etc. may foe regarded as extensions in 
different directions of the fundamental series of Taylor. A generalisation of Taylor^s 
theorem of a somewhat different character to these, is furnished foy the following result, 
the proof of which may foe left to the student. 

Iff{z) and 6 (t) are regular functume of z in the neighbourhood if the point z^x^ and if 

e,(z)^l'e{t)dt, e^(z)^l'e,it)dt, 

J X J » 

and generally 

then, for values of t in the neighbourhood of the point x, f(z) can he expanded in a series of 
the form i 

/(«)=aod(«)+ai^i(2)+a^,W+...+Mii («)+..., 
where 

andgeneraUy 

the number of differentiations in the last expression being n. 

It is clear that Taylor's series is ofotained from this expansion foy putting 6 (z)^!. 
Example 1. Shew that 

Example 2. Shew that 

(Laurent, Joum, Math, Sp^,y 1897.) 

Example 3. By writing 6{t)^eF^ ofotain the expansion of an arfoitrary function of ^ in 
a series of the form 

where o^, a^ are independent of 2. 

Example 4. In the general result, shew that when ^=0 we have 

where 

/W«2:l?;«* and ^(«)=2^«*. 
•^ ^ * n\ n\ 

(Guichard, Annales de Vic, Norm., 1887.) 
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74. The expansion of a function in rational functions. 

Consider now a function f{z), whose only singularities in the finite part 
of the plane are simple poles a^, a,, a,, ...: let Ci, c^, ... be the residues at 
these poles, and let C be a circle of very large radius R not passing through 
any poles, so that f(2) is finite at all points in the circumference of C. (The 
function cosec z may be cited as an example of the class of functions con- 
sidered.) Suppose further that at all points on the circumference of C, the 
modulus oi f{z) is less than if, where ilf is a quantity which remains finite 
when large values of R are taken. 

Then ^- . | -^-^ dz = sum of residues of ^-^-J- at points in the interior 
27n J o z — x z -X '^ 

ofC 

Cr 



^f(x) + 2 



f a^ ^~ X 
where the summation extends over all poles in the interior of C, 

But 1 { n^)^^ 1 f /(^)<fe , ^ f fi") ^ 

2inJcS — x iiriJo « 2iri J „ * {' — <b) 

nOn 2mJoZ{Z-X)' 

if we suppose the function /(-^) to be regular at the origin. 

Now -B being supposed large, / / -^x is of the order ^ of small quantities, 

J oZyZ^X) JtC 

and so tends to zero as R tends to infinity. 

Therefore on making R infinitely great, we have 

0=/(.)-/(0) + 2c»(^-l). 

/(.)=/(0)-H2c»{^+i^|. 

which is an expansion o{f(x) in rational functions of a;. 

If instead of the condition \f(z)\ < Mwe have the condition \f(z) | < MB^, where M is 
finite for all values of R and n is a positive int^;er, then we should have to expand 

F{z)dz 



I 



by writing 



c z-x 

1 X ^-^1 



z — x z r* **' ff^*^(z — x)^ 
and should obtain a similar but somewhat more complicated expansion. 

Example I. Prove that 

cosec«=-+2(-l)»( + — J, 

z \«-nir nnj 

the smnmation extending to all positive and negative values of n. 

To obtain this result, let cosec z — =f{z). The singularities of this function are at the 

z 

points z=n/ir, where n is any positive or negative int^er. 
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For points near one of these singularities, put «B}»9r + C* Then 

/(«)=coeec(nir+f) L^=l;il|*- -L fi+X V* 

■= ^ — ^ H positive powers of f . 

The residue off{$) at the singularity nn is therefore ( - 1)". Applying now the general 
theorem 

/W-/(0)+ic[^-l^+I]. 

where c^ is the residue at the singularity a^, we have 

/«=/(o)+x(-i)-(^-L_+i-}. 



But 



Therefore 



/(O) ■■ Lt,.o - + (positive powers of «) — =0. 



cosec«=:-+2(-l)*r +— 1, 

which is the required result. 

Example 2. If a is real and positive and less than unity, shew that 

e** 1 * 2z cos 2nair - 4nir sin 2narr 

^ 1 
For ^f(ii)^- — , the singularities of/(«) are at the points Z'sZnin, where 

«=±1, ±2, ±3, ... ±00. 
For points z near z » 2nir^ put z « 2nirt + C Then 

= —^ +a series of positive powers of f. 

The residue at z^2nwi is therefore c*^**. 
Also 

/(0) = 

= [i(l+a.+ ...)(l-H|+...)"'-i2_^ 

Applying the general theorem 

/(.)=/(0)+2o.(^ + i), 

we have therefore 

«l=a-i+ 2° «***"■" I —— + ) 

r ^ n-±i \«-2?ww 2n»rt/ 






6« 



«•-! r 



±00 g2n<»o « 8in2nair 

a-i-f 2 s-^+ 2 

«»±i ^ — 2niTr N.i nir 
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But 

1 



Thus 






— 1 z »-*i «— 2ntir"" ,i«i \« — 2ntV z+2niirj 



* 2z coe 2na9r - Ann sin 2na9r 



Example 3. Prove that 



1 1 112 



ir«»(««-2oosj?+e-«) 2ira;* e»-«-« w*+ia:* fl«»-«-«» (2n-)*+i^ 

3__ _J 

For the general term of the series on the right is 

(-l)^r 1 

which is the residue at either of the foiu: singularities r, - r, rt, - ri, of the function 

nz 
(ir*z* - Jj;*) {eF* -«"»•) sin wr * 

The singularities of this latter function which are not of the type r, -r, n, --rij 
are at the points 

V2 «■ \/2 IT 

At 2bs0 the residue is 



+ iJ •\'X X 

at either of the four points «= " — r^= — , the residue is 

^ V2 ^ 

ir«-l 



V2 
Therefore 



_ 1 /" ir^flb 

"" 2frt J c («•*«* - i-a?*) («** -«-»«) sin ir« ' 



where C is an infinite contour. But at points on C^ this integrand is infinitely small 

compared with - ; the integral round C is therefore zero. 

z 

W. A. 8 
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Thus i.— i+2 ^ - 









-1 



.^{."^•^^ -«<-'-««-} {e^-'^^^^Z-^f} 



-1 



1 



secx: 



JT** (fl* - 2 COS 4?+ fl~*) 

which is the required result 
Example 4. Prove that 

Example 6. Prove that 

ooeech*=l - 2t (^-ip - ^j^ + ^j^ ...) . 

Example 6. Prove that 

sech ^=4ir (^^,^4^ - 9^+4^ + 25tr*+4r» '") ' 
Example 7. Prove that 

COth X=l +2, (^Ip + ^j;^ + g^-p+ ...) . 

Example 8. Prove that 

2 2 7—5- — ,. . , . .,. = -T coth na coth »r6. 

(Cambridge Mathematical Tripos, Part I, 1899.) 

76. Expansion 0/ a function in an infinite product 

The theorem of the last article can be applied to the expansion of 
functions as infinite products. 

For let / (z) be a function, which has simple zeros at the points (h»(h»(h>-" 
where Limit | On | is infinite ; and suppose that f(z) has no singularities in 



n=oo 



the finite part of the plane. 

Then clearly /' (z) can have no singularities in the finite part of the 
plane, and so* ^^ can have singularities only at the places ai, a,, a,, .... 
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Now for values of z near a,, we have by Taylor's theorem 

f{z) - (z - o,)/' (a,) + ^^-^f" (a,) + . . . 

and /' (z) =/' (a,) + (« - a,)/" (a,) + . . . . 

Thus we have 



/(^) ^ - C^. 



4- a constant 4- positive powers of (jr — Or). 



f'lz) 
At each of the points a^, the function •'^i^r-^ has therefore a simple pole, with 

the residue + 1. 

t' (z) , . 

If then -xT-r has at infinity the character of the functions (considered in 

the last theorem, it can be expanded in the form 






Integrating this expression, and raising it to the exponential, we have 

rco) 



/(.)=c./.o> ^nj(i-^^.}. 

where c is a constant independent of z. 



Putting 2^ = 0, we see that/(0) = c, and thus the general result becomes 



/(*)=/(0)e/«» n (l-;f)e«. . 



This furnishes the expansion, in the form of an infinite product, of any 
function /(-?) which fulfils the conditions stated. 

This theorem is a case of a general theorem on the factorisation of functions, which 
is due to Weierstrass, and which will be found in Forsyth's Theory of Functions^ 
Chapter v. 

Example 1. Consider the function /(2)v , which has simple zeros at the points 

rtr, where r is any positive or negative integer. 

In this case we have /(O) =1, /' (0) = 0, 

and so the theorem gives immediately 

sin 



=-'=^J('-i)-!' 



/' (z) 
since the condition relative to the behaviour of j.\ at infinity is easily seen to be 

fulfilled. 

8—2 
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Example 2. Prove th&t 

{-©•} H^'-,)) H^)) HJr,)) H^)) 

cosh ir — COS :r 

1-C06X 

(Trinity College Examination, 1899.) 

76. Expansion of a periodic function in a aeries of cotangents. 

Another mode of expaDsion, which may be applied to periodic functions 
whose poles are all simple, is that indicated in the following example. 

Consider the function 

cot {x — a,) cot (a: — a,) ... cot (x — a^. 

This is a trigonometric function of a;, having poles at the points aita^,.,.a^f 
and also at all other points whose affixes differ from one of these quantities 
by a multiple of tt. There is clearly no loss of generality in supposing that 
the real part of each of the quantities Oi, a,, ... On, lies between and w. 

Now let ABCD be a rectangle in the xr-plane whose comers are the points 
il (5 = — tx ), -B (j? = TT — IX ), C{z^'ir'\' ioo ), and D (2r = ix ) ; and consider 
the integral 

^ — A cot (xr — Oi) cot (-? — a,) ... cot (^ — On) cot (^ — a?) ck 

taken round the perimeter of the rectangle. 

The integrals along DA and CB are equal but of opposite sign and cancel 
each other. Along CD, each of the cotangents has the value — i, so the 

integral along CD is ^^—^ • Similarly the integral along AB has the value 



^ . The whole integral has therefore the value 



l+(-l)\. 



I*. 



2 

The singularities of the integrand in the interior of the contour are at the 
points z^Ori, a^, ... an, a;; and clearly the residue at a^ is 

cot (Or — (h) cot (Or — Oj) . . . cot (Or — Or-i) COt (Or — Or+i) ... 

cot (Or — a^) cot (Or — x), 

while the residue at a; is 

cot (a: — Oi) . .. cot (x — On). 

Since the value of the integral is equal to the sum of all these residues, we 
thus have 

\ — -- i** = cot(a: — tti) ... cot (a: — an)+ 2 cot (a,. — Oi) . . . 

cot (Or — a^) cot (Or — x). 
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Thus if n be even, we have 
cot(a: — Oi) ... cot(a7 — an)= 2 cot(ar — ch) ...cot(ar — an)cot(a? — ar) + (— 1)*, 
and if n be odd we have 

cot (a? — Oi) . . . cot (a: - On) = 2 cot (Oy — Oi) . . . cot (Or — On) cot (x — Or). 

This method of decomposition into a series of cotangents is of very 
general application to periodic functions ; it may be regarded as the trigono- 
metrical analogue of the decomposition of a rational function into partial 
fractions. 



Example. Prove th&t 

sin { x - 6,) sin (x-b ^) .., si n (x - 6 J sin (Oi - ftj) ... sin (a^ - 6 J 
Bin\x-ai)fdn{x—a^ ...sin {x-a^) sin(a|-a2)...sin(a|-a^) 



COt(a? — Oj) 



^sin(a,-6,).. .sm(a ,-6J^^ 
sin (a, -Oi)... sin (0,-0,^) ^' 

+ 

+ cos (ai+a,+ ... +an - 6, -6,— ... - 6J. 

77. Expansion in invei^se factoriais. 

Another mode of development of functions, which although investigated 
by Schlomilch as long ago as 1863 has hitherto not been much used*, is that 
of expansion in inverse factorials. 

Let Z be a line drawn parallel to the imaginary axis in the xr-plane ; and 
draw a circle of large radius, having its centre at the point where / cuts the 
real axis. 

Consider a function f{z\ which has no singularities within the semi- 
circular area which is bounded by / and this circle and which lies on the 
positive side of /; let 7 be the semi-circular arc which bounds this region. 
Suppose moreover that at all points of 7 we have the inequality 

l/(^) I < M 
satisfied, where M is finite however large the radius of 7 may be chosen. 

Then if ^ be a point within this semi-circular region, we have 



/<'>-i^{///j^^- 



Now 



f /(t)dt ^r /(t)dt f zf(t) dt 
]y t-z Jy t '^'}yt(t-ty 

Befwenoes to some ncnt work an givwi by Ktayrer, Ccmpte* Reniui, ozmr. (1903), p. 687. 
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But 

Ml 



I 



z /{t) dt 

yt{t^Z) 



dt 
< \z 



.yA\t-^V 



which is infiDitesimal when the radius of 7 is infinitely great. 
Thus 

'^^^ "Airily t 2m J I t^z ' 

if we now suppose that the direction of integration along I is fix>m — too to 

+ ioo. 

Now if n be any positive integer and z be not equal to 0, — 1, — 2, etc., 
we have the identity 

^^1 t_ tjt + l) t(t+l)...(t + n ) 

z-t z'^z(s+iyz(z-i'l){z-^2y ••'■*"^(^ + l)...(^ + n)(^-"0' 
on substituting this in the second integral we have therefore 

^ z -^(^ + 1) z{z+l) ..,{z + n) 



where 



^1^[ f(t)t {t^\)...{t + n) 

■^ iwiJiz^z + 1) ... (^+ n) {z - 1) ' 



f{t)dt 



OfH-i^:^! f(t)t(t + l)...{t-\-n'-l)dt 
Now the product 



can be written 



z(Z'\- 1) ...{z-\-n) 




and it diverges to zero or to infinity when z tends to « according as the real 
part of ^ — 2: is negative or positive, as can be seen by comparing it with 
the product 

n / l\t-x 
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which has the value (n + iy~*. But the real part of t^z iB, in the case 
under consideration, negative ; and so the product 

z{z + l) ...(z-^n) 
18 infinitesimal wheu n is infinite. 

Since/(i) is finite along I, and / r-! — L, is finite, we see that 

Jl\Z'-t\ 

I. 



/(t)t(t-\-l)...{t + n) 



—----. dt 



J I ^(^ + l)...(j?+n)(^-0 
is infinitesimal when n is infinite. 

We can therefore expand/{z) in the form 

' z z{z-hl) z{Z'^l)(z-\-2) 

the coefficients a being given by the above equation ; and this expansion is 
valid for all values of z whose real part is greater than the real part of z at 
any of the singular points of/(z), except for the points 

z = 0, -1, -2, .... 
Example 1. Obtain the same result by using the equalities 

«(«4-l)(«+2)...(r+n) n\ J ^ ^ ^ 
Example 2. Obtain the expansion 

where 0,,= f <(l -0(2-0 -.• (»-l-0<*> 

and discuss the region of its convergency. (Schlttmilch.) 

Miscellaneous Examples. 

1. Let e-^Pn denote the nth derivate of e"^^ so that 

i>,= l, i>i=-2«, P,-4««-2, etc. 

Shew that if f{z) is an arbitrary function, then/(;K) can be expanded in the form 

1 /*• 

vhere a- = :: I tf~**-P«(^)/(^)cfcr, 

2.4.6... 2nVir; — 
and find the region of convergence of this series. (Hermite.) 
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2. Obtain (from Darbouz's formula or otherwise) the expansion 



z—a 



/W -/(«) = fr^ {/' W - rf («)} 



+ ; 

find the remainder after n terms, and discuss the convergence of the series. 

3. Shew that 






where y,(;,)._i__ ;^+j (i _,)„+j^{*.t (i _^)-i} 






and shew that y^ (^) i^ ^^^ coefficient of n ! ^'^ in the expansion of {(1 — to) (1 +<- to)}~^ in 
ascending powers of L 

4. By taking 

in Darboux's formula, shew that 

/(*+A) -/(x) a,A |/' (*+A) - J/' (*)} 



-«.|^j/"(*+^)-J/"W}+- 
-a.^|/-(*+A)- J /«(*)} 
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6. Shew that 



2! 









2nl 



J Vji*(0/<*'*^U«+« («-«)} rf<. 



where 4, (,)= J_r-^'V— "l! 

a Prove that 

+ Ci(^-«i)V*M«i)+ 

where C^ is the coefficient of f^ in the expansion of cot [~ - r] in ascending powers of ;k. 

(Trinity College Examination.) 

7. If X| and x^ are integers, and (<) is a function which is regular for all values of i 
(finite or infinite) of which the real part lies between x^ and ^,, shew (by integrating 



/. 



ffi{z)dz 



round a rectangle whose sides are parallel to the real and imaginary axes) that 
i<^(A'i)+0(^i+l)+0(^i + 2)+.. -l-<^(jpj-l)+i0(^,) 

Jo * 7 ^^^ " 1 

Hence by applying the theorem 

where B^, B^, ,.. are the Bemotdlian numbers, shew that 

<^(l)+<^(2)+...+<^(n)-C+i<^(n)+J*<^(«)&+^X^^-^^i^^^ 
(where (7 is a constant not involving n) provided that the last series converges. 
8. Obtain the expansion 

for one root of the equation j;«2t»+«^ and shew that it converges so long as | « | < 1. 
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9. If iStri, denote the sum of all combinations of the numbers 

1«, 3», 5«, ... (2n-l)« 
taken m together, shew that 

COSf ' 1 






« = gi^ + ^^ )7r:H4.r.1^-r-A -^.V-^,. «:^TTr+ ... +'Sl';i^„^ h sin*»*i«. 

10. If the function f(z) is regular in the interior of that one of the ovals whose 
equation is | sine |bC (where CKl\ which includes the origin, shew that f{i) can, for all 
points g within this oval, be expanded in the form 

., X .,.x - /^^ (0) -H^^/C*-*) (0 ) -H ... -H^^-yW (0) . ^ 
/W=/(0)+ X ^'^ oTl «n*»* 

. /(»^')(o)+^«^./(>'-»(o)+...4.^;:V,/»(o) 

where JSr^' is the sum of all combinations of the numbers 

2«, 4«, 6», ... (2n-2)« 

taken m together, and >^^| denotes the sum of all combinations of the numbers 

1«, 3«, 6«,... (2»i-l)«, 
taken m together. 

11. Shew that the two series 

21^ 22^ 

, 2z 2 /2«\«2.4/2«y 

represent the same function in one part of the plane, and can be transformed into each 
other by Burmann's theorem. 

12. If a function /(«) is periodic, of period 2fr, and is r^ular in the infinite strip of 
the plane, included between the two branches of the curve | sin r|=C (where C> 1), shew 
that at all points in the strip it can be expanded in an infinite series of the form 

+cos2(5i4-5,sinr+...4--fiHsin»-i«+...); 
and find the coefficients A and £. 

13. If <l> and / be connected by the equation 
of which one root is a, shew that 



XI ._ X* 1 



/'(j:)-/'- Y ^, //^ + 2 J 0's ^" (PFJ 



0' PF' 



1 
1 



3! 0'« 






1.1.2^ ' 
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12S 



where F^ /, /**, etc. denote 



F(a), /(«). -^ 



14. If a fiinction IT (a, 6, x) be defined by the aeries 



which converges so long as 

d 



shew that 



<ix 



3! 

W(a, 6, x)-l+(a-6)fr(a-6, 6, jp); 



and shew that if 
then 



x^W(b, a, y). 

Examples of this function are 

fr(l, 0, a;)=tf«-l, 
fr(0, 1, ^)=log(l+a?), 



FF(a, 1, a:)^ 



16. Prove that 



m 

n-0 



1 , ; (-iy*' g 



where 



6".= 



2a, 
4a, 



3a, 




4a, 














(2n-2)a^.i (n-l)ao 

lio^ (n-l)a^:i Oi 

and obtain a similar expression for 



U^^*- 



(Jezek.) 



(Mangeot) 



16. Shew that 



J_. =;_L ^^-i_.. 



M 





=X — ' • ^ 1* 

r+1 ooi 



where ^^ is the sum of the rth powers of the roots of the equation 







(QambrolL) 



17. If fn (z) denote the nth derivate of /(«), and if /.« (it) denote that one of the nth 
integrals of f(z) which has an n-ple zero at 2»0, shew that 



f{z+x)ff{Z'\-x)m, 2 AW^-«(^); 

and obtain Taylor's series from this result, by putting g {z)=sl. 



(Guichard.) 
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18. Shew that, if 4; be not an int^;ery the series 

(^+m)*(j:+n)** 

in which m and n receive in every possible way unequal values, zero or integers lying 
between +/ and -/, vanishes ^hen /increases indefinitely. 

(Cambridge Mathematical Tripos, Part I, 1895.) 



19. Sum the infinite series 

n— p 

S 
n— « 



T ( ^ +-^ 



where the value n^O is omitted, and />, q are positive integers to be increased without 
limit. 

(Cambridge Mathematical Tripos, Part I, 1896.) 
20. If /'(a?)-tf-'»''~*^*'^**, shew that 






and that the function thus defined satisfies the relations 
Further, if ^(z)=..z4.^ + ^^+.. 



-j'^\og{l-z)d(\ogz\ 



shew that F(x)^e^'^^'^^^'''^^^^ 



when I !-«-«»<* I <1. 

(Trinity College Examination.) 

21. Shew that 

[-©■][-(^)i-(a-j][-(.-^j][-uy] 

n 

n{l-2«-««'COs(j:+^^)+«-a«<?}i{l-2«-«acos(jF^^^)+tf-8«a}i 

J 

" 5 5 -fcco.^ 

2*(l-cosA)*e •* 
where cl, «■ ir sm -^ — tr. 
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fig'^kcoB-^ tr, 

" n 

and 0<:r<2fr. (Mildner.) 

22. If I jr|< 1 and a is not a positive integer, shew that 

where C is a contour in the ^plane enclosing the points 0, x. (Lerch.) 

23. If ^(<), 4>i{z\ ... are any polynomials in Zy and M F{z)\>q any function, and if 
^1 {z)y ^2 (<), ... be polynomials defined by the equations 

J a « — ar 

f ' F{x) *, {X) ^, («) ... ^_. (*) *"i?)j^J^) rf«-..f«(,), 

J a z-^x 

*i(*)<(>«W—0«(«) 

24. A system of functions p^ {z\ p^ (z), p^ {jt\ ... is defined by the equations 

where On and 6» are given functions of n, which for n»ao tend respectively to the limits 
Oand -1. 

Shew that the region of convergence of a series 

where 0i» «s» ... are independent of «, is a Cassini's oval with the foci +1, - 1. i 

Shew that every analytic function f(t\ which is regular in the interior of the oval, can 
for points in this region be expanded in a series 

f{z)^2{Pn-^ZC^)Pn{z\ 

where 
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the integrals being taken round the boundary of the region, and the functions ^» (z) being 
defined by 

25. If Pn (x) be the coefficient of — : in the expansion of 



2A^ 



in ascending powers of 2, so that 



shew that 

(1) Pn (^) is a homogeneous polynomial of degree n in x and A, 

(2) "2— /'n-i (^^>1), 

(3) j^PnMdx^O (n^l), 

(4) If y = Oo^o (jf) + c^Pi (x) -f Oj-Pj (<«?) + .. ., where a^, o^, a,, ... are real constants, 
then the mean value of -7^ in the interval from xa - A to Jt's 4-A is o^. (L^utd.) 

26. If Pn (x) be defined as in the preceding example, shew that 

^2m-(-l)-2 ^2,^(^C0S ^ - g^COS^ + 3^COS -^ +...J , 

n / nw -» A2*» + i ( . iTX 1 . 27rx 1 . 3trJ? . \ ,. „v 



CHAPTER VII. 

Fourier Series. 

78. Definition of Fourier series ; nature of the region within which a 
Fourier series converges. 

Series of the tjrpe 
ao4-Ghcos5 + a,co8 22^ + 0, cos 3^+ ... + 6isin2: + 6, sin 2ir + ^sin 32^ + ... » 

where Oq, a^, a,, a,, 6i, 6„ 6„ ... are independent of z, are of great import- 
ance in many analytical investigations. They are called Fourier Series. 

We have already seen that the region within which a series of ascending 
powers of z converges is always a circle \ and the region within which a 
series of ascending and descending powers of z converges is the ring-shaped 
space between two circles] we are therefore led by analogy to expect that 
series of the Fourier type will likewise converge within a region of some 
definite character. 

To investigate this question, write e^ = f. 
The series becomes 

This is a Laurent series in f; it will therefore be convergent, if at all, 
within a ring-shaped space bounded by two circles in the f-plane ; that is, 
it will be convergent for values of f satisfying an inequality of the tjrpe 

a<|?|<6, 
where a and 6 are positive constants. 

Now let 

2: = a; 4 iy ; 
then 
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SO l?l=^, 

and therefore the inequality becomes 

log aK — y< log 6. 

This inequality defines a belt of the ^-plcuie, bounded by the two lines 
y = — log a and y = — log 6 ; hence the region of convergence of a Fourier 
series is a belt of the z-plane, bounded by two lines parallel to the real ojcis. 

It may however happen that the Laurent series in 2^ is divergent for all 
values of 2^, in which case the Fourier series is divergent for all values of z ; 
or, (and this is the most important case for our purpose,) it may happen that 
a = 6, so that the region of convergence of the Laurent series narrows down 
to the circumference of a single circle in the 2rplane ; in this case the region 
of convergence of the Fourier series narrows down to a single line parallel to 
the real axis in the plane of the variable z. 

If now the coefficients Oq, Oi, a,, ... 6i, 6,, ... are all real, considerations of 
sjrmmetry shew that if the Fourier series is divergent for a value j? = a + i6, 
it will also be divergent for the value z^a-^ib; so if in this case the region 
of convergence narrows down to a line, that line can only be the real axis in 
the 2:-plane. 

Hence a Fourier series with real coefficients may converge only for real 
values of z, and diverge for all complex values of z. 

An example of this class of expansions is afforded by the series 

sin J? — 2 sin 2? +g sin 3^ — J sin 42r + — 
Writing this in the form 

we see that it diverges when z is not purely real ; when z is purely real and 
not an odd multiple of tt, the sum of the series is 

i log (1 + 6'') - i log (1 + e-^ 

or 2il^fi^^' 

or 2 ^ ■•" ^» 

whei-e k is some integer, as yet undetermined. 

Now when z^O the sum of the series is seen directly to be 0; when 
;gr=-, the sum of the series is tan"*l, or j\ when ^ = — — the sum is 
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— tan~* 1, or — J . In this way we see that when z lies between — ir and + tt, 

the integer k is zero. 

But A; is no longer zero when z is greater than tt ; for each term of the 
series is clearly unaffected if ;? + 27r be written for z : hence the sum of the 
series must be the same for 2: + 27r as for ^ ; and hence when ir<z< Sir, 

the sum of the series is ^ir — tt ; so that when z lies between ir a/nd Sir, the 
integer kis — 1. 

Proceeding in this way, we see that tiie sum of the Fourier series is 
^z + kir, where k is an integer chosen so a^ to make ^z-^kir lie between 

— 7 and + ^ . This is important as shewing that the sum of a Fourier series 

is not necessarily a continuous analytic function. It is clear however that the 
sum of a Fourier series can have discontinuities only in the case in which the 
region of convergence narrows down to the real axis ; in the other case when 
the regioD of convergence is a belt of finite and infinite breadth, the Laurent 
series in ^ represents an analytic function, and therefore the Fourier series in 

z does also. 

# 

Example. Shew that the series 

cos «- 5j cos a?-|-^j cos 3^- ... 

IT* 1 

coDvergee only for real values of «, and that when — «■<«< +fr its sum i* ts - 7 «*• 

For when z is real, the series is absolutely and uniformly convergent, as is seen by com- 
paring it with the series 1 + «i + q,+ ... • 

When z is oomplez, we have (putting z^x-^iy) 

-^cos ru;=^ {«*("«+»*i')4-«<(-"«-"<»)} ; 

now either -^— ^ or , is infinite for n=sao, so the terms of the series are ultimately 

infinitely great and the series diverges. 

To find the sum when z is real, it has been shewn that when ~ 9r< «< n- we have 

^^Bsin 2- i sin 2^-1- J sin 3< .... 

This series is imiformly convergent in the interval (though not at its extremes - n and n) 
and so can be integrated. 

_, 11 

Thus c-J«'=cosz-^cosa?+^cos3«-..., 

where c is a constant. 

W. A. 9 
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To find c put z^Oy which gives 



whence the result. 



,11 __i^ 



79. Values ofihe coefficients in terms of the sum of a Fourier series^ when 
ike series contferges at aU points in a belt of finite breadth in the z-plane. 

The connexion between the coeBScients Oq, aj, a^, ... , &i, &,, ... of a Fourier 
series, and the sum of the series, can be easily found in the case in which 
the series converges in a belt of finite breadth in the ir-plane. For in this 
case, as we have seen, the sum of the series is an analytic function of z. Let 
it be denoted hyf(z), so that 

/(j?)=sai, + aiC08^ + a,co8 2ir+ ... +6, sin j? + 6, sin 2^ + 

Writing ? = ^', the series becomes 

and by Laurent's theorem the coefficients in this expansion are given by the 
equations 



2^<^^r^j f(^,)^.dK. 



where C is any circle in the 2rplane, surrounding the origin cmd contained 
within the ring-shaped region in which the expanded function is regular. 
Now if the quantities Or and 6,. are all real, we see as before by symmetry 
that the real axis must be contained in the region of convergence in the ^-plane, 
and therefore the circle of radius unity must be contained in the region of 
convergence in the ^-plane, since this circle corresponds to the real axis in the 
ir-plane. We can therefore take (7 to be a circle of radius unity, with the 
point t« as centre. 

Now writing ?=«<* in the integrals, we have 



TT 



(ar-ibr)^f'f(z)er^dz, 



w(ar + %br)^f'f(z)(f^dz, 
and so 

'2w 



1 f*' 
ttr = - / f(z) COS rzdz (r > 0), 

1 f*' 
br ^~ I f(z) sin rzdz, 
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1 f*» 

and ^^^^2^1 /(^)^- 

These equations give the vahies of the coefficients Oq, Oi, (h» ••• » 
bi, &s, ... , of the Fourier sericR, in terms of the sum f{z) of the series, 
in the case in which the series converges over a belt of finite breadth in the 
^-plane. We shall see in the next article that the same formulae hold good 
in the more extended case, in which the series converges only for real values 
of z. 



sine 



Example, Shew that the function ^ — ^, --« <5an, when !?<!, be expanded in a 

1 "~ ** cos eT*4» 

Fourier series of sines of multiples of e, valid for all points z situated in a belt, of width 
— 2 log Jb, parallel to the real axis in the «-plane. 



For we have 



sine 



l-2irco8e-|-ifc» 2ik 



^i_l^._ 1 I 



• 1 
and this can be expanded in the form 1 ^ •!. ^ («**•—«■•*•), provided k\^\ and k !«""*•! are 

nasi zur 

less than unity. This can only happen when their product Ifl is less than 1, L& when 

-l<jfc<l. 

When this condition is satisfied, on putting eaj^-f ty, it is clear that we must have 

0te'-y{<T and >ir, Le. wo must have-y lying between logfTj and logib, i.& z must be 

within a belt of width - 2 log ib, parallel to the real axis. When these conditions are 
satisfied the expansion is valid, and so 

- ST- . >4= 2 t^'^Binnz, 
l-2kcosz+i* ».i 

80. Fourier's Theorem. 

We have already said that the most interesting cases of Fourier's series 
are those to which the investigation of the last article cannot be applied, 
on account of the fact that the series converges only for real values of z. It 
is therefore necessary to undertake smother investigation, in which the 
assumptions of the last article are no longer made. The result to which we 
shall be led is known as Fourier's theorem, and may be stated thus : 

Iff(z) be a quavtity which depends on a variable 5, and whichis finite and 
has only a limited number of maxima and minima and of finite discontinuities 
in the interval <z< 27r, then the sum of the series 



00+ 2 (Om cos 9nZ + im sin TIL?), 



9—2 
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where 

a^^-\ f(t)cosnUdt, 

rep rese n t s f{s\ at every point in the interval 0<t<2w for which f(s) is 
continuous; and at every point in the interval 0<s<2w for which f{z) is 
discontinuouSj the sum of the series is the arithmetic mean of the two values of 
f{M) at the discontinuity. 

The diacaasion of Foarier'8 theorem given below is a modificatioQ of what is known as 
Cauekj^s moomd proofs which was originally published in ISSn* in the second n^ome of his 
BxtrcicM de McUk^maHques^ and is reprinted in his CcUeded Workt^ Second Series, YoL TiLy 
PL 383). 

This pit)o( (which in its original form was in some reepects imperfect,) seems to haTe 
been little used bj the mathematicians of the nineteenth centuiy, who in the discussioo 
of Fourier^ tfaeoiem almost uniyerBallj followed the expositiim of Diri<dilet (which is 
also reproduced later in this chapter) ; the importance of Canchy's proof was shewn bj 
A. H^^'"«^>^>^^ in 188& It may be observed that the restrictions placed on /(i) — as to its 
having only a limited number of marima and minima, etc — are gy^fUiaU but not siiiiimMjf 
for the validity of the expansion. 



To establish the theorem, we write the first 2Jr+ 1 terms of the expansioD 
in the form 



at 






or Ut + Vt, 

where U* = "^ i !'«" *"*/(«) *. 

F, = "s'^ ^ jV *-«/(0 dL 

We shall now investigate the behaviour of the quantity U^ when ib, though 
finite, is a large number. 

Let 4> (^) denote the quantity 
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Then ^ (^ clearly has a definite value corresponding to every value of ^, 
except the exceptional values f = 0, ± i, ± 2t, for which e*^= 1 ; moreover, 
it is easily seen that the quantity 

tends to a definite limit when S^ tends to zero, independently of the way in 
which 8^ tends to zero (still excepting the points 0, ±%, ±2t...); hence 
((f) is an anal3rtic function of ^, having poles at the points 0, ±t, ± 2t ... ; 
and the series Uj^ is clearly the sum of the residues of (^) at those of its 
poles which are contained within a circle C> ^n the ^-plane, whose centre is 

at the origin and whose radius is (^* + o ) * 

Hence ^'"^i^lj^^^^' 

Write ?=(jfc+^)e<*. 

Thus u, = ^^ r* (0 de. 

Now we can write 

rri-*"* ri*"'^ rT"*'* rT+*"* rf •\ 

IS * 9 a 

« /i + /, + /, + /4 + /» say. 

At points in the range of integration of /] and /g, the real part of (fis 
positive and at least of order k'^\ and so for these integrals we have 

In this expression, as k tends to infinity, ^^.w ^ tends to the limit unity, 

and f(g^(»-<-«») tends to the limit zero : thus f0 (0 tends to the limit zero, 
since the range of integration from to « is finite ; and hence as /i and /« 
are the integrals of ^(^ ((f) taken over finite ranges, we see that Ix and /« tend 
to zero da k tends to infinity. 

Considering next the integrals /, and /«, we observe that the quantity 
^^_, is never infinite when Q<t<z< 27r, and so (f<^ ((f) is never infinite ; 
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and thus, since It and I^ are integrals of ^^ (^ over ranges which become 
infinitesimal as k tends to infinity, it follows that /, and /« tend to zero as k 
tends to infinity. 

Consider next the integral /,, or 






where ?^ (0 = ^^J'jfef «-«/(<) dL 

In the range of integration of /,, the real part of (^ is negative and at 

least of order W. The fisu^tor -— ? — - therefore tends to the value — 1 as ifc 

c^— 1 

tends to infinity ; denote it by — (1 + aj^\ where aj^ tends to zero as k tends 

to infinity. 

Now f V*'~'»/(0 cU^Ji'\- /„ 

Jo 



where /,«[ ^*^^^V(0*, 

.0 

and /,= (' ^ ^ef^'''^f{t)dt. 



'"log ft 



Considering first Ji, we see that within its range of integration the 
quantity ^(z^t) has its real part always negative and at least of order 

-i — T, which tends to infinity with k; hence the quantity fe^**"** tends to 

zero as k tends to infinity ; and therefore as the range of integration in Ji is 
finite, we see that Ji tends to zero as k tends to infinity. 

Consider next J,. Writing r « {"(-^ — 0» ^® ha,ve 
and writing 6* s w, this becomes 



J, = jf^'/(sJY)d.. 



Now as k tends to infinity, e^<** and — ^ tend to the limit zero. Let 
/(z—O) denote /(jp) if jp is a point at which the function f(z) is a continuous 
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function, and at those points at which /(^) is a discontinuous function let 
/(^ — 0) denote that one of the two values of f(z) which is continuous with 
the value of/ for values smaller than z. Then since there cannot be another 
discontinuity within an infinitesimal distance of z, we can write 



f{'-'Y^)-/('-OHv, 



where 17 tends to zero as k tends to infinity ; and so 









Vjgk 



or J,=.«/(^-0) + 6, 

where e tends to zero as k tends to infinity. 

Thus 

?*(?) = - (1 + «*) {J; -f{z^O) + 6}, 

where aj^, Ji, and €, each tend to zero as k tends to infinity. We can write this 
f(^ ((f) ^f(z — 0) + T, where t tends to zero as k tends to infinity ; and this is 
true throughout the range of integration of the integral 7,. 

Thus 

1 * 

or /, = 5 /(z — 0) + a, where <r tends to zero as k tends to infinity. 

Hence finally 

where <r, /i, /„ /«, 7, each tend to zero as k tends to infinity ; which can be 
written 

where u^ tends to zero as k tends to infinity. 
Similarly we can shew that 

n-i/(^ + 0) + t;», 

where Vjt tends to zero as k tends to infinity, and where f(z + 0) denotes /(i) 
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if ^ is a valae for which the fuiiction/(^) is continuous, and denotes the yalue 
otf{z) for values slightly greater than jp if jp is a value for which the function 
f{z) is disoontinuoua Hence the sum of the first (2k + 1) terms of the 
Fourier series is 

where u^ and v^ tend to zero as k tends to infinity ; the sum to infinity of the 
series is therefore 

^{/(*-o)+/('+o)}. 

which establishes Fourier's theorem. 

It must be observed that the sum of the series coincides with f{z) only 
for values of z between and 27r ; outside these limits the sum S {z) of the 
series can be found from the circumstance that S{z ^-^nir)^ S {z\ (a result 
which is obvious, since all the terms are periodic) ; while f{z) may of course 
have any values whatever when z is not included between the limits and 2t. 

Example, Take a function /(i) such that 

/(«)«s- finom «— to «=ir, 

and /(«) = - 4 ^™ '■**^ to 2— a*. 

The coireqwDdiiig Fourier series is 

^o+Z^cosfiu+SftMsin nu, 

1 (^ 
where ««=- I f{t)cf»mtdi, 

wjo 

6.-- [^f{t)mnmtdt, 
wJo 

These integrals give 

I fw 1 /■*» 

a^aO, «»=7 I coBnUdt-jj cosmtdt^O, 

6_sss- I eanmtdi" , I am mi dt ^ -z— (l -cos mw\ 

Therefore 6.=0 if m is even, and b^^ - if m is odd ; and so we have 

fi* 

-. ^ sini siD3x.sin5i, 
/(,)=-^+- — +— - +..., 

which is the required Fourier expansioD. 
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This series can be summed by elementary methods in the following manner. We 
have 

. sin3e . sin 6« . 1 /...««• . \ 1 / .. *-'*• 

Bm2+-- - + 



3 5 



+•••4 (^+T+-) - i G"^+T^+-) 



4» ^(1 - «<•)(!+«-<•) 4i^*^ 4^2'. 

where r is an midetermined integer. It is clear from the above that r actually has the 
value zero when < 2 < rr, and unity when ir<z<2fr, 

81. The representation of a function by Fourier series for ranges other 
than to 27r. 

Suppose now that the range of values of z, for which it is required to 
represent a function f(z) by a Fourier series, is not the range from to 27r, 
but from a to b, where a and b are any given real numbers. To extend 
Fourier's result to this case, we take a new variable z defined by the 
equation 

. b-a, 

and write 

Then F(t^) is a function whose value is given for all values of its argument 
/ between and 27r. 

Therefore by the previous result we have 
or writing 



we have 



6 — a , 



/(') -F^JVc) * -r^. .!. /> 'T^ItA'^^ 



This last result may be regarded as the general form of Fourier's theorem. 
Example, To express the function -—^ — -^^ as a Fourier series, valid when 

Here a«— «•, h^^rr. 
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The formula therefore becomes 

*fr J ^w W n»i J -» 

Since in this case /(r)"* -/( - 0> ^^ reducee to 

/(«)=- 2 emnzl — - — -— -ainn/cf^ 



• (-ly'ain m / 1 1 \ 

•si wi ym-i-tn . m — inj 



»«iir(m«+n«) ^ 
which is the required expansion. 

82. The Sine and Cosine Series. 

We proceed to derive two particular cases of Fourier's theorem which are 
of frequent occurrence. 

Suppose that a function f(z) is given for a range to 2 of values of the 
variable z, and that we require a series which shall represent f{z) for these 
values of z, and which shall have the value /(— z) for values of z between 
Oand-2. 

To obtain a series of this character, we write in the preceding result 
a « - /, 6 =s /, /(— z) =/(z). Thus we have 



VTA 

which is called the Cosine Series. 

If on the other hand we require a series which shall represent f{z) for values 
of z between and I, and shall have the sum — /(— z) for values of z between 
and — Z, we write in the general result a = — Z, 6 = Iffi— z) = —/(z), and 
thus obtain 



f{z) = 7 2 sin -y- sm 7-/(0 dt, 



which is called the Sine Series. 
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ExampU 1. Expand — ^ sin^ in a cosine series, valid when 0<«<ir. 

When < « < fl-, we have by the formula just obtained 
ir-» .If* 1 • r* 

-i[.'-v«»']-i/;'««'* 

+^ 2 ooswajr (ir-08in(m+l)^<i<- j (ir-08in(m-l)^c&[ 
=s + 5-cos« -^^ ^ H-JT" S coeww -^ -— i^ — + i i ; 

-2 + 4^'+2;^«i,^^U+T-mriJ 

11 • OOSflU 

=-4-tC0s»- Z 



2"^4^ «:,(in-l)(m+l)- 
The required series is therefore 

It will be observed that it is only for values of i between and rr that the sum of this 
series is proved to be -^— sin t ; thus for instance when t has a value between and — rr, 

the sum of the series is not -^ sins, but — ^ sin s; when i has a value between n 

and 2fr, the sum of the series happens to be again — ^— sin s, but this must be regarded 

as a mere coincidence arising ftx>m the special function considered, and not from the 
general theorem. 

ExampU 2. To expand — ^? — in a sine series, valid when < « < ir. 

We have 

— ^ — ' — — 2 sm mf I — ^ — f am nUdt 
o V MBi Jo o 

■■ 2 smnu I — -- BOitntaf, 

But I -^^-j— ^ Bin nUdt=:\ — 4'" rim/ (*^ - ^) ^^oe f»U<i< 

r'( w-208inm r] . 1 /•» . . 



Therefore 



"" 2m« 

«•«(«•-«) . sin 3s . sin 5s . 
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Here again the sum of the aeries is ^--^ — only when z lies between and ir. Thus 

when « lies between w and 2fr, the sum of the series is — ^^ — ^ . The sum of the 

series for values of z beyond the limits and fr can be found at once from the equations 
S(z)=B-S{-z) and S{z+2fr)^S{z), where /S (2) denotes the sum of the series. 

Example 3. Prove that, when < « < «•, 

n(v-2z) (tr'+2ffZ- ag') coaSz c^bz 

96 =cos«+ ^^- + -^^+.... 

For when < « < tr we have 

tr{fr-2z)(ir^ + 2irz-2z*) 2 « /"»«•(«•- 20 (fl-«+2ir^-2<«) ,. 

— ^ '-^-zr^ - = - 2 COSflU I - ~5 ^COBVUcU 

9o Tr»,«i Jo 96 



(integrating by parts) » 2 cos mz/^j sin mtdt 

« f* IT — 2t 

(integrating by parts) = 2 cos nu I > cos nUdt 

msal J 4WI 

* /•» 1 

(integrating by parts) = 2 cosmc 1 ^— .sinm^cfo 

Mai J *^ 



• l-(-l)"* 
« 2 — ^-^cosww 

. COS 3« . COS 5z . 

«OOS«+-gi- + -p- + .... 

Example 4. Shew that for values of « between and fr, e^ can be expanded in the 
cosine series 

2«/^ IX / 1 . co82« , cos4« . \ 2«,^ ,. /cos* , cos8f , \ 

and draw graphs of the function e^ and of the sum of the series. 

fr (vr — 2z) 
Example 6. Shew that for values of z between and rr, the function — ^-5 — - can 

be expanded in the cosine series 

. cos 3z . cos 6z 

and draw graphs of the function — ^J^ and of the sum of the series. 

83. A Itemative proof of Fourier's theorem. 

Another proof of Fourier's theorem, based on an entirely different set of ideas, is due 
to Dirichlet*. 

* Collected Works, Vol. z. pp. 188—160. 
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Consider first the sum of a limited number of terms of the series 



S+ S [OmCosnu+dmBinnu], 



where 



a^=i lf(t)coanUcU (m-1, 2, 3, ...), 
w J 

6««i rf{t)emnUcU (m-1, 2, 3, ...X 

IT Jo 

and where z is supposed to be a real variable. 

Since 

OmCosfitf+ftniSinmxB- I /(Ocosm(^~«)e^^, 

ir J 

we have the sum to (2m +1) terms of the series expressed by the formula 
S^^- / {i+coe(^-»)+oos2(^-«)+...+oo8m(^-«)}/(0«fc 

Jo sm — 
-^j , il^^ /(f+2tf)<W 

"2 

ir J sm tf y \ • / 

n Jo sm d "^ ^ . 

We have therefore to investigate the value to which integrals of this class tend as m 
tends to infinity. Consider in general the value to which 

Jo sinz ^^ ' 
tends when k, supposed to be an odd integer, increases without limit. 

First suppose 0<A<^, and suppose that, for values of z within this range, ^ (z) is 
continuous and positive, and that ^ (f ) continually decreases as z increases. 

Let -J- be the greatest multiple of ? in ^ so -^ < A <r+l t . 
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Then 

» f» (n-H)* rw 

Now write 






80 ti»»=s I r— * — ^9>l^- + yia:yt where y=«-^ 






The integrand in this last integral is clearly positive throughout the range of integration, 
and 1^ is therefore positive. Moreover, under the suppositions already stated, the 
quantity 

decreases as n increases, and it therefore follows that u^ decreases as n increases. 

Also the well-known theorem of Mean Value shews that ti^ can be represented in the 
form 



where 



fi sin kv . 



and Pii"*f^ + ^ji 



$ being some quantity between and ?. Clearly v^ ^^ positive, and decreases as n 
increases. 

Now we can write 

k 
where J'=MQ-it|+ti,-tt3+...+(-l)''-ittr-i. 

Since u^ is always positive, and decreases as n increases, we have 

where m is any number less than —^ . 
This gives 

•/*< VoPo- "iPl + ^f Pf - ••• + «'lmPlm 

< "'OPO- («'l-«'f)pi- (•'3- "4) P4 -•••-("»»»- 1 - "im) P«m 

- "1 (Pl - Pf) - •'S (Ps - P4) - — - »'«m-l (Plm-i - Pim). 
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Ab p^ decreases with increase of 71, the terms in the last line are negative, and can 
be removed without affecting the inequality. 

Thus 

•^< »'pPO - ("'I - "'f) Pf - ("a - I**) P4 - • • • - ("im - 1 - "im) Pun 
<»'0P0-(>'l-»'2)P«»n-(»'8->'4)P«tn-...-(»'2m-i-«'lm)pjm 

-(»'l-»'>)(Pl-Pfm)-(»'3-»'4)(p4-Pjm)-...-(«'jm-,-V„^.,)(p^.,-p^). 

The terms in the last line are again negative and can be removed. Thus 

We also have clearly 

or •^>«'oPo-«'iPi+''aP2- — -"im+iPlm+l, 

which in the same way gives 

Thus J is intermediate in value between the quantities 

and Pim(»'o-»'i+«'>- — -«'fm+i). 

Now let k become infinitely great, and let the quantity m likewise become infinitely 
great, but in such a way that , tends to the limit zera Then the quantities pQ and p^m 
tend to the limit <f> (0) ; and the quantity 

f * sin itv « 
or / -r-^ dy 

Jo smy r 

r(«m+l)» sin^ . 
or I • at 



I. 



t . t 



ir sin T 
can, since k is infinitely large compared with m, be replaced by 



/, 



(2«+i)»8in / 

-r-dt; 
* 



and this, when m becomes infinitely great, tends to the limit - . 

We see therefore that J is intermediate in value between two quantities, each of which 

tends to the same limit, namely ^ ^ (0). J therefore tends to the limit q4^(P); and 

therefore /, which differs from J only by a vanishing int^^ral, likewise tends to the limit 

x<^ (0) as ir becomes infinitely great. This result may be called DirichMi l&nima. To 

complete the lemma, however, it will be necessary to shew that it is still true when a 
number of the restrictions imposed on <f> (1) are removed. 

(1) It was assiuned that ^ (z) was positive and steadily decreasing throughout the 
range. 

(a) Suppose that ^ (z) is constant. This does not invalidate any of the preceding 
proof, so the theorem still holds if <f> (z) is constant 
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(fi) Suppose that ^ {z) is negative, or partly positive and partly negative, but still 
steadily decreasing ; then choose a constant c so that c+<f>{t)iB positive through the range ; 
then the theorem applies both' to c and to cH-<^ (2) and therefore on subtraction to ^ {z) 
alone. 

(y) Suppose that <f> (z) increases steadily throughout the range. Then the theorem 
is true for { - <^ (z)} and therefore for <f> (z). 

Therefore the theorem is still true if ^ (e) is JinUe, cofUinwnts^ and tteadUy increcues 
or decrecuez throughout the range. 

(2) Instead of taking the integral between and A, take it between g and A, where 
0<^<A<o* ^® assume that the value of (f>{z) is only known for values of z from 
^ to A. 

Take a new function <f>i (z\ defined as being equal to <f> {g\ a constant, for values of z 
from to ^, and equal to ^ {z) for values of z from ^ to A. Then the theorem holds for ^ {z). 

Also 



and 



Therefore 



by subtraction. 



/K gin lg2 
— — 4> (z) dz^Oj 
g sm« ^^ ' ' 



(3) Now assiune there are a limited number n of maxima and minima within the 
range to A. 

Let them be at the values Oj, a,, ... 0^, of z. Then 



;o jo }a, ja»8m«^^' 



On applying the theorem to each of these integrals in succession, it is dear that the 
theorem holds for the whole integral. 

Therefore the theorem is still true if ^ {z) is finite, continuous, and has not more than 
a limited niunber of maxima and minima within the range. 

It must be noted that these conditions still exclude such functions as e.g. (^~c) sin 

where < c < A. 

(4) We shall now no longer restrict A to be less than ^ . Take < A ^ ir. 

Then (a) let I < A < tr. 

Write A=tr-A', where 0<A'<|. Then 

T • -XT r* sin it« . , . , , /"»-*' sin kz , , . , 

Limit /= / -: iz) dz + I — ; — (z) dz, 

jt.00 7 sin « j «. sinz ^^ ' 
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Writing «» fr - ( in the latter integral, we have 

Lin.it /- f*2|l*f ^(^)&+ r'^^U(n-C)d{. 

Since <^ (n- - () satisfies the conditions stated, we see that when A' > the second integral 
is zero. 

Therefore Limit I^^4> (0). 

O) Let As fr. Then all the above reasoning applies, except that now A'aO, so 

L»nit/=|0(O)+^.^M, 

which, in order to guard against uncertainty in the case in which the function ^ is 
discontinuous at and fr, is often written 

/-^ {<^ (+•) + « (.r-,)}, 
where f is a vanishing positive quantity. 

(5) Next, suppose that the function ^ (z) within the range has a finite number of dis- 
continuities, in the form of abrupt but finite changes of value. Divide the range into 
various portions, so that each of them ends at one discontinuity and begins at the next, 
and divide each of these into others each beginning and ending at a point of stationary 
value. The above theorems apply to each of the portions, and therefore each integral is 

zero except the first, which is equal to q<^(«)i and possibly the last, which when 
Assfl- has the value g^(*r-f). 

(6) Finally, consider a function (f> {z) which becomes infinite for 2bc, but in such 
a way that the value of I ^ (z) dz tends to a definite limit as z approaches c from either 
lower or greater values. 

Then 

fe-t fe /*«+♦. y* sinib... - 

where c is a small positive quantity. 

In the second integral, a quantity { can be chosen intermediate between c and e- f, such 

sin Isi" f ^ 
that the integral is equal to - .- M (f>(z)dz; on taking c small this vanishes ; and 

sin i J c* 

similarly the third integral is zero. 

On making k infinitely large, the fourth integral tends to zero. Therefore the theorem 
holds in this case also. 

(7) Thus we have, summarising the results obtained, the theorem that the limit vjhm 

-?-^ <f> {z) dz 18 ^^W *yO< A<Tr, ami is 

Q sm z *t 

^{«( + + *(ir-«)} 
W. A, 10 
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if h^ir ; where t is a vanishing positive quantity; provided that ^{z) is everywhere finite, 
and has only a limited number of finite discontinuities and maxima and minima between 
the values and h of the variable z ; and this is still true if <f> (2) has a limited number of 

singularities of specified type, namely such that j <f>{z)dz is finite. 

This result may be called Dirichlefs lemma, the conditions just stated being referred 
to as Dirichlefs conditions. 

We can now return to the expansion which was found to represent the sum of the first 
(2m + 1) terms of the Fourier series. 

We had iS^=/i+/„ 



z 



, r 1/ «sin(2»i + l)^ ., ^>.x j>, 

where /.--j^ _Lj_J_/(,+2tf)d(,, 

1 f* «n(2m+l) 
' fl- y sin tf -^ ^ ' 

If 0<2i<2fr, and/ (2) satisfies DirichleVs conditions, we have by Dirichlet's lemma 

Limit ii=i/(24-€), 

and 

Limit /j=i/(«-€), 

and so 

Limit ^„=i {/(i+,)+/(«-,)}. 



W— 00 



If «=0, we have 

Limit /i=i{/(€)+/(2«--f)}, Limit 7,-0, 

and so 

Limit &»=i{/(»)+/(2T-.)}. 

W— 00 

If z=:%n, we have 

Limit /i=0, Limit /,-i{/W+/(2^-0}, 

m~ao m"oo 

and so 

Limit 5„=i{/(«)+/(2»-0}- 

Thus we finally arrive at Fourier's theorem, namely that the sum to infinity of the 
series 

00 

Oq+ 2 (a„jCOS»w+6,nSinmr) 

m-l 

is f{z) at points z for which f is contintu>tts, and is the arithmetic mean of the two values 
off{z) at points zfor which f is discontinuous : it being assumed that/(2) satisfies Dirichlet's 
conditions. 

Example, Prove that in the limit when n becomes infinitely great 



/ 



sm (2/1 + 1)^ ^- ,>, 1 ,, 1 
- - . A ' e ^^dB^in coth iaw, 



a being a real positive constant. 

(Cambridge Mathematical Trii>08, Part II., 1894.) 
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84. Nature of the convergence of a Fourier series. 

The proofs of Fourier's theorem which have been given establish the result 
only for the case in which the sequence of the terms in the series 

2 (Om cos inz + bmsia mz) 

is that in which m takes the orderly succession of values 1, 2, 3, 4, ... . 

The question now arises whether the order of succession of the terms can 
be deranged without affecting the value of the sum of the series ; in other 
words, we have proved that the expansion of a function by Fourier's theorem 
is a convergent series : we want to find whether it is dbsoltUely convergent, or 
only semi-convergent. The question has also to be considered whether the 
series is uniformly convergent or non-uniformly convergent in the neighbour- 
hood of a given value of z. 

We shall first shew by considering special cases that there is no general 
answer to these questiona 

Consider the series 

sin jp— - sin 2^4- = sin32r— ... , 

which represents - z when 0<z<ir, and g ^ "" '''' when tt < jp < 27r ; this series 

is semi-convergent for all real values of z, since sin nz is finite for all values 
of n when z is real, and so the modulus of the general term bears a finite 
ratio to the general term of the divergent series 

In this series, therefore, the value of the sum will be modified if the order of 
succession of the terms is changed. 

Moreover, we can shew that the series is non-uniformly convergent at its 
discontinuity ir. For the sum of the first n terms is 

sin 2^ . . (- 1)*~* sin nz 

2 n 

or 

I (cos ^ - cos 2^ -♦-..+ (- 1)*"* cos nt) dt, 
Jo 

[' ri (- l)~-i cos ( n + l)^-f cosnt" ! ^# 
j [2 ■*■ ~" 2" 1 + cos^ ^J '^^' 

The term I ^ dz represents the sum of the whole series ; so the remainder 
Jo * 

after n terms, when — tt < ^ < tt, is 

' cos fn+ gU 



or 



iJn^C-l)**-^ 



2C0B^ 



dt 



10—2 
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Writing z = TT— i;, t ■* tt — u, this can be \vritten 

•sin (n+ sj u 



Rn^- 



2 Sin 2 



du. 



Write in-^ ^u^v. The equation becomes 



8in 1^ 



•(2i^. 



(.+i).<2»+i)«'^2M:i 

However great n may be taken, if 17 be taken so small that (^ + s ) ^ '^ 

infinitesimal, this integral tends to — I or — -^ , and so is not infini- 

tesimal. It follows that the series is non-uniformly convergent in the vicinity 
of ^ = w. 

Consider next the series 

loir 
cos -P + is; cos 3^ + r^ cos 5^ + ... , 

which represents ^ ^ when < £: < tt, and — ^^ — ■ when itkzk 2w. 

This series is absolutely convergent for all real values of z^ since the moduli 
of its terms are less than the corresponding terms of the convergent series 

1 i 

1 + g, + g, + . . . . 

In this series therefore the order of succession of the terms can be changed 
in any way, without altering the value of the sum of the series ; and since 
the comparison series is independent of z, the series is also xmifiyrmly 
convergent for all real values of z. 

Returning now to the general Fourier series, we can discover the nature 
of the convergence by a consideration of the coefficients in the series, which 
can be made in the following way. 

We have shewn that if 



ac 



/(£:) = ao+ S (a,n COS m^ 4- 6wi sin m-g^), 
then 



1 r^ 



COS mtdt 
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Suppose that (as in most of the examples we have discussed) the range 
0<^<27r can be divided into other ranges, say 0<^<A:i, ki<z<ki, ... ^ 
kn<z< 2w, which are such that in each of these smaller ranges f(z) is 
an analytic function of z, regular in the range, (/(z) will not necessarily be 
the same analytic function in the different ranges.) Thus if /(z) has the 
value z toT < z < IT, and has the value — £: for w<z< iir, we should have 
n « 1 and A?i = tt. Then 

1 f *» 1 /■*• 1 C^ 

Om^- I /(t) cos mtdt-^ — f f{t)cosnUdt +... + - I f(t)co9mtdt 

Each of these integrals can then be integrated by parts ; we thus obtain 
r*» 1 ^,^v sin mt] r*« 1 ^,^v sin vit] 

1 f*« 1 f*t 

/ /' (t)Bmmtdt / f'(t)Binmtdt-'..., 



or 

m m 
where 

^ = ~ [sin mk, [f{k, - 0) -/(it, + 0)} + sin mk, [f{h - 0) -/(*, + 0)} + . . .]» 

and where 6^' is the coefficient of sin mz in the Fourier expansion of/' ('^)— 
an expansion which will exist, since/' {z) is a function of the same character 
as f{z\ though the terms of this expansion will not always be the derivates 
of the corresponding terms of the Fourier series (or f(z). 



Similarly 



in m 



where 



B = -l[-/(+0)+cosmA:,{/(*-,-0)-/(*i + 0)} + cosmA,{/(fci-0) 

TT 

-/(*i + 0)} + •••+/ (2^-0)]' 
and where a,»' is the coefficient of cos mz in the Fourier expansion o{/'{z). 

In the same way we have 

m m 
where 

il' = - [sin mA,(/'(Jfc,-0)V'(*i + 0)}+8inmA:i{/' (A:, --0)V'(*«+0)} + ...]. 

TT 
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and 

h '-^^^ 

'^^ " TO ■*■ m ' 
where 

B' -_ i [-/'(+ 0) + cos mi. {/' (i. - 0) -/'(*. + 0)1 + •••+/' (2^ - 0)]. 

TT 

a^" and bm" being the coefficients of cos mz and sin me respectively in the 
Fourier expansion of f"(z). 

Thus 

The conditions for the absolute convergence of the Fourier expansion of 
f{z) are therefore expressed by the equations 

^ = 0, 5 = 0; 

for if these equations are satisfied, we have 



a« = — and 6^ = — -^i 






and the terms of the Fourier series are comparable with those of the con- 
vergent series 

111 

Now in order that we may have -4=0, 5 = 0, for all values of m we 
must have 

/(*! - 0) =/(A:, + 0), 

/(*. - 0) =/(Ai + 0), 



/(An-0)=/(An + 0), 
/(27r - 0) =/(0). 

That is to say, if a Fourier series is absolutely convergent for all real values 
of z, the function represented by the series ha^ no discontinuities, and has 
the same value atz^Oasatz^ 2w. 

If these conditions are satisfied the Fourier series is not only absolutely, 
but is also uniformly convergent For its coefficients Om and bm ^^ i^ this 

case of the order — ; , and so the series of constants 

ttol + joil + iii! + |a,| + I62I +... 
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converges ; but the moduli of the terms of the Fourier series are less than the 
corresponding terms of this series, and consequently the Fourier series is 
uniformly convergent for all real values of z. 

Example I. Shew that in general, when the Fourier series converges only for real 
values of z^ the quantities a^ and h^ can be expanded in infinite series of the form 



of which the terms 



m m* mr m* ' 



5 and - + ~, 

HI inr m vn, 

found above are the initial terms ; but that when the Fourier series converges within a belt 
of finite breadth in the ;r-plane, all the coefficients 0|, c^, c,, ... vanish, and this expansion 
becomes illusory. 

Example 2. Let /(;r) be a function of e, which is regular for all real values of z 
between z=0 and ^sir, and which is zero at 2^0 and z^mn. Prove that if f{z) is 
expanded in a sine series, valid between 2=0 and 2=Yr, the series will be absolutely and 
uniformly convergent for all real values of z. 

Example 3. f{z) is a function of z which is regular for all real values of z between 
and IT. Prove that if it is expanded in a cosine series, valid between z^O and z^mn^ the 
series will be absolutely and uniformly convergent for all real values of z, 

86. Determination of points of discontinuity. 

The expressions for o^ and 6^ which have been found in the last 
paragraph can be applied to determine the points at which the sum of a 
given Fourier series is discontinuous. This can best be shewn by an 
example. 

Example, Let it be required to determine the places at which the sum of the series 

sin «+ i sin 3^+^ sin bz + ... 
i4 discontinuous. 

For this series we have 

, _I — cosmir 
^"^ 2^ • 

Comparing this with the formula found in the last paragraph, we have 

-4=0, -B=J- Jcosmir, 

Hence if it{, k^... are the places at which the analytic character of the tram is broken, 
we have 

0=^-1 [sin mit,{/(*,-0)-/(*,+0)}+8in»«i',{/(*,-0)-/(*,+0)}+...]. 
Since this is true for all values of m, the quantities i*!, i*!! ... must be multiples of vr ; but 
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there is only one multiple of ir in the range 0<z<2n, namely ir itself. So iti=ir, and 
ijt ^«i ... do not exist Substituting it, = ir in the equation B^^-^ooa mir, we have 

i - i cos mir ---{-/( +0) +C08 mir {/{,r - 0) -/(ir +0)} +/(2,r -0)]. 

Since this is true for all values of m, we have 

i=-^{/(2ir-0)-/(+0)i, 

^"^ -i=-:^{/(ir-o)-/(ir+o);. 

IT 

Thia shews that there is a discontinuity at the point «=ir, such that 



and that 



/(,_0)-/(,r + 0)-|. 



/(2,r-0)-/(+0)=-|. 



ExamjpU* Find the discontinuities in value of the sum of the series 

8ini;-isin2s+|sin4i-(sin5z+isin7«-isin8«+^sinlQf+.... 

86. TChe uniqueness of the Fourier expansion. 

We have seen that if / (z) is a quantity depending on z, and satisfying 
certain conditions as to finiteness, etc., then the series 

00 

a«+ S (Om cos m^ + &M sin nu), 
where o^ = - / f{t) cos mt di (m > 1), 

1 r ** 

6a» = — / f{t) sin mt dt. 
If Jo 

has the sum/(r) when ^ ^ ^ 2ir, except at the isolated points at which y(ir) 
is discontinuous. 

The question arises whether any other expansion 

c« + 2 {cm COS mr + rf«» sin mz) 

of the same form exists, which also represents /(z) in the interval finom 
to 2ir ; in other words, whether the Fourier expansion is unique. 

We may observe that it is certainly possible to have other trigonometrical expansions 
of (say) the fimu 

00+ X (a«,oosy+A^cos -\ 
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which represent / (2) between and 2ir; for write z=2(t and consider a function ^(C)* 
which is such that <^(f)=/(2f) when 0<f<»r, and <^(f)— ^(f) when »r<f<2ir, 
where g ({) is any other function. Then on expanding ^ (() in a Fourier expansion of 
the form 

00 

00+ 2 (a,»C08mf+AnC<»»»f)i 

this expansion represents /(«) when 0<«<2fr ; and clearly by choosing the function g (() 
in different ways an infinite number of such expansions can be obtained. 

The question now at issue is, whether other series proceeding in sines and cosines of 
integrcU multiples of z exist, which di£fer from Fourier's expansion and yet represent f{z) 
between and Sir. 

If it were possible to have a distinct expansion 

00 

then on subtracting this from the Fourier expansion we should have an 
expansion 

00 

(ao-Co)+ ^ [{Oyn - Cm) COB mz -^ (bfn - dff,) ^n mz} 

whose sum is zero for all values of z between and 2ir, except possibly 
a certain finite number of values (namely the discontinuities). 

The investigation therefore turns on the question whether it is possible 
for such an expansion as this last to exist. We shall shew that it cannot 
exist, and that consequently the Fourier expansion is unique*. 

Let Ao^loo, 

A ff^ :=* dm 00s mz-^bm sin mz (m> 1); 
and let 

be a convergent (not necessarily absolutely convergent) series for values of z 
from to 27r, so that the limit of On and bn is zero forn s 00 ; and suppose 
that (except at certain exceptional points) its sum is zero. 

Then the series 

converges absolutely and uniformly for this range of values of ^r, as is seen 
by comparing it with the series 2 — . 

We shall first establish a lemma due to Riemannf , which may be stated 
thus: 

* The proof is due to G. Cantor, Journal fUr Math. Lxxn. 
t Collected Works, p. 218. 
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7%e quantity 

tends to the limit f{z) as a tends to zero, if at z the series 2 converges to the 
sum f{s). 

For the term involving a« in 12 is 

— 55" , {«• COS n ( r -»• 2a) + a» cos n (* — 2a) — 2a« cos nz], 

a. cos nz sin' na 
or -^= , 

nV 

^ J • -1 1 ^L ^ 1 - , . 6« siniu sin" na 
and similarly the term involving 6« is -^ t-z . 

As F{z) converges absolutely, we can rearrange the order of the terms, 
and 90 can write 



„ - - /sin ay . /sin 2a\* 



Now considering the series !£, we can write 

-it + -^i + Ji + ..- + -ci«^i =/U) + «•• 

say, where z being given, and any small quantity S being assigned at will, we 
shall have c^ < £ for values of n > some integer m. 

Xow At^ = €|^, -- €» for all values of n. 
Therefore substituting, we have 

D *-4 \ . V r^sin^n- Da)* fsinim^*"] 
•.I Ll l»-l>a ) V ■« J J 

Divide the series on the right-hand side of this equation into three parts, 
for which respectively 

(1) l^M^m. 

^2) n + 1 ^ II < #, where s is the greatest int^er in - , 

a 

V3) # + 1 ^ a. 

The first part coosssts of a finite number of terms, each tending to mo 
as a tends to lero, so the first part is aero. 



CoDsideffing next the second part, the quantities ^ are of the 

form ^ where < x < w : this quantity decreases as x increases from 

to T. so the sum of the moduli ot the t^ms in the sec^xid part ^ less than 

^ ~ sin na * sin *i *^ 
t — 

L* *•* ■ ■ ** -1 
which tends to lero when ? tends to lenx 
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Considering next the third part, we can write the nth term in the form 

Ksinn-lay /sinn-layl . €« . . , ^ . , v 

or 



sin* n— Igf 1 1"| sin 2n — la sin a 

so, as I €n I < Sf its modulus is less than 

o«\n^ri» nV^n«a' 
Thus the whole sum of the terms in the third part 

8 1 sr 1 1 1 

a»«> aU+1" « + 2" J 

«*a* ajg flj" «"a* so, (tt — a)* w — a 

which is ultimately zero. Therefore the three parts of the infinite series 
in i2 are all zero ; and thus R '^/(z) in the limit ; which establishes Riemann's 
lemma. 

Next, we shall establish another lemma, due to Schwartz *, which may be 
stated as follows : If a and b are two of the exceptional points, so that between 
e^a and z^b the series S converges to the sum zero, then F{t) is a linear 
function of z between these valxies. 

For assume that a is less than 6, and introduce a function ^ {z\ defined by 
<^W = <?[j'(^)-^(a)-J";?{^(6)-^(a)}]-^(5-a)(6-^), 

where ^=1 and h is any constant. 

Then substituting in the result of Riemann's lemma, we have 

Limit <^(^ + a)-f<^(.-«)-2<^(^) ^ ^^ 

Therefore <^ (-^ + a) + ^ (« - a) — 2^ {z) is positive when a is very small, 
whatever be the value of z. 

Now ^(a)sO and ^(&) = 0. Also ^{z) is continuous, since F{z) is 
uniformly convergent, and consequently continuous. Therefore if ^{z) can 
be positive between the values a and b of z, it will have a maximum ; 
let this occur at the value c of z, 

* Quoted bj G. Cantor, Journal JUr Math. lxxu. 
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L 



■Ai^-tir^-g ihese resaskifk& ve see ibai \be oxxih&ofi jasc fmid is Tkiased. uid 
36 ^f x^ eui actf be Di»i£re ai aZ vhhfn tlie 



Azftofc. iftke i 3Dtt^l Qmhk ^ = ± L »> ck^Mso^ tbe sen ihas the first 
i€rm ^^F«xi— ...^ ssposmr^e^ Tbeii ^«xi» dearir psxfre, if ihis fins term 

Bai d«xk is EOS |K«£tive: aod thus we mTsx bare 

t — a 
TbereioR Fixi is m iinear foDcdoD of x. wLidi MtthfiAfg S chmaim s 



We see then liml the corre 5 = ^<X9 refvesents a sezies of smight lines, 
tbe beginning mod end of each line oorreEponding u> an exDejitftanal point : 
acd ns F<x). being nniformlj ooorefgent, is a cootiniiOQS fonction of x. theae 
lines must fDnn parts of a polygon. 

Bm by Bkanann s kmma 

Now the fizst of these firactioos gives the indinaiaon of the earlier side of 
the polygon at a reitex and the seocxxl of the later : therefoie the two sides 
a2«; o t atiiii iqns in diieedooL so the equation y = F(s) rqiresents a single line. 
If then we write Fit} » cr + e', it follows that c and e hare the same Talues 
t lirwi gh'jpt tlie langeL Thus 



and therefore 



-1§ a^"**!^ """ ~~ "Zj '"•••'— cs + C i 



X* A 



tile right-hand side of this equation being periodic, with period 2w. 



Hie left-hand side of this equation must therefore be periodic, with 
2w. Thus we have 

J., = 0, c = 0, 

and — c = Jj + ... + -r COS •tr+ -7sinfw + 



Now the right-hand side of this equation conveiges uniformly, so we can 
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multiply the equation by cos nz, sin ru, i-espectively, and integrate. This 
gives 

TT -i = - c I cos mdz = 0, 

and TT -4 = — c' / sin nzdz = 0. 

n« Jo 

Therefore the a's and 6's vanish, so all the coefficients in S vanish ; which 
establishes the result that the Fourier expansion is unique. 



Miscellaneous Examples. 

1. Obtain the expansions 

, . l-rco8« , . . . o . 

(6) -log(l-2roo8f+r*)— -roo8«-5r«co8 2«--r'cos3«-,.., 

/ V ^ « rsin* . .1«. *».!•.«. 

ie) tan""* =rsm«+rr»sm2«+5r'8in3«+... , 

^ ' l-rcos« 2 3 ' 

/j\ X ,2rsin« . . 1^ . o . l-« • » . 
(a) tan-* -, — i^ =rsm*+ = r'sin3«+r r*sm5«+..., 

and shew that, when | r | < 1, they are convergent for all values of t in certain belts 
parallel to the real axis in the 2-plane. 

2. Shew that the series 

[. 2ir« . (n-l)2ir« . , . ,^ 2ir« . k , 2vz -, 

sin — sin^ sm(n+l; — sin | 

"T^"*" •••■*■ ;r^i ^ n+1 ^"'^ I '^■•••J' 

where all the terms for which i; is a multiple of n are omitted, represents the greatest 
integer contained in «, for all real values of z between and n. 



3. Shew that the expansions 

llog(2coe|) 



cos 2 - 5oos2«+^cos30... 
2 3 



and 



-log (2 sin 5]= -cos«-5coe2«-scos3«... 

are valid for all real values of «, except multiples of ir, 
4. Obtain the expansion 

« ( — 1)"» cos mz , « M /« *\ . * / • o . • \ 

2 , -T^TT — rsx = (<»s«+cos2«)log(2co8 r ) + 5(sm2r+sin«)-cos«, 

and find the range of values of z for which it is applicable. 

(Trinity Coll^je, 1898.) 
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6. Let n be an integer > 2, and let jr^, jt,, •.. jr..^ be qnantitiee aatisiying the oooditioiiB 

0<jri<x,<...<jp,-.i<l, 

and write x^^O, x^^\. 

I>et <^, <;, , c^, ... ^.| be real arbitrary oonfltanta and let a fttnctioo ^ (x) be defined by 
the equalitieH 

^(jr)->e^+<^+...+c«, for jr,<x<4r,^, (#—0, 1, 8,...ii-lX 

^ (x)»c^ tint x^x^^ 



^(jr)-Co+Ci+...+c^,+^, for x=x. 



2 



Shew that 



for X^Xn' 



(#-1, 2, ... n-1), 






for 0<J?<1, 



and 



■ 2"" l"*"-!,"^' 



where the coefficients o^i and h^ are given by 

n-l 
r— 

a,„-i 2 Cj.wci2mnXr^ 



and 



for m ^ 1, 



1 «-! 
6,^----- 2 Cr (1-008 2mir;r^) 
tnir r-iO 



for m^l. 

(Berger.) 

6. Shew that between the values - ir and + vr of e the following expansions hold : 



2 . 
smmsaB-sin mir 
n 

2 . 
cosfiua-smmir 
ir 



/ sing 2 sin 2g 3 sin 3s \ 

(1 moo6iP fnco82g m oo63* \ 
2m"*"l^^^* 2«-m« "^ 3«-m«'"" "7' 






■f g-*** ? ^ J[ wco8« mco8 2« mco83g \ 



7. Obtain the expansions 

5 »inj4(«+mff) 



• C08f4(« + mir) 



f sin(2n4-l)g 
sin 2 

,sin2n«oot< 

'cos_(2n+j)« 
sins 

^cos 2nx cot z 



(2n</i<2n+2) 



(M=2n)j 



(2n</i<n+2) 



(M=2n)J 
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If p and q are positive integers, shew that 

^ sin {qm + jd) — ^ 

1 ; i ,!:sin^g?ootg!:, 
»— « ^+i> q q q 

2 * = — coa ^ cot^— . 
m»— 7m+;j q q q 

8. Prove that the locus represented by 

2 — I — sin»u?8inny«=0 

nasi ** 

is two systems of lines at right angles, dividing the coordinate plane into squares of 
area «••. 

(Cambridge Mathematical Tripos, Part I., 1895.) 

9. If m is an integer, shew that 

^ . 1.3.6...(2m-l) fl , m . , m(m-l) . 

2.4.6...2m (2 m + I (iii+l)(m+2) 

m(m~l)(m— 2) 1 

■^(m+I)(m+2)(m+3)^^"^-7 
(a terminating series), 

^: 4 2.4.6...(2m-2) fl 2m-l „ ^(2m-l)(2m-3) ^ . ) 

(an infinite series). 

Shew also that 

. • 4 / cos 32 . cos 5« COS 7^ . cos 9« \ 



and 



, 8 / oosi P cos3g cos 5« 008 7« cos 9« \ 

^ *"»rVl.3'^1.3.6""376T7"*"6:y:9~7.9.Il"*""7" 



10. A point moves in a straight line with a velocity which is initially u, and which 
receives constant increments, each equal to t«, at equal intervals r. Prove that the velocity 
at any time t after the beginning of the motion is 



u ^ %U t* • 1 . ^mvt 
o + — +- 2 -sm , 

and that the distance traversed is 

^ /^ . \ . Wr Mr • 1 2mir< 

2;('+'')+i2-2.*«!,i;ii^-r-- 

11. Shew that 

• / . « X sinorir • ( — l)*sin(a+2«i;ir) 
sm(a + 2ttrir)a» 2 ^ — >—- -, 

where u is the difference between the real quantity v (supposed not to be an odd multiple 
of ^) and the integer to which v is most nearly equal 

(Cambridge Mathematical Tripos, Part II., 1895.) 
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12. Let n be an integer > 3, and let g^y ^it ^s, ... be an infinite set of quantities, which 
satisfy the conditions, 

gr^n'^gr, for r^O. 

Let jr be a real variable, and let $ be the greatest integer contained in nx. 
Shew that when x ^.0, 



2 a-^ 



2 ar=^+ 2 (awC08 2mYrjr+6m8in2mYrj;), 
2 



if r is not a multiple of - ; 

but 

2 ^r-f^"?+ 2 (aMCOs2fitirx+6Msin2mirir), 

if r is a multiple of - ; the coefficients a^ and h^ being determined bj the formulae 

2 »-i 

w r-l 

«»•«= - ^^ 2 ^^ sm — - (m^ 1), 

^■»= ^- S^rcos--— (w^l). (Berger.) 

13. Let jr be a real variable between and 1, and let n be an integer ^ 5, of the form 
4m +1, where m is an integer. 

Let E (a) denote the greatest integer contained in a. 

Shew that 

/ in-»(t) . / ix*(^') 2 2 • 1^ 2mir 

(-1) ^^^ + (-1) V s /-_4._ 2 -tan co82mir4?, 



fl rr ma.] m tl 



if x is not a multiple of — ; 



but 



. nirx . cosnfr^ 2 2*1. 2m»r . 

sm «- + — „^ — « — + - 2 — tan • cos ^mnx. 

2 2 n ir m-i in n 



if 07 is a multiple of - . (Berger.) 

14. Let ^ be a real variable between and 1, and let n be an odd number ^3. 
Shew that 

/ ^\. 1 2*1, mir _ 
(-1)*«- + — 2 — tan — cos ^mirx^ 

if X is not a multiple of - , where s is the greatest integer contained in nx; but 

71 
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^ 1 . 2 • 1 mir 
0=-+- Z -tan — C0B2mir^, 

if jr is a multiple of - . (Berger.) 

15. Let X denote a real variable between and 1, and let n be an integer ^ 3 ; further, 
let E(a) be the greatest integer contained in a. Shew that 

E(n.){E(n.Hl-n}^Jn-l)^-^^l - 1 ^^ -[ eoa 2«,,, 
n on IT msi ni n ' 

if jr is not a multiple of - ; but 

. .1 (n-l)(n-2)^l « 1 .mrr . 
fLC*-na:+s=~ 5-^ —h- 2 -cot -co8 2mira7, 

35 071 IT ma>i m U 

if ;r is a multiple of - . (Berger.) 

16. Assuming the possibility of expanding f{x) in a scries of the form SJj^ sin kx^ 
where Ir is a root of the equation k co& ok -{-h^xu ok =0, and the summation is extended 
to all positive roots of this equation, determine the constants Aj^, 

(Cambridge Mathematical Tripos, Part I., 1898.) 



17. If 



shew that 






C0S4Yra: C08 67r4? . , ... -2**~V**,, - . 

cos2.r.r+-2-^ +-^Sr- +- = (-^) -2"n!~ ^^^^^' 



sm 



18. If 



shew that 



. ^ sin 4irJ? . sin 67r4? . , , x- * 1 2**tr** + * .. ,. 

m1nx+ ^^^^ + -3Sni- + ••• = (- 1)* '23^.fYT^*'^^ ^*^- 

(Cambridge Mathematical Tripos, Part II., 1896.) 
/(j?)=iaQ+ai cosj?+a,cos2a;+... , 



If 
shew that 



a^—— j /(j?) cos TUT tan J J? -. 



(^ (ar)=6, sin ;r + 62sin 2^ + ... , 



4 /■* dx 

6^ BBS - I ff>(x) sin nx tan ^x — . (Beau.) 

If J ^ 



19. Prove that the series 2il,»sin , 

where -4»=-/ sin -^/(p)rfi7, 

is equal to/(x) for any value of x lying between and a about which /(jt) is continuous. 
W. A. 11 
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If /(O), /(a) are the limits of /(c), /(a-c), when the positive quantity c diminishes to 
aero, and if /(4?) has sudden increases of value A, it, corresponding to the values a, fi, ... of r, 
the limit forn=oo of nA^ can be written in the form 

f {/(O) - ( - !)-/(«)+* ooe ^"+* coe ^ + ...} . 

Shew that the series 

8in3j?+=8inftr+-sin l&r+...~2 r8inj;+^sin3j?+rsin5x+... j 

. 3^3 f . 1 . . 1 . „ 1 . ,, . 1 

H jsmo?- -j8in5jc+=8m7a?- -r^sm llx+...V 

has the limit - ^ ir when ±\ lying between and yt, approaches indefinitely near to one or 

other value, and that it has sudden changes of value -^ir and +^ir corresponding to the 

values (it and Jn- of ^. 

(Cambridge Mathematical Tripos, Ptot I., 1883.) 

20. If, for all real values of x, 

/'(ar) = ^o + ^i cosx+iijcos 2j7+iisC08 3ar+... , 
then 

(ii) r**"^*^ COS (^ F{x) dx^i* XF{x) dx, 

where 

^ssjlQ+iijCos w+J^cos 4tr + ^3Cos9tr+ ... , 

F-B^i sin w+iij sin 4ir+ ^3 sin 9ir+ ••• , 

^ J?« - 4ir*+J?» irx . 4(2»r)«+^ _2irx^ 

X=cos -r-+2cos — T cos h2cos— ^^ — -^ cos h... 

Aw A%D w Aw w 

4(2nir)*+^ 2nirA' 

+ 2 cos -^ — -r- cos . 

Aw w 

Prove these formulae, and thence deduce the result 

+ l/'(0)co8j-/'(»)coe(^' + ^) + /'(2,r)co8(^+?J)-..., 

2«r 
where w^-r , k being a positive integer. When k is even, the last term of each aeries 

involves F{\kw) and is to be multiplied by ^ ; when k is uneven, the last term involves 

F{\(k^\)w}, 

(Cambridge Mathematical Tripos, Part II., 1896.) 



CHAPTER Vni. 
Asymptotic Expansions. 

87. Simple example of an asymptotic expansion. 
Consider the function 



/«-f 



t 



where x is real and positive, and the path of integration is the real axis in 
the ^-plane. 

Integrating by parts, we have 



fO'i-i 



and by repeated integration by parts, we obtain 

In connexion with the function /(x\ we therefore consider the series 

11^2! ^ (-l)n-.(n-i)! ^ ^ 

X 00^ x^ "' af^ 

We shall denote this series by £>, and shall write 

n •^ 1 

The ratio of the nth term of the series S to the (n — l)th term is — 



X 



for values of n greater than 1 + ^, this is greater than unity. The series S is 
therefo7'e divergent for all values of x. In spite of this, however, the series 
can under certain circumstances be used for the calculation of f(x); this can 
be seen in the following way. 

11—2 
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Tftke anf definite value for the iinmber n. and calculate the Talae of SL. 
We h&Te 

/•x»-s. = (- 1 »•- Mil + 1 ►: I '^* 

and therefore 



'* if/ 

< • n -h 1 »: 1 -— . . since f*^ < 1 and t is positive. 



a! 



For Tahies of x which are snfficienily large, the right-hand member of 
equation is Tery small Thus if we take x > tn^ we have 

1 



for large values of h is very smalL It follows therefore that the cvi/iie 
of Ike function fis\ can be calculated mixA oreat aocuracj fifr large ralues 
or' jc, frjf toting the «vm ofannite mvmber of terms oftne series S. 

The series is on this account said to be an afympt<4ic erpansion of the 
foncdon r <xil The precise definition of an asympiotic expansion will now 
be given. 

88l D^usHion of an asy/Hptotic expansion. 
A diveigent series 

^^f __^ • • • ^^ • • « . 

X X* x^ 

in viiidi the sam of the {n -^ I) first terms is S,. is said to be an asympiotic 
erpThsiofh of a fainrtion /4xl if the expression x" r'lx)- S» tends to rero 
as X <sapposied for the present to be real and positive V increases indefinitely^ 
When this is the case^ if x is sufficiently great, we have 

x»< /-S,> = €, 

where € is very small ; and the error - committed in taking for fix) the- 

I a -^ 1 » first terms of the series is very small. This error is in fitct infini- 
tesimal cvimpared with the error comniiited in taking for / (x) the n first 
terms of the series : for this Utter error is 

X* • 

and £ is in general infimt-ely small ci-tinpared witii A^-^e, 
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The definition which has just been given is due to Poincar^*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth century by Stirling, Maclaurin and Euler. Asymptotic expan- 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy ; these applications are, however, outside the 
scope of the present work, and for them reference may be made to Schle- 
singer 8 Handhuch der Theorie der linearen DifferenticUgleichungen, and the 
second volume of Poincar^'s Les Mithodes Nouvelles de la Micanique Celeste. 

The example discussed in the preceding article clearly satisfies the 
definition just given : for 

\x-{/{x)-Sn]\<'^. 

and the right-hand member of this equation tends to zero as x tends to 
infinity. 

The term "asymptotic expansion" is sometimes used in a somewhat 
wider sense ; if F, ^, and J are three functions of x, and if a series 

is the asymptotic expansion of the function 

F ' 
we can say that the series 

.,jp. FA, FA. 

is an asymptotic expansion of the function </. 

For the sake of simplicity, we shall cousider asymptotic expansions only in connexion 
with real positive values of the argument. The theory for complex values of the argument 
may be discussed by an extension of the analysis. 

89. Another example of an asymptotic expansion. 

As a second example, consider the function f{x\ represented by the 
series 

f^'^^-h^k <^>' 

where c is a positive constant less than unity. 

The ratio of the kt\i tenn of this scries to the {k — l)th is less than 
unity when k is large, except when a? is a negative integer, and conse- 

♦ Acta Mathematical vni. (1SS6), pp. 295—344. 
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qoently the series converges for all values of x except negative integral 
valoea We shall confine onr attention to positive values of x. We have, 
when X > k, 

1 k k' k* k* 



= : + -;--.+ -i-.... 



x-hk or «■«*«* jc* 

If, therefore, it were allowable to expand each firaction , in this way, 

and to rearrange the series (1) according to descending powers of x, we 
should obtain the series 

- + #+ ••+^ + (2). 

x a^ a^ 

where 4i= 2 c*; il, = — 2 fc*, etc. 

But this procedure is not legitimate, and in fact the series (2) diverges. 
We can, however, shew that the series (2) is an asymptotic expansion of 
f{x\ which will enable us to calculate f(x) for large values of x. 



For let 5, = — + =? + ...+ 






/<')-«-.!,(-irx-Ti- 

and ^{/(.)_s.}=<--^j/^. 

Now 2 T is finite, and so when x is infinitely great the right-hand 

member is infinitesimal. 

Therefore a^ {/(«) — S^ tends to zero when x tends to infinity ; and so 
the series (2) is an asymptotic expansion of /(x). 

Example, U/{x)= I t^'^cU, where x is supposed to be real and positive and the 
path of integration is real, prove that the divergent series 



I 1_ 1^ _ 1.3.5 



la the asymptotic expansion of/(x). 
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90. Multiplication of asymptotic expansions. 

We shall now shew that two asymptotic expansions can be multiplied 
together in the same way as ordinary series, the result being a new 
asymptotic expansion. 

For suppose that 

^0 "4" ^ "T"^ •••+ — r"4" ••• 

are asymptotic expansions representing functions J{x) and J'{x) respectively, 
and let Sn and Sn be the sums of their (n + 1) first terms ; so that 



Limit af'iJ- Sn) = 0) 
Limit «» (J'- Sn) = 



X^co 



(1). 



Form the product of the two series in the ordinary way ; let it be 

Jjq ■f ■f ~~r T • • . "♦" ~ + . . . , 
X 0^ x^ 

and let Sn be the sum of its n first terms. 

As Sn, Sn and Sn are simply polynomials in - , we have cleaiiy 

X 

Limit «»(/Sf„iS„'-2«)=0 (2). 



Now by (1), we can write 

where Limit 6 = 0, Limit e' = 0. 

Then a^ {J J' - Sn S„') = S„'e + 5„e' + ^' . 

The terms in the right-hand member tend to zero as x tends to infinity. 
Hence 

Limit «»(//'-SnSn')=0 (3). 
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From (2) and (3) we have 

Limit jc* (•//'- 2.) = 0. 

aod therefore the series 

is the asvmptotic expaasioo of the Amction J J'. 

91. Integration of atympUAic expansions 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the function represented by the original series. 

For let the series 

Z" "T* I" ^r • • ■ "i _ I* • ■ • 

rei^esent the function J(x) asymptotically, and let 5^ denote the sum 

Then, however small a real positive constant qoantity c may be taken, it is 
poanUe to choose x so large that 



J(x)-Sn <^, 



and therefore 



rj(x)dr-fs,dr <f:/(x)-S. dx 



(n-1) 
and therefore the integrated series 

X Zjr (w — l)x*^ 

is the asymptotic expansion of the function 

/ J{x)dx. 

• X 

On the other hftod, it is not in general penniasible to difiermtiate an asymptotic 



92. Uniqueness of an asym^vtotic expansion. 

A question naturally suggests it^f, as to whether a given series can be 
the asymptotic expansion of several distinct functions. The answer to this 
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is in the affirmative. To shew this, we first observe that there ai*e 
functions L{x) which are represented asymptotically by a series all of 
whose terms are zero, i.e. functions such that 

Limit a:'*Z(ar) = 0, 

whatever n may be, when x (supposed to be real and positive) increases 
indefinitely. The function er^ is in fact such a function. The asymptotic 
expansion of a function J{x) is therefore also the asymptotic expansion of 

J{x)-\- L {x). 

On the other hand, a function cannot be represented by more than one 
distinct asymptotic expansion for real positive values of x\ for if 



X a^ 



ilo+— + —' + .. . 



and -Bo+ — +—' + .. . 

X a? 

are two asymptotic expansions of the same function, then 

Limita-'(ilo + -^ + ...+^-£o---...-^')-0, 

which can only be if -4o == 5© ; -^i =» 5i, etc. 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Gamma-fimction and the Bessel functions. 



Miscellaneous Examples. 



1. Shew that the series 



1 1 ' 2 ' 3 ' 



is the asymptotic expansion of the function 



; 



* 

when X is real and positive. 

2. Discuss the representation of the fimction 

(where x ia supposed real and positive, and is an arbitrary function of its argument) by 
means of the series 
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Shew that in oertain cases (e.g. (<) » e^ the seriee is ahsolutely convergent^ and 
represents f(x) for large positive values of x ; but that in oertain other cases the series is 
the asymptotic expansion otf{x). 

3. Shew that the divergent series 

1 g-l ( a-l)(a-2) 



is the asymptotic expansion of the function 

2r« 



log* 
for large positive values of z. 



i: 



€'*x^~^dx 



4. Shew that the function 

/(.)=/; (iog«+iog(^.)}^"^ 

has the asymptotic expansion 

where B^y B^, ,„ are Bernoulli's numbers. 

Shew also that/(x) can be developed as an absolutely convergent series of the form 

/(*)= 2 , ^,>, /"* — 7-— Ts. (Schtomilch.) 

5. Shew that the fimction 



has the asymptotic expansion 



0(a)=.J 







- 1.3...(2n-3) 



PART II. 



THE TRANSCENDENTAL FUNCTIONS. 



CHAPTEK IX. 



The gamma-function. 



93. Definition of the Gamma-function : Euler*8 form. 
Consider the infinite product 



- n 

» 1 1+ - 
71 



This product clearly diverges if z is a negative integer, for then one of 
the denominator-factors vanishes. If z is not a negative integer, the product 
will (§ 23) be absolutely convergent, provided the series 



l^|.log(l + lWlog(l + i)} 
is absolutely convergent ; but since when n is large we have 

and log(l + ^) = ^-.|- + .... 

the terms of this series ultimately bear a finite value to the terms of the 
series 



^ 2^ — Z 

ntr2n» ' 



1 

and therefore to the terms of the series 2 ~ , which is absolutely convergent. 

The infinite product is therefore absolutely convergent for all values of z, 
except negative integral values. 
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This product may be regarded as the definition of a new function of the 
variable z; we shall call it the Oamma-f unction, and denote it by r(^), 
so that 



rw=^n 



..('-3' 



n 



This form of the function was first given by Euler ; but the notation r(^) 
is due to Legendre, who applied it in 1814 to an integral which will presently 
be discussed, and which represents the Gamma-function in some cases. 



Example, Prove that 



r {z) = Limit / \ vf^, — ^^ **'• (Gauss.) 

»=<» «(«+l)...(«+n-l) 



94. The Weierstrassian foim for the Gamma-function. 

Another form of the Gam ma- function can be obtained as follows: 

We have 

, n+l 

r(^) = i n2 

n 
= i Limit «'»*«<'"+»> n ^ 

Z maao 



"'(>-s 



= - Limit «'{'<*<"+«-^-a---i} n -2^ 

^ mssoo nsl "I I 5 



n 



Now l4 + ... + l-log(.-Hl)=i^(l-log^) 

Jo U=iw(n-har)j 

Now the series 2 — r is absolutely and uniformly convergent for 

real values of x between and 1, as is seen by comparing it with the series 

n=l W 
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hence as m increases, the right-hand member of this equation tends to the 
limit 



/, 



(n=i n (?i -h x)) 



which is finite, since the range of integration is finite and the sum of the 

00 /M 

series S —, r is finite. This limit is known as Euler's constant, and we 

»=i w(n+a?) 

shall denote it by 7. Its numerical value is 

0-5772157.... 

fix ) 

Thus Limit H -f-o+--+ log(w+ 1)(- =7, 

m=ao { I m ) 



z 



1 CC gt', 

and so V{z)^-e-^^\l 



n 



or 



h,-'^Kl'*'¥\ 



This form (due to Weierstrass) shews that Trr\ is a regular function of z 
for all values of z. 

Example 1. Prove that 

1^(1)= -y, 

where y is Euler's constant. 

For differentiating logarithmically the equation 

r-fe-i((-9'--)' 

and putting z=l after the differentiations have been |)erformed, we have 

-r'(i)=i+v+i(„-l-^-l), 

or 1^(1)- -y. 

Example 2. Shew that 

and hence that Euler's constant y is given by 

I 

' Jo i 

Example 3. Shew that the infinite product 

n (\ — ^\e^ 
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has the value 

riz-x-^i)' 



For Sfi-^),i= fi !^±iZL%n 

»=! \ t+nj n=i n-^z 



= n ^ '—^ — 

""* {n+z)e'n 






»— « 



It 



The numerator of this expression is Weierstrass' form of 

1 

and the denominator is 

1 



ze'^'riz) 
Therefore the given expression has the value 

e'^zT (z) 



{z—x)r{z—x)' 

96. The difference-equation satisfied by the Gamnia-function, 

We shall now shew that the function F (z) satisfies the diflFerence- 
equation 

r(z + i) = zr(z). 

We have 

1 * ^ ^ "^ W j 

n 

l\^?i + 1 



JL « V^nl n 



^ + 1 n = l 71 + -^ + 1 



n 



i.ir .(..ly 



1 " \ nJ 

n- — —= n 



«+ 1 ?l 

= zT (z). 
This is one of the most characteristic properties of the Gamma-function. 
It follows that if ^ is a positive integer, we have 

r(z) = (z-i)\ 
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Example, Prove that 

1 1 1 

+ ... 



r 

For consider the quantity 



r(z+i) r(«+2) "r(2+3) 
-1 /1-1J_ + IJL-.1_1 + I 



1 1 1 

«^(«+l)'^«(2+l)(«+2) ■*■•••• 



This can be expressed as the sum of a number of partial fractions, in the form 

z z-\-l «+n 

To find the coefficients a, multiply by («+n) and put z^ -n; we thus obtain 

1 f, 1 1 1 1 (-)*g 

'^~(-l)»«!t^'^l'^r:2"*'l.2.3"*"-j" n\ ' 

Therefore 

11, 1 , a 1_ . 1 1 

z'^z(z+l)'^z(zi-l){z-\-2y'"^^\z (■«+l)l!'^(«+2)2! -J* 

But 

1 r(g4-n-fl) 

«(«+'l)...(«+n)" T(z) ' 

whence the required result follows. 

96. Evaluation of a general class of infinite products. 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 

n ttn, 

where t/^ is any rational function of its index n. 

For resolving u^ into its factors with respect to w, we can write the infinite 
product in the form 

(n — Oi) (n — a,) . . . (n — a^)' 



n 



(n — 6i) ... {n — bi) 



In order that this product may converge, it is clearly necessary that the 
number of factors in the numerator may be the same as the number of 
fieu^tors in the denominator; for otherwise the general term of the product 
would not tend to the value unity as n tends to infinity. 

w. A. 12 
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We have therefore A: = /. and can write (denoting the product by P) 
For large values of w, this general term can be expanded in the form 

(-?)-('-?)(-tr-('-r'' 

or 1 + terms m -;:+.... 

n n' 

In order that the infinite product may be absolutely convergent, it is 
therefore further necessary that 

« 1 + . . . + a* — 6i — . . . — 6* = 0. 

We can therefore introduce a fector 

flj + . . . + ajk — 6i - ... — hit 

e "^ 

in the general term of the product, without altering its value ; and we thus 
have 

Therefore p JlFiz^A^A^z}.^ . ..KT{-K ) 

a,r(-a,)... atr(-at) 

a formula which expresses the general infinite product P in terms of the 
Gam ma-function. 



Examfl* 1. Prove that 



•=" »(a+j>+«) _r(a+J^)r(6+l) 
." (o +*)(*+«) ~ r (a + h +1 ) • 



Example 2. Shew that 

*(i-f)(i-j)--{-r(-*^)r(-a:pi)...r(-a"->4*)}-', 



where 

2»r . . 2ir 

a=C08 t-tsin — . 

n n 
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97. Connexion between the Oamma-function and the circular functions. 

We now proceed to establish another of the characteristic properties of 
the Gamma-function, expressed by the equation 



r(z)r(i-z) = :. 



IT 



9unrz 
We have 



1 



00 



r (z) r (1 - «) = ,, . n 



i^^T" 



-8r(l-z)„«i /- . ^N/i . 1--^ 



('<-)(>-^) 



1 • n-hl 



Z{l-Z)n^l 



1 • 

n 



Z{l-Z) n^i 



= i n 



(i+g(»+i-.) 

Kite) 



'■(-a 



TT 



SID TT^ 

which is the result stated. 



Corollary, If we assign to z the special value g, this formula gives 

{rQ)P=..orr(l) = .*. 

98. 2V<e multiplication'theorem of Gauss and Legendre, 
We shall next obtain the result 



i»-i 



r(z)r {z + D r (^+?) ... r (^+^) = r (nz)(2,r) * «»-«. 

w^r (^) r f^ + -V.. r f^ + — -^"j 

«'«+«r (^ -h 1) r f^ + 1 + -) ... r f^-h 1 + — ^ 

Then <t>{z-\-l) = 



nV {nz + n) 
(wz + 71-1) (»?ir + n — 2) ... (nz) 



<^(z) 



12—2 
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It follows from this that ^ (^) is a one-valued function of z, with the period 
unity ; and <f> {z) has no singularities when the real part of ^ is positive, since 

=r} — \ is everywhere regular ; it has therefore no singularity for any value 

of Zy and so by Liouville s theorem (§ 47) it is a constant. 

Thus ^ {z) is equal to the value which it has when z = -\ which gives. 
Therefore ^^ {r (1) T (l - 1) j |r (?) V (l - ?)} 

(by § 97) ,^' ,. = (2->!l' . 



Thus 







7r»-' 








. IT . 

sin - sm 
n 


2ir 

- ...sin 

n 


in 


-l)7r 
n 


<!>{') = 


n-\ 

(27r) * 









or 



r(^)rf-^+^V..r(^+'?— !^) = r(nz)n*-««(27r) * . 



Example, If 
shew that 

99. Expansions for the logarithmic derivates of the Oamma-function. 
We have 

{r (z + i)i-> = ^n (i 4- 2 «"". 

Differentiating logarithmically, this gives 

dlogr(2r + l) _ f J 1^ 1 1 

Also 

log r (2: + 1) = log 2: + log r (z), 

so 

^iogr(. + i)=l + ^iogr(.). 
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Therefore 



1 d { z j_ \ 

z^'^ dz\x{z^\)'^t{z + 2) ■*■•••) 



1 1 J 

"^■*'(^+l)«"*'(^ + 2)«^-- 

These expansions are occasionally used in applications of the theory. 

100. Heine* 8 expression of T{z) as a contour integral. 

It has long been recoj^^nised that the Gamma-function is intimately 
connected with the theory of a large and important group of definite integrals ; 
and in fact the function has frequently been defined by means of a definite 
integral. We now proceed to consider various definite integrals in this 
connexion, the most general of which is due to Heine and can be obtained 
in the following way. 

We have /_ ly 

1 • V my 

r(z) = in-i — ^. 

m 

1 ^ vn. 

Now if we express - 11 in partial fractions, we obtain 

i n -^- = i (-ir "' ^ 



-^^w-si-s^ + w m-0 tn ! (n — m)! -? + m* 

Consider now the function 

(- ^)-'. 

This, when a is a complex quantity, may be defined as being equiva- 



lent to 



-(*-l)lof(-«) 



Now the logarithmic function is many-valued, since the value of the 
function log (— x) is increased or decreased by 2in when the variable x describes 
a simple circuit round the point ic = 0. In oi*der that the function (— xY~^ 
may have a unique value, we have therefore to select one of the different 
determinations of log (—a:): and this may be done in the following way. 

We first make the sitipulation that the variable x is not to cross the real 
axis at any point on the positive side of the origin ; this prevents x from 
making circuits round the origin, and so makes each of the determinations of 
log (— x) a single-valued function. Then we select, from these determinations, 
that one which makes log (— x) real when a? is a real negative quantity. The 
value of log (— x) being thus uniquely defined for every value of x, it follows 
that the value of (— a?)*~* is likewise uniquely defined. 
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With these presuppositions, if C be any simple contour enclosing the origin 
and cutting the real axis in the point or = 1, we have clearly 

Jc Lc«J aa a 

Therefore 

(i + -Y 

m 
Writing y = wa? in this equality, we obtain 

1 n ill^ = ' (l + 1)7 (- y^' f 1 - ^)" dy. 

-8^m=i ^ £ 2sin7r2rV n) Jd' ^^ \ nj ^' 
m 

where D denotes any simple contour in the plane of the complex variable y, 
enclosing the point y = 0, and cutting the real axis in the point y^n. If 
now we make n increase without limit, we have 



r (z) = ^ — f (- yy-^e-ydy, 
^ ^ 2 sm irzj ^ ^^ ^ 



where the integral is taken along a curve commencing at positive infinity, 
circulating round the origin in the counter-clockwise direction, and returning 
to positive infinity again ; and in the integrand we must take (— yY"^ as 
equivalent to e<«-«»o*f (-v), where the real value of log (— y) is to be taken when 
y is negative, and the logarithm is rendered one-valued by the stipulation 
that the variable is not to cross the real axis at any point on the positive side 
of the origin. 

Since 

^ ^ sm TT^r 

this result can be written in the form 



fc.= 9~f(-y)"'^"^^y- 



r(^) 27r 

This theorem is valid for all values of z — in contrast to that found in the 
next article, which is true only for restricted values of the variable. 

ExampU 1. Bourguefs expremon»for the Oamma-function, 
By a slight extension of the above proof, it is seen that 
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where the path of integration is restricted only to contain the origin and to be extended 
indefinitely at both ends in the direction of the negative part of the real axis ; the 
contour need not be closed. 

Take then as contom* two lines inclined at an angle a to the axis of x, passing through 
the origin, and a small circle round the origin. The integral round the small circle is zero 
when z has its real part comprised between and 1. The integration along the two 
lines gives the result 

^W = ;j;r7- rp'""V«**sin(psina+za)c?p, 

olU ZIT J 

which can be written in the form 

This formula is tnie for all values of a which are not less than — . Taking a equal to 

At 

n, we have the result 

Example 2. By taking for contour of integration a parabola with the origin as focus, 
shew that 

r (^)- 6«-r •— I «"**' 0- +^)«-* cos[(2z- 1) tan-i x+xl dx, (Bourguet) 
2S sm Zir J 

101. Expression of T (z) as a definite integral, whose path of integration 
is real. 

We have, by the result of the preceding article, 

r {z) = ~ — [ e-y+ «^-» 1^ <-y) dy. 

Take a path ABODE, commencing at the positive infinitely distant 
extremity of the real axis (which considered as initial point we denote by A), 
proceedintr close to the real axis until it arrives at the neighbourhood of the 
origin, describing a small circle BCD round the origin, and returning, close 
to the real axis, to positive infinity again (which, considered as terminal 
point, we denote by E). With the conventions that have been made, the 
integral along the part AB of the path becomes 



I g-y+(r-l)logy-iir(2-i)^y^ 



2 sin TTZ 
in which log y is supposed to have its real determination. 

The part of the integral due to the small circle BCD is easily seen to be 
zero if the real part of z is positive. For the part of the integral due to DC, 
we have 



i r* 

2 sin TTZ Jo ^ 
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Thus 

r (z) = ^^ . ^ e-^^'^ '^ydy, 

2s\jnrz Jq ^ 



or 



Jo 

This integral is called the EuUrian Integral of the Second Kind. It is 
frequent] J given as the definition of the Gamma-function : but for this 
purpose it is unsuited, since the integral exists only when the real part of z 
is positive. 

Example 1. Prove that when z is positive 

rW-/;(logl)'-'<ir. 

Example 2. Prove that 
Example 3. Prove that 

102. Extension of the definite-integral expression to the case in tMch the 
argument of the Gamma-function is negative. 

The formula of the last article is no longer applicable when the argument 
z is negative. Saalschlitz has shewn however that, for negative arguments, 
an analogous theorem exists. This can be obtained in the following way. 

C<»isider the function 

^^(z)=f jr'-»(e-'-l+x-|^,^... + (-l>^'pjdr, 

where x is a n^pitive number lying between the negative integers — k and 
By partial integration we have, when z < — 1, 

r.^.)=[^(e-^-i+x-|;+...+(-i>-'i;j]_ 

+ -\ Jf e-'-l-x-... + (-l)^ . .. ]dx. 

Z .\ V (*— IK/ 
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The terms in the left-hand member which are not under the integral sign 
vanish, since (z + k) is negative and (z + k-k-l) ia positive : so we have 

ri(^) = ^r,(^+i). 

The same proof applies when z lies between and — 1, and leads to the 
result 

r (z+ 1) = zT, (z) (0 >z > - 1). 

The last equation shews that, between the. values and — 1 of 2^, 

r,(*)-r(*). 

The preceding equation then shews that Fi (z) is the same as F (z) for all 
negative values of z less than — 1. Thus for all negative values of z, we have 
Saalschtitz's result 

rW=|V>(e--l+a:-|, + ...+(-l)»«^)(ir, 
where k is the integer next less than — z. 

Example, If a function P (ft) be such that for positive values of /i we have 

P0*)= I V-itf-'cLr, 
and if for negative values of fi we define Pj (ji) bj the equation 

Pi (m)-JV-i («-«-! +47- ... +(-l)»+i|^)rfa;, 

where k is the integer next less than - fi, shew that 

A(M)=PW--;+nor+r)-"-+(-»)*-'*T(^- (s^^t.) 

103. Gauss' expression of the logarithmic derivate of the Oamrnarfanction 
as a definite integral. 

We shall next express the function ;7-logF(2:) as a definite integral, where 
z is supposed to be a positive real quantity. 

1 r* 

We have - = / 6"** da?. 

8 Jo 

Therefore loc: « = | - d« = / dx. 

^ Jl8 Jo « 
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Thus we have 



Jo ^ Jo Jo X 



= 1 —{«"*/ e-^s^'ds-j e-^-^'s^^dsL 



This equation is due to Dirichlet. 

Writing 1 +x = ^ in the second term of the integral, and a? = ^ in the 
first term, we have 

^logr(.)=j^^=J^(--^-^)de, 

which is Gauss' expression of -r- log r(^) as a definite integral. 

Example 1. Prove that 

^ dt. (Gauas.) 






Example 2. Prove that 

5^1ogrW=log..--j^A,[^27(F+^^ 

104. Binefs expression of log T {z) in terms of a definite integral, 

Binet* has given an expression for log T{z\ which is of great importance 
as shewing the way in which log F {z) increases as z becomes very large ; his 
result will be used later in the derivation of the asymptotic expansion 
of r {z). 

We have by the last article {z being supposed real and positive) 



^-/:(?-.c.)<*^ 



Viz) 

r 



changing 2^ to z+ 1, we have 

^iogr(..i)=r(^-;il)rf^ 



Now 



II ^^'=\' 



Journal de Vic. PolyL xvi. (1839). pp. 123—343. 
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and 
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/, 






-«-«*) 



'( dt ('er^dy 
Jo Jo 

Jo y 

= log z. 



Therefore 



d 1 r* f e-^ «-* 

^^iogr(.+i)4^^-iog.+/^de{---^- 



=i+iog*-/ 






'U 



e«-l 



.-te 



f 



d^ 



or 



Integrate for z between the limits 1 and z \ so 

logr(^+l) = |log^ + ^(log^-l)+|^ j_.L^-l + ^ 

The first of these integrals can be otherwise expressed in the following 



way. 



We have* 



1 1 I _ r Biu{tu)du 
-l"^2 t Jo e2«»-l • 



Multiplying both sides of this equation by er^ dt and integrating with 
respect to t from zero to infinity, we have 

sin (tu) du 
^^-l 



/>*(?^. + -2-j)-2/>*/; 



= ^/.V 



udu 



+p«)(e2»«»-l)- 



Integrating this equation from p^ztop=:x>,we have 



#• 



['?M7'-^^l-\H 



tan" 



• © 



dt 



e^^l 



.(2). 



* A proof of this equation can be found by making k infinite in the equation 
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Thus equation (1) becomes 



-> n^u« 



logr 






^-fA^.-W^T- <«>• 



Now write i^^ in equation (1): since 



obtain 



o'og 



ra)-.. 

1 f " f 1 1 1) e-** ., 

-j. {inn -7 + 2: T*- 



Write 3 for f in the last integral Thus 



or 



O = llog 



2 .'♦ V-1 <*'-l^t < • 



-^/ 



( - 1 e^^ dt 



^^« — r + 



t » f 



Adding this to equation ^3). we obtain 



1 



logrv*>« --^ logj--r-2 



Ml 



♦ 



tan-» - dm 

\M 1 , 1 






^ ^ ••••••*••••*• *\ «■ ^ 



The last integral is 



or 



«' 



.1. 


A 1 ^ tf-* 


r 


■ » 






n 


IvVxir. 




1 







* I^:i> tftt&M a> Aw V PttJ^sfdwiai. MA:.i 



.« 
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1, 11 
or -2^082-2- 

Substituting this in equation (4), we obtain 

00 

#1*. \ 

du 
e*'« - 1 



, 1 rtan-»(- 

logr(r)-(z-^)log*-z + ilog(2,r) + 2J —^ 



This is Binet's formula for log r{z); as ^ increases indefinitely, the last 
integral diminishes indefinitely, and so the remaining terms furnish an. 
approximate expression for log F (z) when z is large. 

Example. Prove that 

logr(«) = (z-i)log«-«+ilog(2ir) + J(«), 
where J (z) is given by the absolutely convergent series 

•^ W"i |^\ + 2 («-Hl)(«+2')"*' 3 (z+1) (2 + 2) (;r+3) "*"•••/' 

in which 

^i = J> ^^iy ^8™6o> ^4"'Tnr> 
and generally 

Cn=j\x-\'l){x-{'2)„.{x+n-l)(2x-l)xdx. (Binet.) 

106. The Eulerian Integral of the First Kind, 

The name Eulerian Integral of the First Kind was given by Binet to the 
integral 

B (p, 3) = f xP-' (1 - x)^' dx, 
Jo 

which was first studied by Euler and Legendre. In this integral, the real 
parts of p and q are supposed to be positive ; and x^^^, (1 — x)^^ are to be 
understood to mean those values of e<p-i)i<«» and e<^'>**^<*~*> which correspond 
to the real determinations of the logarithms. 

With these stipulations, it is easily seen that the integral exists, since the 
infinity of the integrand is of less than the first order at the two extremities- 
of the path of integration. 

We have, on writing (I - x) for x, 

B {p. q) = B (q. p). 

Alsu 

Tari^' (1 - x)« da: = r fl<i:i5)''j + 1 j x" {I - x)i-' dx. 



or 



B(p,q-\-\)^^B{p + \,q). 
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Also 

B(p,q)=[ xP-^ (I - x)9-^ dx ^ [ {I " X + x)xJ^' {1 - x)9-' dx 

Jo Jo 

Combining these results we obtain the formula 



Sip.q + l)'-^B(p.q). 



p + q 
Example 1. Prove that if n is a positive integer, 

5(/), 71 + 1)-- 



Example 2. Prove that 

106. Expression of the Evlerian Integral of the first kind in terms of 
the Gamma-function, 

We shall now establish the important theorem 

^^"*'"^- r(m+n) • 
To prove this, we have 

/•OO /•OO 

r (m) T (n) = I e-*a."^'-ida7 x I e-yy'*-^ dy 

^ Jo Jo 

(writing a^ for x, and y' for y) 

Jo Jo 



= 4 1 / e'^'^-^y^^aP^^y'^'^dxdy 

J J 



(writing r cos ^ for ar, and r sin ^ for y) 

n 

= 4 1 f e-'*r2<'»+'»)-» cos^-i ^ sin*^i 5 dr dd 

Jo Jo 

=^r(m-^n)2j cos^-i sin*"-^ ^ d0 

(putting cos' 5 = w) = r (m + n) -B (m, w). 

This result connects the Eulerian Integral of the first kind with the 
Gamma-function. 
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Example. Prove that 

(Cambridge Mathematical Tripas, Part I., 1894.) 

107. Evaltuition of trigonometrical integrals in terms of the Oam,ma- 
function. 

We can now evaluate the integral 



/, 



2 

cos"*"' X sin*"^ X dXf 





where m and n are not restricted to be integral, but have their real parts 
positive. 

For writing sin' x^t, we have 



ir 



f* 1 r^ "*-i --1 

I cos^''^x8iu^''^xdx=^- I {l-ty t* 
Jo ^Jo 

==2^12' 2J 



dt 



The well-known elementary formulae for the case in which m and n are 
integers can be at once derived from this 

Example. Prove that when | Xr , < 1, 

f* COS" e sin" ede^ V 2 / V 2 y /■» COS"* »3de 

jo -(r->8iu»d»)r- ^,-^/^„_+l\ i«(7_^8i„,tf)"-±i' 

(Trinity College Examination, 1898.) 

108. Dirichlet*s multiple integrals. 
We shall now shew how the integral 

may be reduced to a simple integral, where / is an arbitrarj' function of 
its argument, and the integration is extended over all the systems of 
positive values of the variables ar, y, z, which satisfy the inequality 
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Then the integral takes the form 

where the integration is now taken over all the systems of positive values of 
the variables x^.yuZn which satisfy the inequality 

^i+yi + ^i^i. 



Now let /i = a^ +yi + ^1 - f = 0, 




• 


/2=yi +-2^1-^17 = 0, 






/.= ^i~fi?r=o 






be three equations defining new variables f, rj, ^. 






; -1 










1 
1 




1 
1 








1 



=fv 



The field of integration is clearly such that the new variables ^, tf, ^, each 
vary from to 1. 

Thus 



^ ^ "aX^ \'SJj^^^ f''.+«.+'.-' (1 - ,)!'.->,«.+'.-« (1 - {:)«.-r'-'df rf,rff 



Jo 



a/3y 



f^ + ^ + - 



The multiple integral is reduced to a simple integral. 

It is easily seen that this method of evaluation can be applied to multiple 
integrals of a similar form in any number of variables. 
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Example 1 . Shew that the moment of inertia of a homogeneoiis ellipsoid of unit density, 
taken about the axis of t^ is 

-|(a«+6«)ira6c, 

where a, &, c are the semi-axes. 

Example 2. Shew that the area of the epicycloid jr +y*=^ is fir/*. 

Note, Dirichlet's integrals can also be evaluated by performing on the vaiiables the 
substitution 

Xj-sr* sin* $1 sin* ^j, 

yi = r* sin* B^ cos* B^^ 

«i«=r*oos*^i, 

leading to the same result as above ; in the case of an integral with n variables the 
corresponding substitution would be 

Xy^mmf^ sin* $1 sin* B^ ••• sin* ^»_ i , etc. 

109. The asymptotic expansion of the logarithm of the Oamma-fundiioiti 
{Stirling's series). 

We now proceed to find an expansion which asymptotically (§ 88) 
represents the function logr(2r), and is actually used in the calculation of 
the Qamma-function. 

For simplicity, we shall consider only real positive values of the argument 
z. For a proof and discussion of the expansion when z has complex values 
the student is referred to a memoir by Stieltjes*. 

From Binet's expression for log T (z) (§ 104), we have 

logr(^) = (^-i)log^-^ + ^log(29r)+0(A 



tan"^ - ax 
where ^(^) = 2/ ^^^ 






Now tan ^- = --3-+^--... 

(--_l)»*-> sd^^ {-\Y f' t^dt 
^(2n-l)?''-^^ 2^^' Jo t^-^-z* 

Substituting this in the integral, and remembering that 

a?**-^ dx Bn 



/ 



e*^ — 1 4n ' 



* Liowille'i Journal (4), v. pp. 425-444 (1889). 
W. A. IS 
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where B^, B^, ... are the Bernoullian numbers, we have 

» (-!)'-£, 1 2(-l)» r (Lc t'^dt 
^^*^~,=i 2r(2r-l).«»^> ^^, Jo C"- 1 Jo «' + «'" 

Let us now find approximately the magnitude of the last term when z is 
very large. 

The quantity J ___^ j _ ^, 



is less than 



or 



{2n + l)z*jQ e^-l 



B 



or 



n+i 



4(n4-l)(2n+l)2ra- 

If now any value of n be taken, it is clear that this quantity can be 
made as small as we please by taking z sufficiently large. 

It follows that the quantity 



' r ^^ " r?, 2r (2,^iy^^'} 



can be made as small as we please by taking a sufficiently large value 
for z ; and therefore (§ 88) the series 

Bi _ B^ 5, 



Irl.z 3.4.^ ' 5.6.2^ 

is the asymptotic expansion of the function {z) for large real positive 
values of z. 

We see therefore that the series 

(.-^)log...+^'^^(2">^?,k(2^^ 

is the asymptotic expansion of the function logr(^) for large real positive 
values of z. This is generally known as Stirling's series, 

110. Asymptotic expansion of the Oamnia-function. 

Forming the exponentials of both members of the equation just found, 
we have 

» D » 
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or 

B B* 

where Ci = j~~ , C, = ^ , etc. 

Substituting the numerical values of the Bemoullian numbers, the 
formula becomes 

r (^) = e-V-^ (27r)i |l + — ^ + 2"^^^ - ^^^j2^ - -^ 

This is the asymptotic expansion of the Oamma-function, In conjunction 
with the formula F (1 + 2^) = -^F (z), it is very useful for the purpose of com- 
puting the numerical value of the function. 

Tables of the function log r (2), correct to 12 decimal places, for values of z between 
1 and 2, were constructed in this way by Legendre, and published in his ExtrdoM de 
Calad IntSgraly Tome 11. p. 85, in 1817. 



Miscellaneous Examples. 



1. Shew that 



,...,(„i)(,..)(..i)....__^. 

(Trinity College Examination, 1897.) 
2. If (r» be the sum of the n first terms of a divergent series 



- + - + - + ..., 

«! «2 ^S 

shew that the series 



ajo-i c^o", Ojo-, 
is divergent. 

If the squares of the terms of the latter series form a convergent series, shew that a 
function 6^ (1 +2) can be defined by the equation 



(;(l+r)= Limit 



trJ 



and shew that 

where e is a constant. (Ceearo.) 

13—2 
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3. Prove that 

rflog 



dz Jo !-«-• ' 



-f'{(i+")--a+«)-}T-y' 

Jo a 

where y is Eider's constant. 

4. Prove that 

r (z) = Limit n'B («, n). 

5. Prove that 

»/.^ . N 1 /••co8h(2ru)rftt 

6. Prove that, when q>l, 

B{P, ?)+^(p+l, j)+5(p+2, j)+...-5(/?, 9-1). 

7. Prove that 

8. Prove that 

B{p, q)B(j>+q, r)^B{q, r)B(q + r,p), (Euler.) 

9. Prove that 

log T (z) = (I - z) log w +y a -z)-'^ log Bin tir-i — 2 — ^ — sin Siun*. 

(Kummer.) 

10. Prove that 

w 

JJcoeP*.-»«co8 (;,-y)«d„-^-^--^_;^-.__. (Cauchy.) 



11. Prove that 



HBiP.,,.>o,{^)*pi0^.^. (E.I«.) 



18. Prove that 



p,- -■.x_ -g(P.P) f, , «(»-l) , «(«-l)(«-2)(»-3) 1 .g. . 



13. Prove that 



(;'+i)~lP 4p(p+l)^2.4«.^0> + l)(p+2) + -; • 



14 Prove that 



fr(p+i)l« 2£-if 1 , 13' , 1 

I rO») j 2 r + 2(2p+l)^2.4.(2p+3)(2p+6)^-/ 
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15. Prove that 

(Binet) 
la Prove that 

where y is Baler's constant. (Legendre.) 

17. Prove that 

B(p,p)B(p+i,p+i)=:-^. (Binet.) 



18. If 



shew that 



j logr(«)£&-ti, 



du , 

and hence (or otherwise) that 

u=4?logar— ar+Jlog2tr. (Raabe.) 

19. Prove that, for all values of z except negative real values, 

dx sin 2nirx 



logrW=(z-i)log;?-5+ilog(2ir)+ I l*^ 



z nir 



(Bourguet) 



20. Prove that 



,^^ V{a + l)T(a + b+c+l) f '^-(l-f^Ki-f!)^^ 

^^r(a+6+i)r(a+c+i)"jo M — M 1 



(l-4?)l0g- 



21. Prove that 



ri ^-i,^-i ^ ^V 2 )^(2) 



(Kummer.) 



22. Prove that 



r(a+fe+i)r(a+c+i)r(6-hc+i) r Hi-^)a'^)(i'^) ^^ 
*''^r(a+i)r(6+i)r(c+i)r(a+6-i-c+i)";o ,, m i 



(l-^)log- 

4? 



23. When a? is positive, shew that 



- r(a:) • 2n! 1 



V;;_i^^, - i 



r(^+i) «-o2*».n! »Ia?+n' 

(Cambridge Mathematical Tripos, Part I, 1897.) 

24. If a is positive, shew that 

r(i)r(a + l) ^ • (-l)»>a(a-l)(a-2)...(a.rn) 1 
r(«+«) »»o n\ z + n' 
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25. Shew that 

«r 

26. The curve r^=2<"'~^coem^ is composed of m equal closed loops. Shew that the 
length of the arc of half of one of the loops is 

«r 
1 f' i-l 

2^"*.—. I (cos4?V <£r, 
m Jo 

and hence that the total perimeter of the curve is 

27. Prove that 

logr(«)=(*-i)log«-«+ilog(2ir) 



28. Prove that 



29. Prove that 






30. Pn)ve that 

a- a* 



log r («+a)=log r («)+a logz - 



2« 



r a(l-a)<ia- | a(l-a)<ia 

2«(«+l) 

ra(l-a)(2-a)<ia- pa(l-a)(2-a) cfot 
3«(«+l)(^+2) 



31. Prove that 



32. Prove that 
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and p' — /?* + q* +pq, 

33. Expand 

{r(a)}-i 

as a series of ascending powers of a. 

(Various evaluations of the coefficients in this expansion have been given by Bourguet, 
Bull, des ScL Math. v. (1881), p. 43 ; Bourguet, Acta Math. ii. (1883), p. 261 ; Schl5miloh» 
Zeit9chrift fiir Math. xxv. (1880), pp. 36, 361.) 

34. Shew that 

r(m+l) 



and 

where 
36. If 



/ d:^tf~*«cos6j?cir— oos{(m + l)(ir-^)} 

j d:^tf-«*sin6j?cKa?=sin{(m + l)(ir-^)} 
Jo 



r(m+ i) 

-a+W=r(oos0+*8in^). 



P{x)=l\-'i^^€U, 



shew that 



and 



P(jF+l)-4?P(^)-i. 





36. Prove that 



^} YJ^Jlf) ^ . a?(ar-l) , x(j?-l)(j?-2) 
dz^ T{t) "« *«(2+l)'^* «(«+l)(z+2) "^ 

37. If a is negative, and if 

a—-i'+a, 

where v is an int^er and a is positive, shew that 






r_(*) r (a) 
r 



where 



^_(-l)'»(a-l)(a-2)...(a-n)^^_^^^ 

•T + tl 



200 TRANSCENDENTAL FUNCTIONS. [CHAP. IX. 

38. When - oo < a < 1, shew that 



T{a) „-i jp+n Hal or - a- n* 

whepe 

^ (-l)*a(a-hl).»(g-hn-l) 

^^ nl 

39. When a > 1, and i/ and a are respectively the int^^ and fraotional parts of 
ct, shew that 



where 



r(a) ».! x-^n n^i x—a-n 

''<-)-('-f)('-.-fT)-('-i?fr-,) 



and 

(-l)«a(a + l)...(a+»-l) 



40. If Pi, p2) ••• py '^^ ^^® roots of the equation 

p^ + aip^-^ + .-. + ar-O, 

shew that 



00 /•/ ^ ^ X* \ _^) 



.rcD-.Xj^^^j 



T {z- p^x)T {z- p^) ...T {z- p^y 

« 

41. If a and h are real and positive, prove that 

r r «-i- V-»tt«-*-»rfi*rfv-r (a) r (6). 

42. By taking as contour of integration a parabola with its vertex at the origin, derive 
from the formula 

r(a) = o^-^ l^z^-^dz 

^ ' 2tsmair^ 

the result 

^(''^"sii^/o*^"'*'^"'^^ "*''^)^ [3sin{a? + acot-i(-:i')} 

+ sin {x + (a - 2) cot""* ( - 4?)}] etc. 

(Bourguot) 

43. Prove that, when 1 < « < 2, 

and when < « < 1, 



sin bx . _ 6'"* w 
^" 2r(7) . nz' 



jo Ji^ 2r(«) JS* 



cos- 
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44. Shew that 

«r 






46. If 



U^ 



m 
2« 



and 



(-1) 



r- 



• 

2« 



and if a function F(x) be defined by the equation 

shew (1) that F(x) satisfieB the equation 

(2) that for all positive integral values of Xy 

F{x)^V{x\ 

(3) that F{x) is regular for all finite values of x^ 

(4) that 



r 



(-»• 



46, Prove that the function O (x\ defined by the equation 

(7(ar+l)-(2tr)«e « » n U+lj «« , 

has the properties expressed by the equations 

G{xAr\)^V{x)0{x\ 
(?(!) = !, 

log ^^ ' wz I )r^cotir^*(tr-a;log2fr, 

(«+i)-i- {r(n+i)}.- n^^J. 

(Alexerewsky.) 

47. If « is a positive quantity (not necessarily integral), and 2 is a real quantity 
between - 5- and - , shew that 



cos* 



1 r(«+i) r, < « <(«-2) ^ . 1 



and draw graphs of the series and of the function oos*f. 
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48. Obtain the expansion 



and find the values of x for which it is applicable. 
49. Prove that 



(Cauchy.) 






.-at^- 



"^s^-^dx. 



60. If 






where i x | < 1 and the real part of iT is positive, shew that 

and 

Limit (l-x)>-«f («, x)=r (1 -«). 

61. If Xy Wy and « be real, and < ir < 1, and s>l, and if 



shew that 



and 



,H»(v+n)-' 



0(.r,x,l-*) = ^^J ^'' I. (Lerch.) 



62. If 
shew that 

(1) 



^<*)-rTr)/ 



00 1 






(3) r (1) ,-'f f (.) = r (^-^*) ,4-' f (1 - ,). 

S3. Let the function 4^(x) be defined by the equation 



(-l)'«W(x). 



J n(i-e-<^) 



where < is an integer ^ m, the function x (') ^ defined by the equation 



x(')= s 






and the quantities ay are constants whose real part is positive. 
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Shew that 0(') (;r) can be expressed by the series 

^W(a?)=2/W(4?+ir); 
where w^m^Xpapf 

and where 

Shew also that ^W (x) aatbfies the functional equation 

Shew further that when ;^(0->1» 0(')(4?) becomes a function ^')(47), which has the 
multiplication-theorem 

where all the quantities X vary from to (n - 1). 

(Pincherle.) 

64. If 

where 

(n\ n ! 

shew that 



and that 



/ ,^ ,, „. Viy)T(y-x+n)V(x+v)T(v+n) 






r (y) r (:f+ v) 



(y-jr-l)r(-n)r(ar+l)r(y+v+n-l)* 

(Saalschiitz.) 



CHAPTER X. 
Legendre Functions. 

111. Definition of Legendre polynomials. 
The expression (1 - 2** + A»)-* 

can, when ' h is sufficiently small, be expanded by the multinomial theorem 
as a series of ascending powers of A, in the form 

where Pi (r) = z, 

^»(^) = — 2 — • 

The expressions Pi(z), Pt(z) ^..^ which are clearly all polynomials in s, 
are known as Legendre polynomials, P. (z) is called the Legendre polynomial 
of order n. 



It will appear later (§ 116) that these polynomials are particalar caaee of a more 
ezteDded class of fmictioQa, known as Legemdre fmnction*. 



EkJMPmpU 1. Pro\-e that 






(Cambridge Mathematical Tripos, Part II, 1883.) 
Let ^ be an angle sudi that 



Then 



a-2Aoosl?+A«^-* = ^. 

_c«ostf-A 
"~ sini? 

wcotc^-Acosec A 
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Therefore by Taylor's theorem we have 

. ^ « ( - A cosec ^)» c^ (sin B) 
n n! rf(cot^)*' 

or 

^ . ' n n\ a (cot Br 

Equating coefficients of A*^, we obtain the required result. 

Example 2. Shew that 



For 



/>*-©'■ 



Therefore 



Thus 



I *.P.(X).. ^-/^J.-^-^" ( - 1)" e- ^>. 



whence the result follows. 



Example 3. By equating coefficients of powers of h in the expansion 



shew that 



""^^^''^-^-"tiZ^ 



112. Schldfli'8 integral for Pn{z). 

Let A be any quantity which is not greater than the radius of convergence 
of the series 2 h^Pn{z). 

Then (1 — 2^A + A')"* can be expanded as the series 

But (1 - 22:A + A')~* is the residue, at the pole 

1 (1 - izh + /t')* 
^"A" h 

of the function — 2A"^ 1 { ^ "" l) Ij \ • 
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Now the last expression has two poles, namely at the points 

1 (1 - 2zh + A')* 
^"A h 

and , = U(lZL?^!)*. 

h h 

When h is very small, the former of these poles is close to the point 
t^z^ while the seeond pole is in the infinitely distant part of the plane. 
Therefore, if C be a contour in the ^-plane, including the point z, the former 
pole only is contained within C when h is not large, and so we have 

• 1 r —2 

Equating coeGBcients of A", we have the result 

which is called Schldflis integral-formula for the Legendre polynomials*. 

113. Rodriguea' formula for the Legendre polynomials. 
From Schlafli's integral 






dt 



we immediately deduce, by the theorem of § 38, the result 

which is called Rodrigues formula, 

114. Legendre*8 differential equation. 

We shall now prove that the function y — Pn (^) is a solution of the 
differential equation 

which is called Legendre' a differential equation of order n, 

% 

• Schlafli, Ueber die beid€n Heine*8ehen Kugelfunctionen ; Bern, 1881. 
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For on substituting Schlafli's integral, we have 
(l_^)^5^_2.^^ + „(„ + l)P„(.) 



das' 



dz 



^''^i^j Ana-2U -(^ + ^)(^-^) + ^(^+^)Ht-^)} 






_(n+l) f d f (t'-l) 






and this integral is zero, since the function (<' — l)"*' (t — ^)~""* resumes its 
original value after describing the contour C. The Legendre polynomial 
therefore satisfies the differential equation. 

The differential equation can clearly be written in the alternative form 

116. The integral-properties of the Legendre polynomials. 
We shall now shew that 



and that 



j'p„,{z)Pn(z)dz = 0, 



if m and n are positive integers and m is not equal to n. 
For since ^ {(* " '') '^^l + n (» + 1) P„ = 0. 

+ (yyi - n) (m + n - 1) I P„»Pnd^ = 0. 

. — I 

Integrating by parts, this equation gives 
which shews that the integral 

fPn,(z)Pn(z)dz 

has the value zero when m is not equal to n. 
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To establish the second part of the theorem, let the equation 

be squared, and the resulting equation integrated between the limits — 1 and 
+ 1 ; using the result already proved in the first part of the theorem, we thus 
obtain 



or 






Equating coefiScients of A^ in this equality, we have 

which is the desired result. 

ExampU 1. Prove that, if m is not equal to n, 

(Cambridge Mathematical Tripos, Part I, 1897.) 
Example 2. Prove that 

^ (1 O <fc-0 or (2« + l)(„-r)!' 

according as m, n are unequal or equal 

(Cambridge Mathematical Tripos, Part I, 1893.) 

116. Legendre functions. 

Hitherto we have supposed that the index n of Pn{z) is a positive 
integer; in fact, Pn{z) has not been defined except when n is a positive 
integer. We shall now see how the definition can be extended so as to 
furnish a definition of P„(^), even when n is not integral. 

An analogy can be drawn from the theory of the Qamma-function. The expression 
t\ as ordinarily defined (viz. as 2 («~1) (2-2)...2. 1) has a meaning only for positive 
integral values of z; but when the Qamma-function has been introduced, z\ can be defined 
to be r (2+ 1), and so a function z\ will exist for all values of z. 

Referring to § 114, we see the differential equation 



J -I d^ 



(l-^)g-2.| + n(n + l)y = 
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is satisfied by the expression 

even when n is not a positive integer^ provided that (7 is a contour such that 
the function 

(^-l)n-fi 

{t - zy-^ 

resumes its original value after describing C, 

Suppose then that n is no longer taken to be a positive integer. 

Now the function (^•— !)**+* {t — r)r*~* has three singularities, namely the 
points t^l.t^'-l^t^z'y and it is clear that after describing a small closed 
contour enclosing the point ^=^1, the function resumes its original value 
multiplied by e*^<»*+i> ; while after describing a small closed contour enclosing 
the point t^ z, the ftinction resumes its original value multiplied by 

If tiherefore (7 be a simple contour enclosing the points t^\ and t^z^ 
but not enclosing the point ^ = — 1, then the function 

(<»-.l)«+i 



n+a 



{t - z) 

will after describing C resume its original value multiplied by e~*^, i.e. it will 
resume its original value. Hence whatever n be, tlie Legendrian differentiai 
equation of order n, 

is satisfied by the expression 

where C is a simple contour in the t-plane enclosing the points t=^\ and t = Zy 
but not enclosing the point f » — 1. 

This expression will be denoted by Pn (z), and mil be termed the Legendre 
function of the first kind and of order n. 

We have thus obtained a definition of Pn (z) which is valid even when n 
is not integral. 

The Legendre function is a mere polynomial when n is integral, but is 
a new transcendental function when n is not integral ; just as F (z) is the 
polynomial (z—l)] when z is integral, but is a transcendental function when 
z is not integral. 

W. A. 14 



210 TRANSCENDENTAL FUNCTIONS. [CHAP. X. 

We shall suppose the many-valued function z^^ which occurs in the 
defining integral, to have the value 1 when z is equal to 1, and when z 
is not equal to 1 to have that value which would be obtained by con- 
tinuation along a rectilinear path from the point 1 to the point z, 

117. The Recurrence'/ormtdae, 

We proceed to establish a group of formulae which connect Legendre 
functions of dififerent orders. 



1 («•-!)" ^, 



We have by § 116, for all real or complex values of n, 

_-l r (f-l)n f 1 ] 

~2-rnJc n.2» "|(«-^)»- 
Integrating by parts, we have 

1 /• f(t'-l)"-' ^ 
~ 2mJc2''-\t-zy' ' 
and hence we have 

p„ (.) - .p^, (.) =±.f^ ^£- !>;-:_. dt (A). 

Differentiating this equality, we obtain 

80 

This is the first of the required formulae. 
Next, from the identity 

we deduce 



or 



^ f ( <» - ly^ ' ,,^ f 2{«'-l) + I}(n-l)(f'-l)»-*d< 

f ( «-i){(f-^)+^}«'-ir-* ^. 



k 
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or 



or 



27n j c 2'^> (t - -gr)'*-! ^^ "^ 27ri j c 2''-« (^ - r)""^ 

27ri Jc2'*-U*--^)'* 
or, by formula (A) above and Schlafli's formula, 

= n {Pn {£) - -^Pn-i (^)} + (n - 1) Pn-a (z) - (n - 1)^P^, (r),^ 

or 

nPn(^)-(2n-l)^Pn-i(^)4-(n-l)Pn-«(r) = (II), 

a relation connecting three Legendre functions of consecutive orders. This 
is the second of the required formulae. 

Other formulae can be deduced fiom (I) and (II) in the following way : 

Differentiating (II), we have 

"* -^^--(2>^-l)^ dg "^^'''^^^d^ =(2n-I)P^,(^). 

Substituting for 

df n (^) 

from (I), we have 

= (2»-l)P„_,(z), 
or 

-(„-l)2^^^> + (n-l)^^5J<l^ = -(„-l)»P^,(z). 

or 

'~dz d7-=(^-l)^n-i(4 

Changing (n — 1) to n in this equality, we have 

Next, changing n to (n + 1) in (I), we have 

14—2 
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Adding this to (III), we have 

^^^-^%^=(2n + l)P.(*) (IV)l 

Lastly, combining (I) and (III), we obtain the result 

(i»-l)^^ = nzPn(z)-nP^,it) (V). 

The formulae (I) to (V) are called the recurrence'/ormulae. 

The above proof holds whether n is an integer or not, i.e. it is applicable to the general 
Legendre functions. Another proof which, however, only applies to the case when n is a 
positive integer (i.e. is only applicable to the Legendre polynomiak) is as follows : 

Write 

r=(l-2A«+A«)-* 

Then equating coefficients of powers of A in the equality 

(l-2A2+A«)U'=(«-A)r, 

we have 

nP.(r)-(2n-.l)«P,.iW + (»-l)P,..,W-0, 

which is the formula (II). 

Similarly, equating coefficients of powers of A in the equality 

A^=(z-A)-g^, 
we have 

'~dk s — *^"('^ 

which is the formula (III). The others can be deduced from these. 

EtKimph. Shew that, for all values of n, 

(2n+3)P».^i-(2n + l)P.«=~{z(P.«+P».^i)-2P.P.^J. 

(Hargreaves.) 



For 



^{z(P,«+P»,^,)-2P«P«^J 



e.J>l.M 4.22P ?^4.2^P ^^H-*-! gp ^^n + l pp «f^ 

(as is seen by using formulae (I) and (III)) 
-(2»+3)/«„,-(2»+l)P,», 
which is the required result. 
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118. Evaluation of the inteffral-expression for Pn (-s), as a power-seriea. 

When n is a positive integer, we have seen that P^ {z) is a polynomial in 
z. When n is not a positive integer, however, Pn {z) is not a polynomial ; 
and as Pn {z) is not a regular function of z for all finite values of z unliess n 
is integral, it follows that no power-series exists which represents Pn {z) for 
all finite values of z, when n is not integral. In order to find a power-series 
capable of representing Pn {z\ we must therefore make some supposition 
regarding the part of the ^-plane on which the point z lies. We shall suppose 
that z lies within a circle of radius 2, whose centre is the point 1 ; so that 

|1--?|<2. 

As the contour (7 of § 116 was subject only to the condition of enclosing 
^ = 1 and t^z without enclosing t » - 1, it is clear that we can choose it so 
as to lie entirely within the circle of centre 1 and radius 2 in the t-plane, 
i.e. to be such that the inequality |1 — ^| < 2 is satisfied for all points t on C. 

Now write t— 1 = (2? — l)w. When t describes the contour (7, the point 

representing the variable u will describe a contour 7 on the ti-plane ; since 

C encloses the points t^z and t = 1, 7 will enclose the points ti = 1 and u = ; 

2 

and since 1 1 — ^| < 2, we shall have |m| < . =-. for all points u on 7. 



Then changing the variable of integration from ^ to t« in the integral 
which represents Pn {z\ we have 

P« (^) = 2^/ ^ «» [{z - 1) tt + 2}» (« - !)-»-> du 

2 

Since \u\< . ^ . we can expand this in the form 

^»<^>-2^-,!oJ.b-) «""-^ — St ^(«-i)-»-'rf«- 

Now on integrating by parts, we have the result 

[ w*^(ti-l)-«-'(iti-| - ti^-*-^ ^^ "y^^^n + ^-^ j ^^''•' (u-l)-^ du. 

The first expression on the right-hand side is zero, and so we have 



or 



= ^^[ w*^" {u - 1)-^» du - !1±^ J t^r+n-i (u - l)-»-» dti, 

j w^+n (^4 _ l)-ii-i du = ^^±^ I U^+^^ {U - 1)-*-^ du. 
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Therefore 

] y r r — 1 ^ •'y 
Now transform the integral on the right-hand side, by writing u = ^ . 

The integral I ti*(w — l)""**~*du becomes — I — :r , where the integration 

has now to be taken in the positive sense round a contour h enclosing the 
points v = and t; = oo , but not enclosing the point t;= 1. This integral can 

be replaced by + I — — r , where the integration has to be taken in the 

positive sense round a contour B' enclosing the point t; = 1, but not enclosing 
the points t; = 0, or v = oo (since the integrand has no singularities in the 
region between the contours S and 8^). The contour 8' can now be diminished 

until it becomes an infinitesimal circle surrounding the point v^l. The 

r /7m 
value of the integral is then 1** I ^ ^ , where the integration is taken round 

this contour; or 27n, since the many-valued function v" has been taken 
to have the meaning 1 at the point t; = 1. We thus have 



^. [ ti*-^(w-l)'»-^du = 



r + n r— 1 -h n 1 +» 



2mjy ^ ^, ^^ r ' r^l 1 ' 

and on substituting this in the expression already found for Pn(^)» ^^ 
obtain 

an expansion of Pn (z) as a series of powers of (z — 1). 
If now, as in § 14, a series of the form 

a.b a(a-fl)6(6-H) 
^^T7c^^ 1.2c(c+l) ^^"' 

(a hypergeometric series) be denoted by 

F{a, 6, c, 2:), 
then the expansion can be written in the form 

Pn(^) = J^(-n, n + 1, 1, ^^). 

This is the required expression for P^ {z) as an infinite series. It is valid 
at all points z within the circle whose equation is |1 — ^| < 2. 
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Corollary, Since this series is clearly unaffected when n is changed to 
— n — 1, we have 

^ote. When n is a positive integer, the above series terminates and gives the expression 

1 — « 
of P»(«) as a polynomial in — ^ . 

119. Laplace 8 integrai-expression for P^ (z). 

We shall next shew that, for all values of n and for certain values of z, 
the Legendre function Pn{z) can be represented by the integral (called 
Laplace*B integral), 

1 r» 

-\ {2f + cos^(^-l)*}»d^. 

When n is not an integer it is necessary to state which of the branches of 
the many- valued function in the integrand is to be taken: we shall take 
that branch of the function [z + cos ^ (^ — 1)*}* which reduces to unity when 
taken by the process of continuation along a straight path to the point z=^l. 
It will appear later that it is immaterial which branch of the two-valued 
function (^' — 1)* is taken. 

(A) Proof applicable only to the Legendre polynomials. 

When n is a positive integer, the result can easily be obtained in the 
following way. We have 

2 k'Pn {z) « (1 - 2A^ + A«)-*. 

fisO 

But '^ «^- ' l.«^-*-* i ^* 



(i«2A.+A0-*=^/;7rzi^ 



(l-A^)-A(-2«-l)*cosi^' 
as is seen by applying the ordinary formula for the integration of 

di^> 



I 



a + 6 cos ^ ' 
Expanding the integrand of the integral in ascending powers of A, we have 

(1 - 2hz -h A«)-* = - i A« f '{ir + cos ^ (-?«- l)^Yd4>, 

and on equating coefficients of hJ^ on the two sides of this equation, the 
required result is obtained. 

As however the theorem is true whether n is an integer or not (Le. as it 
is equally true for the Legendre functions and the Legendre polynomials), 
it is necessary to have a general proof independent of the character of n ; 
this will now be given. 

(B) General proof 

First, we shall shew that Laplace's integral satisfies Legendre's equation. 
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For if we write 

y=l r{^ + C08i^(r»-l)*}«d^, 

we have 

= - r {^ + COS 1^ (^* -!)*}•*-» {n 8in«i^ - 1 - ^ COS ^ (^ - 1)-*} d^. 
But 

[' {^ + cos ^ (^ - l)*j~-» sin'i^d^ 
Jo 

= — {^ + cos ^ (-0* — 1)*}**^ sin ^ COS ^ 

+ 1 cos^-rr [sin ^{2: + cos ^(^ — 1 )*}'*"*] dA 
J cUp 

« jlz + coa<l>(2^ - !)*}•*-» COS' <^d<^ 
Jo 

- (n - 2) ['{z + cos 1^ (^ - !)*}»-• COS 1^ (^ - 1)* sin»^di^ 
Jo 

« f ' {^ + cos ^ (^» - l)^'^d<f> - (n - 1) r U + cos <^ (^ - !)*}«-• sin'^^di^ 
Jo Jo 



+ 

Therefore 



{n-2)z f'sin'^d^^ {z + cos 4>(z'- !)*}«-•. 

JO 



w I ' {-» + cos ^ (-»» - !)*}•*-» 8in« Ad^ 
Jo 

= r {5 + cos ^ (^ -!)*}«-« d<^ + (n-- 2) ^['1^ + cos ^(-g« -!)*}«--» sin* ^d<^. 
Jo Jo 

Thus we have 
(l-*«)g-2*g+«(« + l)y 

= - (n - 2) * f'{* + C08 ^ («» - !)*}•»-» sm»^<i^ 

IT Jo 

--Z («»- 1)-* f"{r + COS A (i^ -!)»}»-» COS ^d^ 

TT Jo 

= _!!. ^ (^. _ 1)-* r ^ [{^ + COS A («•-!)»}»-» sin ^] d^ 

TT Jo ttO 

-0. 
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which shews that Laplace's integral satisfies Legendre's equation, whatever 
n and z may be. 

1 -^r 
Now suppose that z is nearly unity, and put — ^ = w. Then the integral 

becomes 

1 r» 

-I {1 - 2u + cos ^ (- 4w 4- tt«)*}« d^, 
which for small values of u can be expanded in the form 

This is a series of powers of w*; the first terms (neglecting ti*) are 

If' If' 

1 + 2inu^ - cos <f>d4> - 2ni4 - I {1 + (n — 1) cos«^} d^, 

or 1 — 2nu — ^— , 

2 

or 1 — n(n + l)w. 

It is clear that odd powers of u^ can arise only in conjunction with odd 
powers of cos^ in the integrand, and so here vanish when integrated. 
Laplace's integral can therefore, when u is small, be expanded in ascending 
powers of u in the form 

1 — n(n + l)ti + a,w*4'a,w* + a4ti*+ ... . 

But the coefficients a,, a,, ... can be found by substituting this expression 
in Legendre's equation, and equating to zero the coefficients of each power 
of u. We thus find that 

. ^..^ n (n - 1) ... (n - r + 1). (1 -f n) ... (r - 1 + n) (r -f n) 

and thus Laplace's integral is equal to 

F^^n, n + 1, 1, ^^), 

or(§ill8)to Pn{z). 

We thus have, for all real or complex values of n, the result 

Pn(-^) = - r{^ + cos<^(^«-l)*}«(i<^. 

It must be observed that as the power-series jP( — w, n + 1, 1, — ^J 
was used in the proof, this proof is valid only for values of z which satisfy 
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the inequality - — ^ — ' < 1. As however P^ (z) is an analytic function of z, 

the result will be true for a more extended region including this, provided 
the integral 

^riz + cos4> (z^ - l)*}** d<l> 

is an analjTtic function of z within this more extended region: since if 
these two expressions are equal for any region however small in which they 
are analytic functions, they must be always equal so long as they remain 
analytic functions. But it is easily seen that for the integral 



W'{^ -f cos 1^ {z^ - 1)*{~ dif>, 



every point on the imaginary axis in the ^-plane is a singularity: and 
therefore the region in the ^-plane for which the equality 



Pn(^) = - r{^ + cos0(^»-l)*}»d^ 

^ J 





is established is the region for which the real part of z is positive. 
Corollary. Since 

we have for all values of n, real or complex, the result 

P„ (z) = 1 ['{z + cos 1^ (^ - 1)*}-*^^ d^, 

TTJo 

80 long as the real part of 2: is positive. 

• 

Example. If 

1 • 

7= — jrx a . . g. - = 2 biCosiSf and «<1, 



shew that 



6, = -8m(^.)j^ (l,^y(l,^;^^. . 



(Binet) 



120. Tlie Mehler-Dirichlet definite integral for Pn (z). 

Another expression for the Legendre function as a definite integral may 
be obtained in the following way. 

For all values of n, we have by the preceding theorem 



Pn W = - ['{^ + cos ^ (-g« - 1)M« d<f>. 
fF J 



In this integral, replace the variable ^ by a new variable A, deBned by 

the equation 

A s r + (^* — I)^ cos ^ 
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80 that 



and 



We thus have 



and therefore 



dh^ — {f — 1)* sin ^d^, 
1 (1 - 2A^ + A«)* = (^ - 1)* sin <^. 



Now write z = cos 0, Thus 



P,,(cos^)= - P..^A~(l-2Acos5 + A*)~*dA. 
Writing A = e**, this becomes 

^n (COS ^)--]_^ "(2cos^-.2cos5)* ' 

or 

D / m 2 r* cos(n + i)i ,. 
Pn (cos ^) = - rs-7 — 4 — ^^ Vw a^. 

TT J {2 (cos ^ - cos B)\^ ^ 

This is known as Mehlers simplified form of Dirichlet's integral. The 
result is valid for all values of n. 

Example 1. Prove that, when n is a positive integer, 

^.(coscf;-^ j^ {2 (COS ^- COS <())}*• 



For we have 



Put 



a+ft-(a-6)co8t£7**2a*P' 



a-(l+A)*, 6=l-2Ay+A«, 

2f=(y-l)+Cy+l)co8w. 

The equation becomes 

___Tr p (l±h)d( 

(l-2Ay+A«)j"j.,("l-2Af+A«){y+f"(y-l)-«r 

Writing f =co8 <^, y=cos d, this gives 
(l-2Aco8d+A*)-i=- f'(l+A)8in<^(l-2Aco8<^+A«)(l+cos<^)-J(co8^-coe<^)-*c&^. 
Equating coefficients of A** on both sides, we have 



(co8^ = - I -T — i— — 

J^8in^co8|{! 



P.(co8^ = l (' Bin(n-t-^)<^sin<^ 

|{2(C08^-C08<^)}i 
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or 

ir J 9 
Example 2. Prove that 

the integral being taken along a closed path which encloses the two points h^e*^y and the 
conventional meaning being assigned to the radical. 

Hence (or otherwise) prove that, if ^ lie between \w and f w, 



„ , ^4 2.4...2n 

^•(^^ = ,;375— (2n+T) 



C08(7i^4-<f>) _ 1* co8(n^3<;H 
(2sin^)i "^2(2n+3) (28ind)» 

1«.3« cos(7i^+6<^) 



/ 



^2.4. (2n+3) (2n+5) (2sin e)\ 

+ 

where ^ denotes \B- ^ir. 

Shew also that the first few terms of the series give an approximate value of P^ (cos 6) 
for all values of B between and ir which are not nearly equal to either or ir. And explain 
how this theorem may be used to approximate to the roots of the equation P^ (cos B)^0, 

(Cambridge Mathematical Tripos, Part II, 1895.) 

121. Expansion of Pn{z) as a series of powers of - . 

z 

We now proceed to find an expansion of the Legendre function which is 
valid for large values of z. 

If the real part of r be positive, we have for all values of n (firom 
Laplace's integral) 

Pn {z) = 1 r {^ + (^« - 1)* cos ^Y ^• 
Now suppose that 1 2^1 is very large : then this can be written in the form 

Expanding the integrand in ascending powers of - , this gives 

z 

P«W-f /J {(l+CO80)-^ + ...}> 

We can evaluate 

I (1 + cos ^ d4> and I cos ^ (1 + cos ^)'*""^ d<f> 
Jo Jo 
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by putting ^ s 2-^ and using the result 



w 
|^C08->frd>fr=.--^,l_l.^; 



and thus we find that P» (z) can be expressed by a series of powers of - , the 
first two terms of the expansion being given by the equation 

P (.x_ 2"^''r(»+i) L _ n(n-l) ) 

"^^"V:;^r(n + l)t (2n-l)2z' +•••;• 

The general law of the coefficients in the series can without difficulty be 
found by substituting in Legendre's differential equation (§ 114) ; and in this 
way we find that Pn (z) can be expressed by the hypergeometric series 

2*^r(n+i) /l-n n 1 ly 

in the notation of § 14. 

This series has only been proved to hold when z is large and the real part 
of z is positive : but by § 14 it converges, and so represents an analytical 
function, over all the area outside the circle of centre and radius 1. The 
series therefore represents Pn (z) over this region. 

• 

122. The Legendre functions of the second kind. 

Hitherto we have considered only one solution of the Legendre differential 
equation, namely Pn (z\ We can now proceed to find a second solution. 

It appears from § 114, that the differential equation 

is satisfied by the integral 

j{t^ - l)"" {t - zy-' dt, 

taken round any contour such that the integrand resumes its initial value 
after making the circuit of it. Let JD be a figure-of-eight contour in the 
^-plane, enclosing the point ^ = -h 1 in one loop and the point ^ = — 1 in the 
other, and not enclosing the point t^z. Then after describing this contour, 
the above integrand clearly resumes its initial value, since it acquires the &ctor 
e**^ after describing the first loop, and this is destroyed by the factor e~*"* 
acquired during the description of the second loop. D is therefore a possible 
contour. 
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A solution of Legendre's equation is therefore furnished by the function 
Qn (-?), if Qn (^) be defined by the equation 

^ "^ 4i sm TiTT .' X) 2** ^ ^ ^ ^ 

it is supposed that, in describing D, the point t makes a positive, i.e. counter- 
clockwise, turn round the point < = — 1, and then a negative, i.e. clockwise, 
turn round the point ^ = + 1. The significance of the many-valued functions 
{t* — 1)'* and (t — z)"^"^ will be supposed to be fixed in the same way as 
before. 

Another form of the integral may be obtained in the following way. 

Let the contour become so attenuated as to consist simply of a line 
joining the points — 1 and 4- 1, described twice, and two small circles round 
the points — 1 and + 1 : when the real part of (n + 1) is positive, the parts 
of the integral arising from these two loops are at once seen to be infinitesi- 
mal; and thus we have 

I (t^ - 1)'* {t - z)-^-^ dt = (e"« - e-*»«) X f (1 - t^y (t - zy-' dt 



= 2isin7i7rr (1 -0"(^-'^)"~"'d^, 



.Qn{^)^~Tijj^'ir{^-ty 



so 0„(-j)=^„-rT a-e«)"U-rt-^^(ft. 



This last result is valid when the real part of (n -h 1) is positive. When n 
is a positive integer, the original definition of Qn(^) becomes undeterminate: 
in this case we can use the formulae just found. 

Qn(^) is called the Legendre function of the second kind and of order n. 

123. Expansion of Qn {z) as a power-series. 

We now proceed to express the Legendre function of the second kind as 

. . 1 
a power-senes in 



z 
We have, when the real part of (?i + 1) is positive. 



«n {z) = 2^/' /I - «T (^ - 0-"-^ dt 
Suppose that { ^ | > 1. Then the integral can be expanded in the form 
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as is seen on writing r for 28, since the integrals arising from odd values of r 
obviously vanish. 

1 

Writing t^ « w, we can evaluate the coe6Scients of powers of - as follows : 

z 

j (1 - ^»)« fdt = [\l - uY u'-^du 

^r(n^ 1)1^(8 +i) 
r(n + « + f) ' 

and thus the formula for Qn (z) becomes 

Q /^v_ '^^ T(n + l) 1 pfn+l 71+2 3 1\ 

VnW-2»+ir(n4-f)^'*+^ V 2 ' 2 ' "^2' W* 

This is the expansion of the Legendre function of the second kind as a 

power-series in - , corresponding to the expansion obtained for P» (z) in § 121. 

z 

The proof given above applies only when the real part of (w + 1) is positive ; 
but a similar process can be applied to the integral 

the coefficients being evaluated in the same way as those which occurred in 

1 — z 
the expansion of the Legendre function Pn (z) in ascending powers of — ^ ; 

the same result is reached, which shews that the formula . 

O f.\=.^^ r(7i + l) 1 fn + 1 « + 2 3 1\ 

VnW 2«+^ r (n + f ) ^»+> V 2 ' ■ 2 ' ■*"2' W 

is true for all values of n, real or complex, and for all values of z represented 
by points outside the circle of centre and radius unity. 

Example 1. Shew that, when n is a positive integer, 

We can write Legendre's difierential equation in the form 

(1 - z«) g - 2« J+« («+ 1) K-0. 
It is easily verified that this equation can be derived from the equation 

(l-»»)^+2(n-l)«J+2n«=0, 

by dififerentiating n times and writing t«= -^ . 
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Now one solution of the latter equation is x^(3^-l)* ; and a second solution can be 
derived by the ordinary process for finding a second solution of a linear differential 
equation of the second order, of which one solution is known. Thus two independent 
solutions of this equation are found to be 



It follows that 



I 



(«*-!)" and («»-!)" j (»*-!)-"-»*. 



is a solution of Legendre's equation. As this expression, when expanded in ascending 

powers of - , commences with a term in z'^~\ it must be a constant multiple of Q^ (t) ; and 

«> 

on comparing the coefficient of r*"^* in this expression with the coefficient of z-*"^ in the 
expansion of $» (z), as found above, we obtain the required result 

Example 2. Shew that, when n is a positive integer, the Legendre function of the 
second kind can be expressed by the formula 

C,,(2)-2«n! rrr... f *(v8-l)-*-i(rfr)«+i. 
For on expanding the integrand (»*-l)"*"^ in ascending powers of -, the right-hand 

V 

side of the equation takes the form 

and on performing the integrations this becomes 

n\ f 1 (n-fl)(n+2) 1 1 

(2»+l)(2n-l)...3.1 V-^i"*" 2(2n+3) «»+s "*■••• J' 
or §»(«). 

Example 3. Shew that, when n is a positive integer. 

This result can be obtained by applying the general integration-theorem 

to the preceding result. 

124. The recurrence-formulae for the Legendre function of the second 
kind. 

The functions P„ {z) and Q» {z) have been defined by integrals of pre- 
cisely the same form, namely 



/ 



(ea-.l)n(e-^)-n^idf. 

It follows therefore that the general proof of the recurrence-formulae for 
Pn{z\ given in § 117, is equally applicable to the function Qni's)'^ and hence 
that the Legendre function of the second kind satisfies the recurrence-formulas 
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nQn (z) - (2n - l)zQ^, (z) + (»-!) Q„_ (z) = 0. 
^ dQn (z) dQn-^ (z) ^ 

(^ _ 1) ^^) = nzQn («) - n(2„_, {z). 

126. Laplace's integral for the Legendre function of the second kind. 
Consider the expression 



y^[ {2r + cosh (z^ - !)♦}-»-' d0, 
Jo 



in which z is supposed not to be a real negative number between — 1 and 
— 00, and the real part of (n + 1) is supposed to be positive; under these 
conditions the integral certainly exists. 

If now we form the quantity 

(which occurs in Legendre's diflferential equation), we find for it the value 

- (n + ly I [z + iz^-l"^ cosh 0]-^"' sinh^ 0d0 
Jo 

+ (n + 1 ) I {^ + (0» - 1)* cosh 0}-"^* d0 
Jo 

'h(n + l)z («« -!)-*[ [z-^ (z^ - 1)* cosh 0]-'"' cosh 

Jo 



0d0. 



This expression can be transformed, by integration by parts, in exactly the 
same manner as the corresponding expression found in the discussion of 
Laplace's integral for Pn {z), in § 119 ; and thus it is found to be zero. The 
quantity y therefore satisfies Legendre's equation. 

In order to compare y with the solutions Pn {z) and Qn {z) which have 
already been found, we suppose that 1 2^ | is large, and write y in the form 



r— n— 1 



j'"|i+co8h^(i-^+...)p 'de, 



W. A. 15 
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which when expanded as a power-series becomes 
where ao= f (1 + cosh 5)-^"^ d^ 

= ^^^£(n4-l, ^), where B is the Eulerian 

integral of the first kind, 



2«-^^r(y^ + f)' 

Now any expression of the form (1) which satisfies Legendre's differential 
equation must be a multiple of Qn(^) (since, by substituting the expansion in 
the differential equation, we can determine the coeflBcients Oi, a,, a,, . . . uniquely 
in terms of Oo, which shews that all expressions of the kind are multiples of 
any one of them); and as the value found for a© is equal to the coeflScient of 
the initial term in the expansion of Qn (z), we have 

y=Qn(zy 

Thus we have the result 



Qn (z) = f * {^ + (^' - 1)* cosh 0}--' d0. 



which may be regarded as the analogue of the Laplace's integral already 
found (§119) for Pn(^). 

The theorem is valid only when the real part of (n -f 1) is positive ; and 
the proof has assumed that | ^ | > 1 ; but the equivalence of Q^ {z) and the 
integral, having been proved to subsist for this range of values of z, must 
continue to subsist for all values of ^, continuous with this range, for which 
the integral continues to represent an analytic function of z ; and hence the 
theorem holds for all values of z except those which are real and less than 

— 1, which are singularities of the integral. 

126. Relation between Pn(z) and Qn(z), when n is integral. 

When n is a positive integer, and z is not a real number between 1 and 

— 1, the functions Qn{z) and Pn{z) are connected by the relation 

which we shall now establish. 
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When I ^ 1 > 1, we have 

Now if (n + A) is an odd integer, we have 

/' Pn (y) fdy = J^'Pn (y) y'dy -£p„ (y) fdy = 0. 
If n is less than k, and (n + A:) is an even integer, we have 

(by Rodrigues' theorem) = ^i^^^^ y* ^^n (y' - 1)" <^y 

1 f^ 

(integrating by parts) = , A: (& - 1 ) . . . (i - n + 1) y^(l-y^Tdy 

L 7l\ J Q 

= 2^'-^!^'^*"^>^*"^)---^*"'''^^^^(~2— ' ^■^^) 

_ . A;(A;-1) (A:- 2). . .(A;~n + 1) 
■"(A;4-n+l)(A;4-7i-i)...(A:-n+l)* 

If on the other hand A; is less than n, and (n + A;) is an even integer, the 
same process shews that the integral vanishes. 

Therefore 

ir p /,A i?y_ = y A:(A;- l)... (fc~n + l) J_ 

2J.i ^'^^^-y (A: + n + l)(A: + n-l)...(A;-n+l)-2^^' 

where the summation is taken for the values ^• = n, n 4- 2, n 4- 4, n + 6, ... oo . 
But this expansion, by § 123, represents Qn(^)* The theorem is thus 
established for the case in which | z | > 1 . Since each side of the equation 

Qn(^)-lj\Pn(y)^^ 

represents an analytic function even when | -? | is not greater than unity, 
provided z is not a real number between — 1 and + 1, it follows that, with 
this exception, the result is true universally. 

Example, Show that Q^ {z\ where n is a i>ositive integer, is the coefficient of A* in the 
exi>ansion of ( 1 - 2^2 + A'*) " * cosh " * \ . j- . 

For 

n=o 11=0 ^ J -I ^"~y 

_! n ( l-2Ay+A^) "^c?y 
~2J_i (7-y) 

= (l-2«A+A2)"*cosh-i|— "\l. 

15—2 
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127. Development of the function (t — x)'^ as a series of Legendre 
polynomials in a. 

We shall now obtain an expansion which will serve as the basis of 
a genei*al class of expansions involving Legendre functions. 

We have, by the recurrence-formulae, 

(2n + 1) a?Pn (a?) - (n + 1) Pn+i (a?) - nP«^i (a:) = 0, 
(2n •+ 1) zPn (^) - (n + 1) Pn+i (z) - nP^, (z) = 0. 

Multiply the first of these equations by Pn{z), the second by Pn(^)> 
and subtract: we thus obtain 

(2n + l)(z-x)Pn(z)Pn(x) 

= (71+ 1) {P„+, (Z) Pn (X) - Pn (z) Pn^i (x)] 

- n {Pn (Z) Pn-i (X) - Pn {X) Pr^, {z)]. 

Write n = 0, 1, 2, 3, ...n successively, and add the resulting equations. 
This gives 

{Po(a:)Po(^) + 3P,(a;)A(^)+...+(2n + l)Pn(^)P„(^)}(^-^) 

= (n + 1) [Pn^, {Z) Pn (X) - Pn+i (x) Pn (z)]. 

Divide throughout by (z — x) (z^ t), and integrate from z = — 1 to 
-^ = 4- 1. 

Thus 

Xr\2r + l)Prix)?^dz 

J -1 z^t 

=/!!(Tij(W) f^"*' ^'^ ^» ^"'^ " -^»+' ^"'^ ^» ^'^^ ^ 

(by partial fractions) = . {Pn+i {z) Pn (^) - Pn+i (^) Pn {z)] dz 

X ~- z I ./ — 1 z ~" »r 

- f [^ {P«+. (^) i'n (*) - P„+, (a^) P« (^)) «fo] . 

Now by the result of the last article, the left-hand side of this equation 
can be written 

^rk{2r+l)Pr{x)Qr(t), 



In the first integral on the right-hand side, replace the integrand by its 

n 

value 2(2r + \)Pr{x) Pr{z), and integrate : only the first term survives, since 



r Pr(z)dz-=0, 
when r is an integer greater than zero ; so the integral has the value 2. 
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We thus have 

i (2r + 1) Pr (x) Qr (t) = J- + J±i {P„ (;r) Q„+, (t) -P„+, (x) Q„ (<)}. 

This equation is valid for all values of n. Let us now see if a and t can 
be so chosen as to make the last part of the right-hand side tend to zero as 
n tends to infinity. We have, from Laplace's formulae for the functions 
Pn and Qn, 

where il denotes a quantity which is finite and independent of rz. 

It is clear that this double-integral tends to zero only when, for all values 

of if> between zero and ir, aud all values of '^'between zero and infinity, 

the inequality 

a? + (it*— l)*cos^ 

« + («»-l)*cosh^ ^ 
is satisfied. 

Writing ^ = l('*"^S' *^l{'''^l)' 

the inequality becomes 

u-\ — + (w — jcosA < v-\ h ( V — icosh-^ 

The left-hand side of this relation has its maximum value when cos^s 1, 
the value being 2 1 u {. 

The right-hand side similarly has a minimum value equal to 2 |i; |. 

The condition thus becomes 

\u\ < \v\ 

or I a; + (a^ - 1 )* I < I « + (<• - 1 )* I . 

This inequality shews that the point x must he in the interior of an ellipse, 
which pcksses through the point t, and which has the points +1,-1 for its foci: 
for if a be the major axis of this ellipse, then 

^ = a cos + i(a^ - 1)* sin 0, 

where is the eccentric angle of t in the ellipse ; and thus 

(f - 1)* = (a» - 1)* cos ^ + tasin 0, 

and < + (e» - 1)*= la + (a* - 1)^} e^, 

so that 1 1 + (<«- 1)* I = a + (a« - 1)*, 

and hence the above inequality shews that the semi-axis of the ellipse which 
passes through x is less than the semi-axis of the ellipse which passes through 
t, Le. that x is within the ellipse which passes through t 
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Hence if the point x is in the interior of the ellipse which passes through the 
point t and has the points + 1,-1, for its foci, then the expansion 



is valid. 



-i-= i (27. + l)P„(a:)Q„(0 

V — X n=0 



128. Neumann* s theorem on the expansion of an arbitrary function in 
a series of Legendre polynomials. 

We proceed now to discuss the expansion of any arbitrarily given function 
in terras of the polynomials of Legendre. The expansion is of special interest, 
inasmuch as it represents the case which stands next in simplicity to Taylor^s 
series, among expansions in series of polynomials. 

Let f{z) be any function, which is regular at all points in the interior of 
an ellipse C, whose foci are at the points ^ = — 1 and z^ + l. We shall 
shew that it is possible to expand f(z) in a series of the form 

aoPo (z) 4- a^P^ (z) + a^P^ (z) + a^P, (z)+..., 

where Oq, Oi, 03... are independent of z : and that this expansion is valid for 
all points z in the interior of the ellipse C, 

For let z^t be any point on the circumference of the ellipse. 

Then we have 

A^) - ^i 1^ f = ^1/^'^ '' i<2" -^ i> ^» (^) «- <^)' 

or /(z)= S a^Pniz), 

where ^'*"~2^j /(^) ^** (^) ^^• 

This is the required expansion. 

Another form for a^ can be obtained in the following way. 

We have 



'^■'="-iV/^'>'^-l/-!^»(^>f^ 



2n + l 

2n+l /•+» , - , 1 tf{t)dt 



2 
2n+l /•+» 






/y (y) Pn (y) dy. 



2 
The latter is the more usual form for On. 
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Example 1. Shew that the semi-axes of the ellipse, within which the series 



converges, are 



i(''+D*"^K'-D' 



where p is the radius of convergence of the series 
Example 2. If 

,=(^4)*. and i»=!'--;!?':t;) 

Vy+l/ ' (a?+l)(y-l)' 

prove that 

129. The associated functions Pf!^{z) and Qn^{z). 

We shall now introduce a more extended class of Legendre functions. 

If m be any positive integer, the quantities 

will be called the associated Legendre functions of the nth degree and mth 
order, and will be denoted by Pn^ (z) and Qn"^ (z) respectively. 

We shall first shew that the associated Legendre ftmctions satisfy a 
differential equation analogous to the Legendre differential equation. 

For let the Legendre diflTerential equation 

(l-^)g-2.| + «(n + l)y=0 

d^v 
be diflferentiated m times, and let v be written for -r-- . 

dz^ 

We thus have for v the equation 

d.h) rJii 

m 

Write ti; = t;(l-z«)*; 

the equation becomes 

This is the differential equation satisfied by the functions 

P„'»(^) and Q„»(4 
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Several expressions for the associated Legendre functions can be obtained 
easily from the above definitions. 

Thus from Schlafli's formula, we have 

where C is a simple contour enclosing the points f = l and t^^z, but not 
enclosing the point ^ = — 1. 

From this result, or from Rodrigues' formula, we have, when n is 
a positive integer, 

130. The definite integrals of the associated Legendre functions. 

The theorems already given in § 115, relating to the definite integrals of 
the Legendre functioDS, can be generalised so as to be stated in the following 
form : When m and n are positive integers, 



j PrT (z) P/^ (z) dz ^ 0, . when r<n, 

and r{P.-Wd. = ^<!^. 

To establish these results, we use the identity 

which gives 

__ 1 /"i (n + m) l 
~2»(n!)';_i(n-m)r ^ 

x|^(..-l)»}{^(^-l)-}d. 
(integHiting by parts) = ^^(±±^^ fj^^(s* - l)n^* dz 

2 (n + m)! 



2n+ 1 (n-m)!' 
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We can prove in the same way the other result stated, namely that 

j P„"» (z) P/** (^) d^ = 0, when r4: 71. 

For this integral in the same manner reduces to a multiple of 

which is zero when n and r are different. 

131. Expression of P^ (z) as a definite integral of Laplace's type. 

The associated Legendre functions can be expressed by means of definite 
integrals of the same type as those found in § 119 and § 125, as will appear 
from the following investigation. 

We have 

I {if + cos ^ (^ - 1 )* j»-^ sin»~ <^ d(f> 
Jo 

= - {z + oos<l>{z^ — l )*}*»-«» sin*"*-* ^ cos ^ 

4-1 cos ^ jT [sin^-* ^ {-? + cos ^ (z* - l)*}**"*"] dtj) 
Jo a<p 

= (2m - 1) I 'cos» <^ sin^-= <t>[z'\- cos <f> (f - l)*}*»-~ d^ 

Jo 

— (n-m)} {z + cos <^ (^ - l)i}»-»»»-i cos ^ (2:« - 1)* sin»"» ^d^ 

Jo 

= (2m - 1) f 'sin»~-« (f>{z + cos <^ (^» - 1)*}»-« (i<A 

— (2w - 1) I sin«» <^ {^ + cos 4> (z^ - 1)*}**-^ d<^ 

— (n — m) / {^ + cos <^ (^" — l)i}»-« sin** ^(2^ 

+ (n — m)z I {^ + cos <^ (z^ — l)ij»-«»-' sin*" ^ci^. 
We thus have 

(n + m) I {z + cos ^ (^ — l)ljn-m gjjjjm ^^^ 

= (2m - 1) ( sin*«-« <^ {^ + cos <^ (^ - 1 W"-*» c2^ 

- (F~i)* L ^^ "^ ^^^ * ^^ " ■^^*^'*^ ®'°**"' *1 

z [^ 

+ . ,_^v^ I l^ + COS <^ (2:«-l)*}'*-*»(2m-l)8in***-*^cos^d^, 
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"^ 2m 



^±^- J'{^ + cos <^ {Z^ - l)Jjn-m ^:^^2m ^^^ 



== rsin*»-» (^[z^ COS <^ (^« - 1 )*}*-"• {1 + -er (^2 - 1)-* COS <^} (ii^ 

= ,- :y- ['{^r + COS (2r» - l)i}»-"»+» 8in«^ AdA. 

n — m + ld^Jo T-x /J r r 



Thus if we write 

Im = f '{-^ + cos <^ (-e» - 1)*}«-'« sin*^ <^d<^, 

w.v,o^o r - (2m- 1) d/^, 

(n + m)(n- m + 1) d-a: ' 



. ^v, f r (2m-l)(2m-3)...l d'»/o 

and therefore /,» = , Vt ,. ; tt -t-^ • 

^ (n + m)(ii4-m- l)...(n-m4-l) d^"* 

But /o = f '{^ + cos <^ (^« - 1 )*]» d^ = TrPn (-^), 

when the real part of z is positive. 



Therefore /. = , (2^-l)(2^-;3) 1.. J ;p^(,) 



_ (2m-l)(2m-3)...1.7r ^^^r^P "(r) 

(n + m)(n + m-l) ...(n-m + 1)^ ^ * ^ ^' 

^"^ ^" ^^^ (2m-l)(2m-3)...1.7r ^^"^^ 

X I {-gr + COS <^ (^« - l)*}**-** sin*^ ^ d^. 

.'0 

This result expresses Pn^{z) as a definite integral of Laplace's type, valid 
for all values of n when the real part of z is positive. 

132. Alternative expression of Pn^ (^) cis a definite integral of Lapldce'a 
type. 

The formula last found can be replaced by another result, found in the 
following way. 

If in Jacobi's well-known theorem * 
j V (cos <^) cos m<^d<^ = 1 3 5,^^(2m-l) f^/^"'Kcos<^)8in«*^d^, 
we take /(cos ^) = {^ + (z^ — 1)* cos ^}**, 

* Crelle'8 Journal^ xv. 
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SO that 

/<~) (cos ^) = 71 (n - 1) ... (n - m + 1) (-r= - l)^ {z + (z* - l)i cos <^}"^, 
we obtain 

I {-^ + (2^'— l)*cos^}'*co8m^d^ 
Jo 

^ n(n-l) ... (n-m+1) / • _ ^xf 
1.3.5...(2m-l) ^^' ^ 

X I (^ + (^' - 1)* cos ^}'*-^ sm«~ ^d^ 



.* 
m 



•W(— 1)* Tl m/ \ 



(n + m) (n + m — 1) ... (/i + 1) 

. 

Therefore 

TT 

X 1 [z + (2^ — 1)* cos ^}** cos m(l>d<l>. 
.0 

This formula is valid for all values of n, and for all values of z whose real 
part is positive ; m being a positive integer. 

133. The function ft," («). 

A function connected with the astsociated Legendre functions P^ (jt) is the function 
C^ {z\ which for integral values of v is defined to be the coefficient of h* in the expansion, 
in ascending powers of A, of the quantity * 

It is easily seen that (7/ {z) satisfies the differential equation 

dhf {2v^\)zdy w( n + 20 
d^'^ «2_i dz z^-l ^ ' 

For all values of n and v, it may be shewn that C^ {z) can be defined by a contour- 
integral of the form 

Constant x (1 - i«)i - " f ^\"^\ 1, ^^• 
When n is integral, we have 

C ^ (z)= (-2)^v(v+l)...(v + n-l) 

* '^^ n! (2n + 2i/-l)(2»+2i/-2)...(w + 2v) 

x(l-^)*-'^{(l-^»)»+''-*}, 

which corresponds to Rodrigues' formula for P^ (z) ; in fact, since 

P,(z)^Cj{z\ 
Rodrigues' formula is a particular case of this formula. 
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When r is an integer, we have 

rf-t-k . V 1 ^ p ( \ 

^n-A') (2r-l)(2r-3)...3.1 diT *^^^' 
whence we have 

(2r-l)(2r-3)...3.1 

The last equation gives the connexion between the functions Cj' (z) and P/ (')> 

This function (7^" (/) has the following further properties, analogous to the recurrence- 
formulae, 






nC/ (2) =(n - 1 + 20 « t;_ , («) - 2k (1 - «») <7;i\ («). 

Miscellaneous Examples. 

1. Shew that when n is a positive integer, 

where u' is to be replaced by (!-£') after the differentiation has been performed. 

2. Prove that when n is a positive integer, 

(Cambridge Mathematical Tripos, Part I, ISdS.) 

3. Shew that 

(Catalan.) 

4. Prove that 

is aero unless m— 11= ± 1, and determine its value in these case& 

(Cambridge Mathematical Tripos, P^irt 1, 189a) 

5. Shew (by induction or otherwise) that when n is a positive integer, 

(2»+l)rP,«(«)(fc=l-«P,«-2^(Pi«+P,«+...+/^«.i)+2(PiP,+P,P,+ ...+P«-A). 

(Cambridge Mathematical Tripos, Part I, 1899.) 



nuT'^z 



6. Shew that, if it is an odd number, 

1 



(1-2M+A«)? 
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where 

* (i-A«)»-M.3.6...(it-2)V aa?^8y; '^'*^ y 

where .r and y are to be replaced by uuity after the differentiations have been performed. 

(RoutL) 

7. If 

shew that 

and 

and 

4 (4«3- 1) /2^"' + 96«8/2^"- z (12n«+24w - 91) /2^' -n (2»+3) (2n+9) i2«-0, 
where 

^'" = ^ > etc. (Pincherle.) 

8. If m and n be positive integers, and m^n, shew that 

P (^\ P (t\- 5 ^m-r^r^,t-r /2M-2m^-4r+l\ p 



where 



. 1.3.6... (2m-l) ... , 

il- «= i . (Adams.) 



9. Shew that P^ {z) can be expressed as a determinant in which all elements parallel 
to the auxiliary diagonal are equal (i.e. all elements are equal for which the sum of the 
row-index and column-index is the same) ; the determinant containing (2n~ 1) rows, and 
its first row being 

11111 /XT X 

'» "3' 3^» ~6' I'^-^a^i'' (^^'^-^ 

10. Shew that 

-,,, 2 /••{^(l-r«)-2f(l-«W* ,, ,Q., . 



11. Shew that 



? 2^+15iL^*(»^*-i"*"n + l^**vJ~"^' 



(Catalan.) 



12. Shew that, when w is a positive integer, 

QnicosB) (-1)* 8» fl 



r2* + i n! 82* 

where «=rcos^. 



(2l^'°«(r-+i)}' 
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13. Shew that the complete solution of the Legendre differential equation is 



^=^^-(^>+^^-«/.'(wfer- 



14. Shew that 



where 



"* 2n ~ ml r{m-a+l) ' 



15. Shew that, when the real part of (w + 1) is positive, 






-rdh. 



and 

Jo (I-2A^+A«)* 

16. Prove that 

(Cambridge Mathematical Tripos, Part II, 1894.) 

17. Shew that, if n bo a positive integer, 

18. Shew that 
and 

where » is a positive integer, and z> I, and where log is to bo changed into log 

z — i. 1 — z 

if 2! is numerically less than unity. 
Prove also that 

_ [,^ (,_:) »4tl)(i^) + (.-1-1) !L(!^)(»-JI) (^+A) (-iy> 

"^V 2 3/ P'2«"3»" V 2 y "*"••• 



wheroXr«=l4-5 + 54-...+-. 
2 3 n 



(Cambridge Mathematical Tripos, Part II, 1898.) 
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19. Shew that 

20. Prove that, if 

,, (2n+l)(2n + 3)...(2n4-2^- IJ .., ., c[*P, 

^•"n(n»-l)(7i«-4)...{n5«-(«-l)*}(n+*)'^ ^ cfe* ' 
then 

«=P 2(2n+l) 2n4-3 

,. P 3 (271 + 3 ) 3(2n4-5) (2n+3)( 2n4-5) 

y3-^«+8 271-1 '"'^"*" 2»-3 '^-^ (2»-l)(2w-3)^*-'' 

and find the general formula. 



21. If 



shew that 



On"" {xx^-ia^ - 1)* (x^^ - 1)* cos 0} 



(Cambridge Mathematical Tripos, Part II, 1896.) 



22. If 



^ n (2v - 2 ) ^-» , , ^;^ 4An(n~x ){n(v +x-i)}« 

{n(v-l)}2x=o^ ^ n(n+2;+x-i) 

X (..•«- 1)*^ (V- 1)^' 6';t', (a:) C;ti (^i) Ci^^'^-'^ (COS 0). 

(Gegenbauer.) 

o-n («) = I **(^'- 3^2 + l)-i rcf^, 

where c^ is the least root of ^—3^2+ 1 =0, shew that 

(27i+l)<r«+x-3(2/i-l)2<r».i + 2(n-l)<rH-2=0, 
and 

4(4e3-l)<r/"-|-144z,<r^"-r(12;i2_24n-291)cr^'-(n-3)(2n-7)(2n + 5)crn=0, 

where 

o-r = ^^^^ , etc. (Pincherle.) 

23. Shew that 

Qmu) = ^'i r(yi4-l) r cosh nm 

r(n-w4-l)jo {j + (22-l)*cosht^}« + i 

where the real part of (n + l) is greater than m. 

24. The equation of a nearly spherical surface of revolution is 

r = 1 +a {Pi (cos ^) 4-P3 (cos ff) + ... +/>2^_i(cos ^)}, 

where a is small ; shew that to the first order of a the radius of curvature of the 
meridian is 

1+a 2 {/i(4m-|-3)-(w + l;(8w + 3)}i*2m+i(co8^). 

(Cambridge Mathematical Tripos, Part I, 1894) 



(Hobson.) 



CHAPTER XI. 



Hypergeometric Functions. 

134. The Hypergeometric Series. 

We have already in § 14 considered the hypergeometric series* 

1 a.6 a(a + l)6(6 + l) , a(a4-l)(a4-2)6(6 + l)(6 + 2) 
'*"l.c^'*" 1.2.c(c+l) ^ 1.2.3.c(c^l)(c+2) ■*"••• 

from the point of view of its convergence. It was there shewn that the 
series is absolutely convergent for all values of z represented by points in 
the interior of the circle whose centre is at the origin and whose radius is 
unity. It follows from §22 that all the series which can be derived from 
the hypergeometric series by differentiation and integration are likewise 
absolutely convergent within the same region : and by § 55, the convergence 
is not only absolute but uniform over the interior of the circle, and the 
sums of the series obtained by ditFerentiation and integration of the series 
term by term are the derivates and integrals respectively of the sum of the 
series. The hypergeometric series, together with the series which can be 
derived from it by the process of continuation (§ 41), will therefore represent 
an analytic function of the variable z; this function will be denoted by 
F{a,b,CjZ). 

Many of the most important functions of Analysis can be expressed by 
means of the hypergeometric series. Thus it is easily seen that 

log(l+^) = ^i'(l,l,2,-^), 



6' = Limit^(l,/8,l,j), 



and we have shewn in the preceding chapter that the Legendre functions 
may be represented by the series 



• Tlie name was given by Wallis in 1655. 
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2»^»r(n-|-^) /1-n ri 1 IV 

^**W- ^jp(^_^.l) ^(^2 ' ""2' 2^'''W' 

O r^\- -^^rCn + l) l_^/w+J. nj-J ^.3 2^ 

These examples are sufficient to shew that the functions represented by 
the hypergeometric series are in some cases one-valued and in other cases 
many-valued. 

Example. Shew that 

j^F(a, 6, c, z)=^F(a + l, 6+1, c+1, z). 

136. Valtie of the series F{a, 6, c, 1). 

We have shewn in § 14 that the series F{ay 6, c, 1) converges absolutely 
so long as the real part of c — a — 6 is positive. Suppose this condition to 
be satisfied. Then we have 



w-0 ^^ r(c + n)r(a) 



)r(c) 
r(6) 



r(c) « 1 T{n + a)V{n + h)V{c-h) 



r(a)r(6)r(c-6),ron! r(n + c) 

r(c) I lr(n + a)£(n + 6,c-6) 



r(a)r(6)r(c-6),.on! 

r(c) 



Writing z = \ — t, this becomes 
(writing xt^s) 

r(c) 



r(a)r(6)r(c-6) 

r(c)r(c-a-6) 



r(a)5(c-a-6,6) 



~r(c-6)r(c-a)* 
w. A. 16 
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The hypergeometric series with argument unity can thus be expressed in 
terms of Gamma-functions. 

136. The differential equation satisfied by the hypergeometric series. 

The function represented by the hypergeometric series y^F(ay 6, c, z) 
satisfies the differential equation 

for if the series be substituted for y in the left-hand side of the equation, 
the coefficient of 2f is 

a(a -I- 1).. . (g -hr -1)6 (6 + 1)... (6 + r-l) 
1.2 ...r.c(c + l)...(c + r) 

{r(r-l)(c+r)-r(a+r)(6+r)-c(a+r)(6 + r) + r(c + r)(a + 6 + l)'+a6(c + r)} 
or zero ; which establishes the result. 

Example, Shew that one integral of the equation 



IS 

where 



z^F{m — fi^ m-vy »i — n+1, «), 
a-li-Oi+O, 

C':sflVy 

b-\-l=m-\-ny 



137. The differential equation of the general hypergeometric Jimction, 

The differential equation found in the preceding article is a case of a 
more general differential equation, which may be written 



d2i"|-e — a z — b z — c ) dz 



{ aa\a^h){a^c) ^P{b^a){b^c) ^ ri'ip-(^){<^'-^) ] V ^p 

■*'| z — a z — b z — c ) {z—a){Z''b){z—c) 

...(A), 
in which a, 6, c, a, /8, 7, a', ^, 7' are any constants such that the equation 

a + /8 + 7 + a' + iS' + 7=l 

is satisfied. This will be called the differential equation of the general hyper- 
geometric function. The form here given is due to Papperitz*. 

* Math. Annalerit xxv. 
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We shall now shew that the differential equation satisfied by the hjrper- 
geometric series is a particular case of this equation. 

For in the equation (A), write 

a = 0, 6=00, c = l. 
The equation becomes 

dz^ \ z z — l ) dz { z z — 1 ) z^z—l) 

In this equation, let a and y be replaced by zero. We thus have 

Iz^'^K z '^ Z'-lIdz'^ziz-l)"^' 



dz' 



and in this *equation the constants a', y, y3, y3', are to be such as to satisfy 
the relation 

/8 + a' + )8' + 7' = l. 

This differential equation can be identified with the equation 

2r(2r-l)^+{-c + (a + 6 + l)^}^ + a6y = 0, 

which is the differential equation satisfied by the hypergeometric series, by 
writing 

/3 = a, /8' = 6, a' = l-c; 

which in virtue of the above relation gives 7' = c — a — 6. The differential 
equation of the hypergeometric series is therefore a special case of 
equation (A). 

We shall denote any solution of the general differential equation (A) by 

the symbol 

a b c 



P\a fi y z 
a' p' y 



>. 



This notation is due to Riemann*; it enables us to express our result thus : 

The hypergeometric series 

F(a, 6, c, z) 

is a solution of the differential equation 0/ the class offwncti(ms 

00 1 

P a z 

1— c h c— a— 6 

* Ahhandlungen d, K, GeseU, d, Winenschaften zu GdHingetiy vn. (1857). 



16—2 
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Although the hypergeoraetric series itself satisfies only a particular form 
of the differential equation (A), it is nevertheless possible to satisfy the 
general equation (A) by means of a function derived from the hyper- 
geometric function. For by the transformation 

a? (-2^ - 6) (c — a) = (ir — a) (c — 6), 
the differential equation (A) is reduced to the form 



cPy 



Ix* \ X x — 1 



ax I X a? — 1 



'1- y— = 



In this we take a new dependent variable, defined by the equation 

y = a:* (1 — a?)^ u. 
The equation becomes 



dhb 
d^ 






Now the equation 



a + /8 + 7 + a' + /8' + 7'=:l 



will be satisfied if /8, a', ffy 7', are expressible in terms of three new constants, 
a, 6, c, defined by the formulae 

^ = a - a - 7, 
a' = 1 — c + a, 
i8'=6-a-7, 

ry' = C — a — 6 + 7. 

The differential equation for u can now be written 



d^xi 



du 



x(x-l)-j- + {(1 -\-a + b)x-c] -J- +a6u = 0. 



dx 



dx 



But this is the differential equation satisfied by the hypergeometric 
series, a solution of it being 

F{a,h,c,x). 

Hence we have, as one solution of the equation, 

u = i'(a 4- /9 + 7, a + /3' + 7, 1 + a - a', x\ 

or y = a;*(l-a?)yi^(a + /8 + 7, a + )8' + 7, 1 + a - a', x\ 

or, disregarding a constant factor, 
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This is therefore a solution, expressed by a hypergeometric series, of the 
differential equation which defines the class of functions 

Ia b c 
a /3 7 
a' /8' 7' 

The advantage of the differential equation (A) over the equation found 
in § 1 36, which is satisfied by the hypergeometric series, lies in its greater 
symmetry and generality. The points z = a, z^b, and z = Ct are called the 
singularities of the differential equation (A); the quantities a and of are 
called the exponents at the singularity a; and similarly /8 and /8' are the 
exponents at b, and 7 and y are the exponents at c. 

Example. Shew that 

/ 00 1 

P \ 



fi y 2^ 

14 i3' y 



= P 



I 



-1 00 1 

y 2/3' y 



z 



(Riemann.) 



This relation follows from the fact that the differential equation corresponding to either 
of the P-functions is 

138. The Legendre functions as a particular ca^e of tiie hypergeometric 
function. 

The expressions which have been found for Pn(^) and Qn(^) as hyper- 
geometric series naturally lead us to suppose that Legendre's differential 
equation is a special case of the differential equation which defines the 
general hypergeometric function. That this is the case appears from the 
following investigation. 

If in equation (A) of the last article we take 

a = — 1, 6 = x, c = l, 
we obtain the differential equation 

If now in this equation we take a = 0, a' = 0, 7 = 0, y = 0, /9 = n + 1, 
^ ^s — n, we obtain 

or (l-z«)J-2^^ + n(n + l)y = 0. 

which is the Legendre differential equation. 
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It follows from this that any solution of Legendre's equation is a hyper- 
geometric function of the type 




In the same way it can be shewn that the associated Legendre 
functions Pn^{z) and Qn^{z) are hypergeometric functions of the type 



-1 



00 



■{ 



m - 

2 ''"^^ 



1 

m 



V 



m m 

-2 -" -2 



Example 1. Shew that 



-1 



00 



^PA^)=P 



— r n+r+1 — r z 
-n-^-r 



>• • 



Example 2. If 2^=17, shew that the Legendre differential equation takes the form 

dn^'^\2~f, l^fjfdrj'*' mi-r,) 

Shew that this is a hypergeometric differential equation. 



139. Transformations of the general hypergeometric function. 

We shall next consider the effect of performing certain transformations 
in connexion with the general hypergeometric function 



p. 



a b c 
a /3 y z 
a' /3' 7' 



The differential equation satisfied by this function is 

1-/8-/3' . 1-7-7 






+ \ + —i — + 

( z~a 



z^b 



z — c 



dy jaa'(a — 6)(a 
dz \ z — a 



-c) 



_^ ^^(b-a){b-c) ^ 77' (c - a)(c - 6)1 



y 



z-b 



z — c 



(z — a){z — b)(js — c) 



= 0. 



Id this equation, let the dependent variable be changed by the trans- 
formation 

(z - b\' , 
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The differential equation for ^f is found after a slight reduction to be 



z — h z — c ) dz 



dz^ \ z — a 

^ ( (a + S)(a -f B)(a ~ b)(a - c) ^ (/3 - 8)(/y - 8)(6 ~ c)(6 - a) 
\ z^a Z" b 



+ ry 



,(c-a)(C''b) 



z — c 



I ^ 



6)(^-c) 



= 0. 



This is the differential equation of a hypergeometrie function which has 
exponents a + S, a' + S, at the singularity a, and exponents /8 — S, /9' — S', at 
the singularity b ; and so we have 



( 



_o\« 



«-6 



' a b c \ fa 6 c 

\(i ff y la' + S ff-l i 



■=P 



f " 




6 




C 




o + S 


)8- 


-S- 


-€ 


7 + € 


5 


a' + S 


/8'- 


-S- 


-6 


7 +€ 





and hence in general we shall have 

[a b c 

la P 7 

It will be observed that by this transformation the exponent-differences 
a — a', )8 — /8', 7 — 7' are unaltered. 

Consider now the effect of transformations of the independent variable z. 

If we introduce in place of ^ a new variable z\ defined by the equation 



2r=s 






where ch, &i, Ci, c2i are constants, so that 



z = 



we have 



CyZ — Oi 



and 



dy __ Oidi — ftjCi dy __ (C]/ 4- d^ dy 
dz " {ciZ — OiY dz' didi — 61C1 dz' 

dh/ ^ 2ci (oidi ~ 61C1) dy (a|di - b^c^Y dhf 
dz^ (ciZ — aiY dz (Ci^r — Oi)* d^* 

^ 2c^ ( cy + di)* dy (ci/H-diV dh/ 
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Hence if we define quantities a\ h\ c by the relations 



so that 









the general hypergeometric differential equation becomes 

^l . 1 di ( _^ (i-g-g'Xc . a' + d.) (i-fi-^Kcb' + d,) 



z' — a' 



z'-V 



-C) 



. (l-7-Y0(c.c' + d.) ) f aa'(a'-y)(a'-cO ^/8^(6; -a} ( 6' - c' 

77' (c'-a')(c'- 60) y _ft 

/-c' J(«'-o')(/-6')(«'-c') 

The coefficient of -^^ in this equation can be written in the form 

l-a-g' l-g-^y 1-7-7' 1 f 2c,-(l-a-a')Ci "I 

z'-d "^ ^'-6' "•" i'_c'""''c,y + d,|-(l-/3-/3')c-(l-7-7')cir 



which, in virtue of the relation 



reduces to 



a + a' + /3 + )S' + 7 + 7' = l, 



l-g- g' \-fi-ff 1-7-7' 
/-a' "^" /-6' "*" /-c' ■ 



Hence the differential equation reduces to the differential equation of 
the function 

a c 



a 13 y z' 
a' ^' 7' 



and thus we have the relation 



a b c 

P\a P rf z 

a' ^ 7' 



'a' 



= P- 



b' c' 

/3 7 y 
^ 7' 



This shews that the general hypergeometric function is unaltered if the 
quantities a, b, c, z are replaced by quantities a', b', c', sf, which are derived 
from them by the same homographic transformation. 
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140. Ths twenty-four particular soliUions of the hypergeometric differential 
equation. 

We have seen in § 137 that a particular solution of the general hyper- 
geometric differential equation is 

We shall suppose that no one of the exponent-differences a — a', /8 — ^S', 
7 — 7' is zero : it is shewn in treatises on Linear Differential Equations that 
when this exceptional case occurs, the general solution of the differenticJ 
equation involves logarithmic terms; the formulae will be found in a 
memoir* by Lindelof, to which the reader is referred. 

Now if a be interchanged with a', or 7 with 7', in this expression, it must 
still satisfy the differential equation, since the latter would be unaffected by 
this change. We thus obtain altogether four expressions for which 

(c — 6) (2: — a) 
{c^a){z ^b) 

is the argument of the hypergeometric series, namely 

these are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the quantities a, a\ a 
are interchanged respectively with )8, Pf, 6. or with 7, 7', c. If therefore we 
make such changes in the above solutions, they will still be solutions of the 
differential equation. 

Let a change in which (a, a', a) are interchanged with ()8, ^, b) be 
denoted for example by 

/a, 6, c\ 

\6, a, c/' 
each singularity in the bracket being interchanged with the singularity 
above or below it. Then there are five such changes possible, namely, 

'a b c\ fa b c\ fa b c\ fa b c\ fa b c' 
J) c 



c\ /a b c\ fa b c\ (a b c\ fa b c\ 
a)' \c ab)* [a c bj' [c b a) ' [b a cj' 



Acta Soc, Scient, Fennieae, xix. (1898). 



250 



TRANSCENDENTAL FUNCTIONS. 



[chap. XI. 



To each such change correspond (by interchanging a with a', etc. as abready 
explained) four new solutions of the differential equation. We thus obtain 
twenty new solutions, which with the original four make altogether twenty- 
four particular solutions of the hypergeometric differential equation, in the 
form of hypergeometric series. 

The twenty new solutions may be written down as follows : 

=1)1 

(a-c)(z-b)l 
-c)j 












+^-^'/"-''><^-^>^ 



+ /S'-/9, 



+ /3-/9'. 



(a-b){z 
(a — c)(z — b) 



{a-b)(z-c)\ 



+ 7-7'. 



+ 7 -7. 



(6- 



+ 7-7'. 



- g) ( g - c) ) 
(6-c)(z-a); 

(6 — a) (« — c)) 
{b-c){z-a)\ 

(b — a ) (z — c) ' 
(6 - c) (^ - o), 

,_ (6- a)(^-c) ] 
7 7. (j_,)(^_„)| 

„_a' (6-c)(^-« )) 
"• (6-a)(z-c)J 

'_„ 0>-c)(z-a)] 
' (b-a){z-c)] 

„_„' (ft-c)(^-«)] 
« «• (6-a)(^-c)[ 

,_ (6-c)(z-a )] 
* {b-a)iz-c)\ 

(a-b)(z-c)\ 
-b)] 



+ a 



+ a 



+ 7-7. 



+ 7'-7. 



+ 7-7'. 



+ 7'-% 



{a-c)(z 

(a-b) (z - 
(a — c)(« 

(a -b)(z - 
(a — c) («• 

(a-b)(z- 



(a — c) (z 



-^4 

-b)\ 

-b)] 

-b)] 
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The existence of these twenty-four values was first shewn by Kummer* 

Example, Find tho twenty-four solutions of the Lcgendre differential equation, 
corresponding to the above set of solutions of the hypergeometric differential equation ; 
and express each of them in terms of the two independent solutions P^ {z) and Q^ {z). 

141. Relations between the particular solutions of the hypergeometric 
differential equation. 

Since the twenty-four expressions found in the last article are solutions 
of the same linear differential equation of the second order, any three of them 
must be connected by a linear relation with constant coefficients. 

We proceed to find the relations which thus connect them. 

First, consider the set of four solutions 

Vu Vz. yi8, y^; 

it is clear that, in the neighbourhood of the point z^a^ each of them can be 
expanded in a power-series of the form 

il(^-a)*|l+5(2r-a)-fC(2r-a)« + ...}. 
But there is only one series of the form 

(^-a)*{l+5(2:-a) + C(^-a)« + ...} 

which satisfies the differential equation ; for the coefficients 5, C7, . . . can be 
uniquely determined by actual substitution in the diflferential equation. Let 
this solution be denoted by P'*^ 

Thus the solutions 

yi. yj, yu, yw 

must be mere multiples of P'*'. Moreover, 
for yi the factor -4 is (a — c)y (a — 6)-<*+y' ; 

for y, it is (a - c)y'(a - 6)-<-+y'> ; 

for y,5 it is (a — 6)^ (a — c)"^"^ ; 

and for y,, it is (a — hY{a — c)"~"~^'. 

• CrelWt Journal^ xv. 
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Thus we have 

z - c\y (z - 6\-*-y 



\a — cl\a — ol 



.F[a^P^,. a + ^' + y. 1 +„-«-. (^-^1^1 



=^^-^y(:^f[^:'''' 



.F\a^^^i, a^ff + y, l+«-«'. J-^^J) 



=<-«)-(j^r(H) 



.^|. + ^ + ,. „ + ;9' + y. l + a-«'. I^^J; 



2r — c\~"*""^' /-? — 6\^' 



-<'-»'-(sr(.^D 



Similarly solutions P<-\ P^^), P<^;', P<y), P<y') exist, each of which is equi- 
valent to four of the above hypergeometric series. 

Having thus classified the twenty-four solutions into six distinct solutions, 
namely 

p(a)^ pia')^ pO)^ pO')^ p(y)^ p(y')^ 

we proceed to find the relations between these latter six solutions. We know 

that P'*> must be expressible linearly in terms of P^^* and P^y'K Let the 

relation between them be 

P<-' = OyP^y' + Oy'P^y'K 

We have then to find the coefficients Oy and oy. 
Now this equation can be written in the form 



<'-'H^n^) 



.FUfi^y. ,^eiH. 1+.-.-. I^i^rjl 



z - 6\-*-y 



xi-ja + S + x .^+/3' + ,, l + ^-y, J°-^|;|i^J} 
+ «^(.-c)r(-_) (^) 
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^ Dividing throughout by the common factor (z — a/, and writing z = a and 

z^c successively in the resulting equation, we obtain two equations, from 

which 7y and oy can be found : the hypergeometric functions reduce to the 

type 

F(u, V, w, 1), 

which in § 135 was shewn to be expressible in terms of Gamma-functions, and 
the type F(u, v, w, 0), which clearly has the value unity. 

As already explained, in certain cases (e.g. when one of the exponent-differences is an 
integer) the above theory of the solutions requires modification. For a discussion of these 
cases the student is referred to LindelOf s paper already mentioned, and Klein's Lectures 
" Ueber die hypergeometrische Function." 

142. Solution of the general hypergeometric differential equation by 
a definite integral. 

We next proceed to establish a result of great importance, relating to 
the expression of the hypergeometric function by means of definite integrals. 

Let the dependent variable y in the differential equation of the general 
hypergeometric function ((A) of § 137) be replaced by a new dependent 
variable /, defined by the relation 

y^{z'-aY{z-hy{z- c)y I. 

The differential equation satis6ed by / is easily found to be 



1-^/3-/3' . I-I-7-.7' 



dz^ \ z — a z — b 



z — c 



dJ 
dz 



(a-f/9 + 7){(«-^-/9 + 7 + l)^H-Sa(a4-)y + 7 -1)1 r 
■*■ i^z^a){z-b){z-c) 



which can be written in the form 

o = Qwg-K?-2)0'a)+iJ(^)lg 



i 



(i_2)(?_J) Qv (^) + (f - 1) R (^)L /, 



; 



1, 



where { ^ = l-a- fi-y = a' + ff + y, 

Q(z) = (z-a)(z-b)(z-c), 
R(z) = 2 (a + /3 + 7) (« -b){z- c). 

It must be observed that the function / is not regular at z«oo , and consequently the 
above differential equation in / is not a case of the generalised hypergeometric equation. 

We shall now shew that this differential equation can be satisfied by aa 
integral of the form 
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J c 
provided the path C of integration is suitably chosen. 

For on substituting this value of / in the differential equation, the 
condition that the equation should be satisfied becomes 

= f (^ - aY+P-^y-^ (t - 6)«+^ +y-i (t - cY+P+y'-^ U - ^)-«-^-Y-a Kdt, 

J c 

where 

+ {t-z)[R{z)-\-{t-z)R{z)] 

={H-^){Q{t)-{t-zf]+(t-z)[R(t)-(t-zy^(o! + ^+r^)} 

^(^-2)Q(t) + {t-z)Rit) 

= -(l+a + fi+y){t-a)it-b)(t-c) 

+ l{a' + ff + y)(t-b)(t-c){t-z), 
or £■ = («- a)'-"'-^-!- (t - 6)'— P'-T (< - c)>— i»-v' (^ - <)«+(»+r+> 

It follows that the condition to be satisfied reduces to 

dV 

c dt JC 

where F= {t - a)«'+*+y {t - 6)«+p'+» (t - c)«+^+*' (< - ^)-»+«+p+v>. 



"-Lt.'^-I/^' 



The integi-al / will therefore be a solution of the differential equation, 
provided the path of integration C is such that the quantity V resumes its 
initial value after describing the arc C, 

Now F= (^ - ay-^^-^y' (t - 6)«+^'+y-i {t - c)«+^+y'-^ (z - ^)— ^-r U, 

where Cr= (< - a) (^ - 6) (^ - c) (^r - 1)"' ; 

and the quantity U resumes its original value after describing any contour : 
hence if C be a closed contour, it must be such that the integrand in the 
integral / resumes its original value after describing the contour. 

Hence finally any integral of the type 

J c 
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where C is either a closed contour in the t-plane such that the integrand 
resumes its iiiitial value after describing it, or else is an arc such that the 
quantity V has the same valite at its termini, is a solution of the differential 
equation of the general hypergeometric function. 

Example 1. As an example, we shall now deduce a real definite integral which (for a 
certain range of values of the quantities involved) represents the hypergeometric series. 

The hypergeometric series F{a^ b, c, z) is, as already shewn, a solution of the differential 
equation of the function 

' 00 1 

P a z 

1-c b c—a-b 

The integral 

thus becomes in this case 

Now the quantity V is in this case 

and this tends to zero at <=1 and i= oo , provided c> 6 > 0. 

Hence if these conditions are fulfilled, we can take as the contour C an arc in the 
/-plane joining the points tsal and i^co ; so that a solution of the differential equation is 



/ 



00 

1 



In this integral, write <»- ; the integral becomes 



/ 



1 

w*-i (1 -w)*-*-i (1 - ttt)-« rfii ; 





this integral is therefore a solution of the differential eqtiationfor the hypergeometric series. 

It is easily seen that this integral is in fact a mere multiple of the hypergeometric 
series 

F{a,byC,z); 

for supixxsing \z\< 1, and expanding the quantity (I - 1«)"« in ascending powers of z by 
the Binomial Theorem, the integral takes the form 

Jo r=l f' Jo 



or 



B (6, c-bHZ ^(^i)^-.-^(?[Vzi) B (6+r, c-b)^. 
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or 
or 



^' ^l r=i r!c(c+l)...(c+r-l) J' 



which establishes the result stated. 

Example 2. Deduce Schldfi^a integral for the Legendre functions, as a case of the 
general hypergeometric integral. 

Since the Legendre equation corresponds to the hypergeometric function 

-1 00 1 ^ 

n+1 « >, 

-71 j 

the corresponding integral is 



or 



{ (fi-l)^{t-z)-^^dt, 



taken round a contour C such that the integrand resumes its initial value after describing 
it ; and this is Schlafli's integral. 

Example 3. Deduce Laplac^s integral for the Legendre functions, as a case of the 
general hypergeometric integral. 

If we write 
the Legendre differential equation becomes 



dh/ fl 1 \dy n(n-fl) y _^ 



This corresponds to the hypergeometric function 

00 1 

Pi 2 2 ^ ^ 



Yy 



n+1 n ^ 

-2"' "2 ^ 

and so the hypergeometric integral becomes in this case 

("i ftt" (1 - w)"* (f - M)-*c?tt, 

taken round a contour enclosing the points u=l and u»(. 
Write f=f*, 

so f=^+(2«-l)*. 

Then the integral becomes 

f-i»-l f (i-M)-J(l-f-2tt)-*ttVM, 

taken round a contour enclosing the points u^l and u^{\ 
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Write u=ih(in this integral ; we thus obtain 



/ 



the integral being now taken round a contour in the A-plane enclosing the points h=^( and 

Suppose now that the real part of « is positive ; and let the contour become so attenuated 
as to reduce to a small circle surrounding the point- A =^, another small circle surrounding 
the point A^CS ^^^ ^^® ^i°® joining the points { and C~\ described twice. The small 
circles contribute only infinitesimally to the integral, which thus becomes a mtiltiple of 



/ 



^ (l-a8A+A«)-*A«rfA. 



Writing As4+(aS-l)ico6^ 

in this integral, we obtain 



/: 



{«+(«*-!)* cos ^}»<i^, 
which is one of Laplace's integrals (§ 119). 

143. Determination of the integral which represents P<*^. 

We shall now shew how the integral which represents the particular 
solution P<*^ (§ 141) of the hypergeometric differential equation can be 
found. 

We have seen (§ 142) that the integral 

I^{z-ay(z-by{Z'-c)y( (t-ay'^y'^-'-'(t'-b)y+*-^^-'{t-cy-^f^^^ 

J c 

satisfies the differential equation of the hypergeometric function, provided 
C is a closed contour such that the integrand resumes its initial value after 
describing C, Now the singularities of this integrand in the ^plane are the 
points a, b, c, z\ and on describing a simple closed contour enclosing the 
singularity 6 alone, the integrand resumes its initial value multiplied by 

^ t 

as is seen by writing it in the form 

r^+y+«'-l)log(«-a)+(y+tt+^'-l)log(f-6)+(a+0+y'-l)log«-c)-(a+/5+y)log(«-O 

e • 

Take then a point in the ^-plane, and draw a loop in the ^plane passing 
through and encircling the point 6, but not encircling any of the points 
a, c, z. Let an integral taken in the positive or counter-clockwise direction 
of circulation round the perimeter of this loop be denoted by the sign 

(6+) 



/, 







W. A. 17 
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and let an integral taken in the negative direction of circulation round the 
perimeter of the loop be denoted by 

r(ft-) 

so that we have the equation 

/•(»+) r(b-) 

J J ' 

where it is understood that the initial value of the integrand in the second 
integral is taken equal to the final value of the integrand in the first 
integral. 

Let now a contour C be drawn in the following way. Take first a loop 
starting from 0, encircling the point 5 in the positive direction, and returning 
to ; then a loop starting from 0, encircling the point c in the positive 
direction, and returning to ; then a loop encircling the point 6 in the 
negative direction ; and lastly a loop encircling the point c in the negative 
or clockvdse direction. 

Conformably to the notation already explained, an integral taken round 
this contour will be denoted by 

(b+t c+, 6-, C-) 



J Q 



Now after description of this contour, the integrand of the integral / 
already considered resumes its initial value multiplied by 

^i (y-f-«+/5'-l-f-«+/547'-l->-«-^'+l-«Hi-y'+l) 

or 1, Le. the integrand resumes its initial value*. 

Hence if (7 be taken as the contour, the integral / will satisfy the 
differential equation. 

Thus 

r{b+,e+,b-,e") 

I^iz-- a)« (z -hf{Z' c)y (t - a)^+y +•'-! (t - 5)y+*+^'-» 

Jo 

(t - cY+P+y'-^ {z - 0--^-y dt 

satisfies the differential equation of the hjrpergeometric function. 

Now suppose that the point z is taken near to the point a, so that \z — a\ 
IB less than either |6— a\ or \c — a'. We can clearly draw the contour just 

* These double-circuit integrals were introduced by Jordan in 1887. Clearly any number of 
contours can be formed in this way, it being necessary only to ensure that each singular point is 
encircled as often in the negative or clockwise direction of circulation as in the positive or counter- 
clockwise direction. 
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described in such a way that, for all points ^ on it, U — a| is greater than |^ — a|. 
Thus we can write 



/•(6+,c+,6-,©-) 

Jo 



(a _ ,)-.H.-r (l - i^) 



z - a\-*-^-y 



dt. 



Under the conditions already stated, each of the expressions 

can be expanded by the Binomial Theorem in ascending powers of (z — a). 
We thus obtain for / an expansion of the form 

I=^(z-ay{A+B(Z'-a) + C(z-ay+...], 

and as / satisfies the differential equation it must therefore be a multiple of 
the particular solution P^*^ of § 141. 

Thus 

/•(6+,«+. 6-.C-) 

pw = Constant x (2: - a/ (^ - 5/ {z - c)y (t - oy»+y+*'-> 

Jo 

Similarly 

P<»') = Constant x{z- aY (2: - 5/ (^ - c)^ f ' "^ ' ' *" (^ - a)^+y+— ^ 

Jo 

In the same way th6 particular solutions r^\ P^'\ PW, P</>, can be 
expressed as contour-integrals. 

144. EvcUttatian of a double-contour integral. 
We may note that an int^ral 

/ 

can be expressed in terms of the integrals 

in the following way. 

Let the initial value of the integrand at the point be denoted by T, After describing 
the loop round a, the integrand will have at the value e**"^*"*"^"*"^'^^ 7*, and the part 

17—2 



(0 + .6 + . a-, 6-) 
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of the integral I will have been obtained. Describing next the loop 

will therefore be 

and the integrand will return to with the value 

^ (tt'+p+y-l+a+P'+y-l) jt 

Describing next the loop round a in the negative direction, we observe that the oozre- 
spending part of the integral would have been 



r. 



if the integrand had had for initial value 

which is its final value when the loop is described with the initial value 7* : it is therefore 
actually 



or 



_^2ir»(tt+/i'+y- 



'T' 



and lastly, describing the loop round h in the negative direction, we obtain the part 

(6 + ) 



-/; 

of the integral 

Collecting these restilts, we have 

a formula which fiumishes the value of the double-contour integral in terms of two simple- 
contour integrals. 

146. Relations between contiguous hypergeometric functions. 

Let P (z) be a hypergeometric function with the argument 2, the singu- 
larities a, 5, c, and the exponents a, a,l3,/3',y,y\ Let Pf+i,„>_i(2r) denote the 
function which is obtained by replacing two of the exponents, I and m, in 
P(z) hy I -\-l and 771 — 1 respectively. Such functions P/+,,„»_i(2:) are said 
to be contiguous to P (z). There are clearly 6 x 5 or 30 contiguous functions, 
since I and m may be any two of the six exponents. 

It was first shewn by Riemann* that the function P(z) and any two of 
its contiguous functions are connected by a linear relation, the coefficients in 
which are polynomials in z, 

* AhhandLungen der Kdn, Qet, der Wi$t, zu Odttingen, 1857. 
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There will clearly be — ^ — or 435 of these relations. In order to obtain 
them, we shall take P {z) in the form 

P {z) = (^ - a/ (^ - hf (z - c)y f (« - a)^+y+*'-» (t - 6)y+«+/»'-i 

Jc 

(t - c)*+^+r'-i (t - s)-«-^-y eft, 

where C may be any closed contour in the ^-plane such that the integrand 
resumes its initial value after describing C, 

First, since the integral round C of the differential of any function which 
resumes its initial value after describing C is zero, we have 

= [ ^ {{t - a)-'+^+y (t - 5)-»^'+y-^ (t - c)*+^+y'-^ (e - ^)-Hi-y} eft, 



or 



Jc • 

+ (a + /9'+7-l)f(e- a)-'+^+y (t - 5)*+^'+r-« (^ - c)--*^-*^-! (< - «)--^-y eft 

J c 

+ (a +)8 + 7 - 1) f (^-a)-'+^+y(^--6)«+^+r-i(^-c)*+^+y'-*(<-s)-«-^-ycft 

- (a + )8 + 7) f (« - a)*'+^+y (< - 6)*+^'+y-» (« - c)*+^+> -* (« - ^)-«-^-y-i <ft, 

or 

(a' + )8 + 7)P + (a + )8' + 7-l)P.'+,.^'-, + (a + )8 + 7 -l)P.'+i.y-i 

■ 

(g-fff + 7) p 



5-6 



Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 



(a±^±7)p 



These, together with the analogous formulae obtained by cyclical inter- 
change of (a, a, a') with (6, fi, ff) and (c, 7, 70» &re six linear relations 
connecting the hypergeometric function P with the twelve contiguous 
functions 

P«+i.P'-i, Pp+i,Y'-ii Py+i,«'-i, Ptt+i.y-ii Pp+i,«'-i> Py+i,r-i> 
Pa'+i./l'-i, P«'+i.y-i, Pp'+i,y-i, P/i'+i,»'-i, Py+j,.'-i, Py+i.^*-!. 
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Next, writing f — a = (^ — 5) + (6 — a), and using P.*-, to denote the result 
of writing a' — 1 for a' in P, we have 

P = P...,./r^, + (5-a)P..-i. 

Similarly P = P.._,^y+i -{-{c-a) P.-i. 

Eliminating P«'-i fix>m these equations, we have 

(c - 5) P + (a - c) P.'-i. ^+1 + (6 - a) P.'-i.y+x = 0. 

This and the analogous formulae are three more linear relations con- 
necting P with the last six of the twelve contiguous functions written above. 

Next, writing (^ — ^) = (^ — a) — (jf — a) we readily find the relation 
P = ^j P^+^y_, - (^ - a^H^ - 6)^^ - c)y 

./(7 

which gives the equations 

{z - a)-» {P - (^ - 5)-^ P^+i.y-,1 « (^ - 6)-^ {P - (^ - c)-^ ^YHhi..'-i} 

= (^ - C)-^ {P - (^ - a)-^ P.+i./i'-a}. 

These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
functions of z. Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them ; that is, between P and any two of 
ike above fwnctione there exists a linear relation. The coefficients in this 
relation will be rational functions of z, and therefore will become polynomiak 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so far as the above twelve contiguous 
functions are concerned. It can in the same* way be extended so as to be 
establiHhed for the rest of the thirty contiguous functions. 

Corollary. If functions be derived from P by replacing the exponents 
a, o', A fi\ 7,7', by a + p, a' + g, )8 + r, /S' + tf, 7 + ^, 7' + w, where p, g, r, «, «,u, 
are integers satisfying the relation 

then between P and these functions there exists a linear relation, the co- 
efficients in which are polynomials in z. 
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This result can be obtained by connecting P with the two functions by 
a chain of intermediate contiguous functions, writing down the linear 
relations which connect them with P and the two functions, and from these 
relations eliminating the intermediate contiguous functions. 

It will be noticed that many of the theorems found elsewhere in this 
book, e.g. the recurrence-formulae for the Legendre functions (§ 117), are 
really cases of the theorem of this article. 

Miscellaneous Examples. 

1. Shew that 

Fifly 6+1, c, »)'F{a, 6, c, f)-~ /'(a+l, 6+1, c+1, f). 

c 

2. Shew that 

/'(a+l, 6+1, c «)-/'(a, 6, c, *) = ^/'(a+l, 6+1, c+1, »). 

dP cPP 

3. If P(«} be a hypei'geometric function, express its derivates -^ and --^ linearly in 

dP 
terms of P and contiguous functions, and henoe find the linear relation between P, -^ , 

and -jj^ , i.e. verify that P satisfies the hypergeometric differential equation. 

4. If 

W(ayb,x) denote ^(^y^, I, 2, -bx\ 

shew that the equation y^ W(ay 6, x) 

is equivalent to j?— IF (6, a, y). 

5. Shew that a second solution of the difierontial equation for 

F{ayb,c,x) 
is «»-«^(a-c+l, 6-c+l, 2-c, x), 

S. Shew that the equation 

(a2+6«*)^+(ai+V)^+(ao+6ar)y=0 
can, by change of variables, be brought to the form 

and that this latter equation can be derived from the hypergeometric equation 

X (1 - X) g+ {c- (a + 6+ 1) «} ^- aJy=0 

by the substitution 6cm, j?«— , where m is infinitely large. 
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7. Shew that 

I-L 00 1 

i-v n+2v i-v z \, 

-n 

where (f{») is the ooefficient of h^ in the expansion of (1 - SA^+A*}-*" in ascending powera 
of A. 

8. Shew that, for values of x hetween and 1, the solution of the equation 



dx^ • 2 



dx 



is AFi^a, i/3, i,(l-2j:)«} + 5(l-2*0^{i(a+l),i03+l),},(l-2ir)«}, 

where Ay B, are arbitrary constants and jP(a, /3, y, j?) represents the hypergeometrio series. 

(Cambridge Mathematical Tripos, Part 1, 1896.) 

9. Shew that the dififerential equation for the associated Legendre function P»"*(«) 
of order n and degree m is satisfied by the three functions 



Pi 



00 



-m -n 



V -2^ ^'^^ 



00 



1 l-« 
1^ -^ 



1 
2^ 



'9 



n 

"i 

n+1 
V 2 

/ 



2 f-(a«-l)* 



"9 



— m 



n+1 
2 



00 1 



2 2 l-«»>.. 



n+1 in 1 
V~2~ ~ 2 2 



10. Shew that the hypergeometrio equation 

,d^ 



18 satisfied by the two integrals 

f /-^(l-«)^-^-\l-«)-*ci« 

J 



and 



j «^-^(l-*)-y{l-(l-a:)*}-(ii. 



(Olbrioht) 
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11. If 

(l-j-)«+^-y /'(2fl, 2i8, 2y, ^) = l+5a?+(7ar»+Z):c»+..., 
shew that 

^(fl, ft y+i» ^)^(y-fl. y-ft y+i, ^) 

-1+-5L nvi y-y^^ rva I y(y+^)(y+^) n^sa- 

(Cayley.) 

12. Prove that 

P^(f)=itann,r{«,(z)-e.,_iW}, 
If 

where Pn(«) and $«(') are the Legendre functions of the first and second kind of 
order n. 

13. If a function Fia^ /3, /S'* y; x^ y) be defined by the equation 

then shew that between /* and any three of its eight contiguous functions 

F{a±l), F(fi±l\ /'(/r±l), F(y±l\ 

there exists a homogeneous linear equation, whose coefi&oients are polynomials in x and y. 

(Levavasseur.) 

14. If y — a — < 0, shew that, for values of x nearly equal to unity, 

^(a,fty,^)= r(u)r(a) ^^"^^' » 

and that if y— a— /3eO, the corresponding approximate formula is 

^(a.fty,^)« r(a)r03) ^^gT:^' 

(Cambridge Mathematical Tripos, Part II, 1893.) 

15. Shew that when |«| < 1, 



/: 



«*"'*(v-x)'»— "^r— Vl-v)"*'rfi 



- -4«''»'sin«»Bin(p-a),r.?^^^^^^^/'(a, ai, p,:p), 



"where c denotes a point on the finite line joining the points 0, x, the initial arguments of 
9^x and of V are the same as that of x, and that of (1 - v) reduces to sero at the origin. 

(Pochhammer.) 



CHAPTER XII. 
Bessel Functions. 

146. The Bessel coefficients. 

In this chapter we shall consider a class of functions known as Bessel 
/unctions, which present many analogies with the Legendre functions con- 
sidered in Chapter X. As in the case of the Legendre functions, we shall 
first introduce the functions, or rather a certcdn set of them, as coefficients 
in an expansion. 

For all finite values of z, and all finite values of t except t^O, the 
function 

can be expanded by Laurent's theorem (§ 43) in a series of ascending and 
descending powers of t. If the coefficient of t^, where n is any positive 
or negative integer, be denoted by Jn(^), we have (by § 43) 



Jn(z)^ ^^j u--^e^'('"'u) du, 



the integral being taken round any simple contour in the u-plane enclosing 
the point u » 0. 

To express this quantity Jn (z) as a power-series in z, write 



2t 
u= — . 

z 



Thus •^-<^)-2it(l)7'"""'''"^'^'' 



the integral being taken round any simple contour in the t-plane enclosing 
the point ^ = 0. This can be written 



<')-s^©M.^'©7 



r*-^v<ft. 
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Now (§ 56) we have 
^— . / ^"^"'^Vd^sa the residue of the function t"'*"^' 6* at its pole, the origin. 

If n is a positive integer, this residue is 

1 

if n is a negative integer, say = — «, the residue is zero when r = 0, 1, 2, . . . « — 1, 

and when r ^ « it is 

1 

(r-«)!- 
In any case, the residue is 



r(n+r + l)* 
Thus if n is a positive integer, we have 

and if n is a negative integer, equal to — «, we have 

"^ ^ rZ,\V r\{r-8)\ tZo\V (« + <)!«' 

or Jn{z)^{-VfJ,{z). 

Whether n be a positive or negative integer, the expansion can clearly 
be written in the form 

"^ -* r-o2"+"T!r(» + r+l)' 

The function Jni') thus defined for integral values of n is called the 
Bessel coefficient of the nth order. 

We shall see subsequently (§ 149} that the Bessel coefficieifts are a particular case of a 
more extended class of functions known as Bessel functioTU, 

Bessel coefficients were introduced by Bessel in 1824 in his *' Untersuchung des Theils 
der planetarischen Stdrungcn, welcher aus der Bewegung der Sonne entsteht.** 

In reading some of the earlier papers on the subject, it is to be remembered that the 
notation has changed, what was formerly denoted by Jn (s) being now denoted by •/» {2z). 

Example 1. Prove that if 

26(l+g») .AJI^A ^4. 

then will «~ sin hz^AiJ^ (t) -^AfJ^ {z) + -^j^s W + ... . 

(bambridge Mathematical Tripos, Part 1, 1886.) 
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For replacing the Bessel functions in the given series by their values as definite 
integrals, we have 






the integrals being taken round any simple contour in the i«-plane enclosing the origin. 
Taking a new variable t, defined by the equation 

we thus have 



A,JM-¥Arr^{z) + A^^{z) + ...^^.j 



<«+6« ' 



where the integration is now to be taken in the clockwise direction round any lai^ simple 
contour in the ^plane. This expression is (§ 56) equal to minus the sum of the residues 
of the function 

at its poles t^ib and t= — ib ; that is, it is equal to 

2t 2* 

or «*• sin bz, 

which is the required result 

Example 2. Shew that, when n is ai\ integer, 

Wehave ,i<'-'('-|) J('-0. JO"!), 

or i h/„(«+y)= 2 r'JmW' i rJriy). 

1M>— 00 ma — 00 ra— 00 

Equating coefficients of r* on both sides of this equation, we have the required 
result. 

147. BesseFs differential equation. 

We have seen that, for all integer values of n, the Bessel coefficient 
of order n is expressed by the formula 

where (7 is a simple contour in the ^-plane enclosing the point ^ » 0. 
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We shall now shew that the function Jn{z) is a solution of a certain 
linear differential equation of the second order, namely, 



For we find in performing the differentiations that 

= 0, 



dt 



<-?? 



since the function e ^ f^"^ resumes its original value after the point t has 
described the contour in question. 

Thus Jn (z) scUisfies the differential equation 



dz^ z dz 



(i-5)/„w=o. 



This is called BesseVs equation of order n. Its properties in many respects 
resemble those of Legendre's differential equation, which is also a linear 
differential equation of the second order. 

148. BesseVs equation ew a case of the' hyper geometric equation. 

If c be any finite quantity, the differential equation of the hypergeometric 
function 

X c 



1 . 
n ic z-\-tc z 



I 



— n — ic 2 "" *^ 



) 



is (§ 137) 




Z{Z'-C) 



If in this equation we make c tend to an infinitely large value, we obtain 
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which is Bessel's equation of order n. Thus BesseVa equation can he regarded 

as a limiting case of the hypergeometric equation, corresponding to the 

function 

X c \ 



Limit P s 

0S« 



n 



%c 2"*"^ ^ 



— n — ic 2 ~ *^ 



Another representation of BesseFs equation as a limiting case of the 
hypergeometric equation is the following. 

If we change the dependent variable in Bessel's equation, by writing 
y » e^, the differential equation for u is easily found to be 






Now if c be any quantity, the differential equation of the hypergeometric 
function 



Pi 







71 



00 

1 

2 







z 



8 



— n I — 2ic 2ic — 1 



IS 



dhi 
d^ 



/I 2_-2ic\ du /r^ -^ '\ ^ - o 
\^ z — cjdz \ z 8 J z{z — c)^ ' 



If in this equation we make c tend to infinity, we obtain 

d^u 



dz^ 



/I . ^ .\ du / n« i\ ^ 



which is the above equation. Hence Bessel's equation is a limiting case 
of the hypergeometric equation, being the equation for the function 



e^ Limit P . 







n 



X 

1 

2 







z 



8 



— n T" ^io 2ic — 1 

4 



Bessel's equation is connected not merely with the general hypergeometric 
equation, but with that special form of it which we have considered in con- 
nexion with the Legendre functions. 
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For the differential equation of the associated Legeudre function (§ 129) 



Pm 
o 



(' - i) 



is (§ 138) the equation of the function 



P^ 



-1 



X 



m _ 

2 " + 1 



2 2n« 



m 

r2 



m 
-^ -2 



or (§ 139) 



/ 4w^ 



X 



\ 



2 ^-^^ 



2 



- ^« 



y- 



\ 



m 
2 






2 



The differential equation of this functioD is 



_*y / I 1\ dy / m« n + 1 m«\ n'y 

rf(i^)* U'-4n«"*"Wd(-2^') I ^«-4n» n "*" 2rV -«• (^« - 4n>) 

If in this equation we make n tend to infinity, it becomes 

t 



or 



which is Bessels equation. Thus Bessel's equation of order m is the same 
as the equation for the function 

By considering Bessol's equation a8 a limiting case of the hypergeometric equation, 
we can deduce certain solutions in the form of definite integrals. 

For the differential equation of the function 

00 c 

— n + u: i — tc 



is satisfied by the integral 

'(-9"7c'-'(-0 



^\n + J-ate 



{t-zy-hdt, 
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if (7 is a contour such that after describiug C the int^;rand returns to its initial value. 
When c becomes infinite, this expression reduces to 



«*«-** I <-*-i(<-z)-*-i«*«cfe, 



which accordingly satisfies Bessel's equation if C be a contour of the kind described ; C can 
for instance be a figure-of-eight contour encircling the points ^=0 and t=^t. 



In fact, if we write 



we have 






=0. 
Other solutions can be found by changing the signs of n and t. 

Example. Shew that Bessel's differential equation is the limiting case of the equation 
of the hypergeometric function 

{0 00 c« 

in i(c-n) 2« 

-in -i(c+w) w+1 
when c tends to infinity. 

149. The general solution of BesseVs equation by Bessel functions whose 
order is not necessarily an ^integer. 

We now proceed, in the same way as in § 116, to extend our definition of 
the function Jn(^) to the general case in which n is not an integer. 

It appears from the proof given in § 147 that, whatever n may be, the 
difierential equation 

is satisfied by an integral of the form 

f t- 

y^z""] r '^» e « dt, 

J c 

provided the path of integration C is a contour on the ^-plane, so chosen that 
the function 

e ^ tr^-^ 



resumes its initial value after describing C. 
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Now when the real part of Ms a very large negative number, the 
function 

is infinitesimal. Hence y will be a solution of the differential equation, 
provided the contour G begins and end$ with values of t whose real part 
is infinitely large and negative. 

Let therefore a contour G be taken which begins at the negative end 
of the real axis, and after proceeding close to the real axis to the neighbour- 
hood of the origin makes a circuit of the origin and returns, close to the real 
axis, to the negative end of the real axis again. The integral y taken round 
this contour satisfies BesseVs differential equation. 

We shall now shew that this solution y can be expressed in the form of 
a series of powers of z. 

Suppose as usual that by Ir^"^ is understood that branch of the function 
^n-i which when continued (§ 41) to the point ^ = 1 by a straight path, 
arrives at the point t = l with the value unity. 



Then we have 



y^z^f 



M 



t-'^^eKe'^dt 
c 



__ * (- lyz^ "" 



—r- ^tr^'-^dt 

r=o i- . r! J c 



2» 



But (§ 100) we have 



ttV = ;A. ( t-^e^dt. 
r{k) 2m J c 



- ? 27rt . (- l)*- . z^"^^ 
^"rZ^ 2^.r!r(r+n + l)- 

But when n is an integer, we have (§ 146) 

/■ r.^= I (- ^r^^ 

"^^ rto2«+»-r! r(n + r + l)* 
Comparing these results, we have, when n is an integer, 



'^-<'>=2-^-(J)7r-^'"^''^' 



where G is the contour already described. 

Now we have seen that the right-hand side of this equation has a meaning 
and satisfies BesseFs differential equation for all values of z and all values of n ; 
whereas, up to the present, Jn (z) has been defined only for integral values 

w. A. 18 
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of n. We shall take this opportunity of extending the definition of «/» (z), in 
the following way. 

For all values of n and of z, the function 



liri U) j, 






or ^ / 



rloZ^+^r! r(n + r-f 1) 



ti;iK 6« denoted by Jn (z). In the integral, ^~**~* is to have the value which 
becomes unity when the variable t travels in a straight line to the point ^ — 1 : 
and (7 is a contour which encircles the point ^ = and begins and ends at 
the negative end of the real axis in the ^plane. The function J»(2^) thus 
defined is called the Bessel function of z, of the first kind and of the order n ; 
it satisfies BesseVs differential equation of order n. 

Since Bessel's differential equation is unaltered by the change of n into 
— n, we see that J-.n{z) is also a solution of the equation ; and therefore the 
general solution of BesseVs equation is of the form 

dJn {z) + 6 JL» {z\ 

where a and b are arbitrary constants, except in the case in which Jn(z) and 
JLn (z) are not independent functions ; this exceptional case happens when n 
is an integer, for then, as we have already seen, we have the relation 

A second solution of Bessel's equation in the case when n is an integer 
will be given later. 

160. The recurrence-formukie for the Bessel functions. 

As the Bessel functions, like the Legendre functions, are members of 
the general class of hypergeometric functions, it is to be expected that 
recurrence-formulae will exist between them, corresponding to the relations 
between contiguous hjrpergeometric functions (§ 145). 

We shall now establish these recurrence-relations ; the proof given does 
not assume the order n to be an integer, and consequently the formulae are 
valid for all values of n, real or complex. 

Let C be the contour described in the last article, which begins and ends 
at the negative end of the real axis in the ^plane, and encircles the point 
/ = 0. 



Then since the function 



r' «r« 
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is infinitesimal at the extremities of this contour, we have the equation 

2n 

or Jn-i{^) + Jn+i(^)= — J'n(^) (A), 

z 
which is the first of the recurrence-formulae. 

Next we have, by diflFerentiation, 

dzJc 2 Jc 



or 



s{(r^-(«))-(ir^-<'). 



-ir^ '-/.(')- J.«(') (Bx 

From (A) and (B) it is easy to derive other recurrence-formulae, e.g. 

^^ = i{/n-,W-/„+.(^)!... (C), 

^^ ^^^ = «^»->(^)-F»(^) (D)- 

Example 1. Shew that 

16'^^^=^,-4W-4/.-.W+6^.«-4^«m(«)+«^»+4(*)- 



Example 2. Shew that 



•'.o-^i'"^^'. 



161. Relation between two Bessel functions whose orders differ by an 
integer. 

The various recurrence-formulae found in the last article can however be 
easily deduced from a single equation, which connects any two Bessel 
functions whose orders differ by an integer, namely 



^'^+'' ^ ^ (zdzyX ^ j' 



where n is any number (real or complex) and r is any positive integer. 

18—2 
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To establish this result, we have, by § 149, 

^ F2)'- 2^":^^ j^tr^-^'e'-^ dt 

1 1 r / X 
~ / 2)*' z^'^^ "^^ ^^'* 

which is the equation required. 

The recurrence-formulae can be derived without diflSculty from this result. 
Thus, equation (B) of the last article is obtained by taking r=l in this 
equation : and equation (A) of the last article may be derived in the following 
way. 

Taking r=l and r = 2 successively in the formula just proved, we can 
express the first and second derivates of Jn{z) in terms oi Jn{z\ Jn+i(z) and 
Jn-i^{z)» in the form 

d^Jn(^) Ti ,^ X r / \ 2/14-1, . , J. , . 
—^ = - ^ (1 - W) «^n (^) -^ Jn+i (Z) + Jn+, (4 

Substituting these values in Bessel's equation 



d^Jnjz) ^ I dJn(z) 

dz^ z dz 



+ (l-J)/n(4 = 0, 



we have Jn-^^{z) - ^^^ — - Jn+l (^) + Jn (^) = 0. 

z 

Changing n to (n — I) in this result, we have 

z 

which is the formula (A) of the last aiticle. 

The other recurrence-formulae can be derived in a similar way. 
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162. The roots of Bessel functions. 

The relation established in the preceding article enables us to deduce the 
interesting theorem that between any two conseciUive real roots of Jn {z) there 
lies one and only one root of Jn+ii^)** 

For since Jn(^) satisfies Bessels equation, it follows that the function 
y = z~^ Jn (z) satisfies the differential equation 

d^. ^ . I d 
dz' 



^<^"^>^J^.^^"^)+(l-5)^'*y=^ 



From this equation it is evident that if f be a value of z (real and not 

dv . d^v 

zero) for which ~ is zero, then the signs of —^ and y must be unlike at the 

point 2: = f . Now let z = (^ and ^ = f j be two consecutive roots of the 

function •^, It is clear from the differential equation that neither y nor -~ 

can be zero at either of these points. Then the function -^ -~ has a 

different sign just before reaching ^ = fa to that which it has just after 

leaving -^ = fi; and hence it follows that the function y-~ has a different 

sign just before reaching ^= fa to that which it has just after leaving z = fi. 
The function y must therefore have an odd number of roots between the 
points 2r = f 1 and z = fa- 

But from Rollers Theorem it follows that y cannot be zero more than 
once in this interval : so y must have one and only one zero between the 

points 2r = fi and ^ = fa • and therefore the zeros of y and of -^ occur 
alternately. 

Thus, between any two consecutive roots of the function z~^ Jn (z) there 

lies one and only one root of the function -r- {z"^ Jn (z)} or - z~^ Jn+i (z): which 
establishes the theorem. 

163. Expression of the Bessel coefficients ew trigonometric integrals. 

We shall next obtain a form for the Bessel coefficients (i.e. the Bessel 
functions for which the order n is an integer), which in some respects 
corresponds to the Laplacian integrals obtained in ^ 119 and 132 for the 
Legendre functions. 

* The proof here given is due to Gegenbauer, MonaUhefte fUr Math, ynx. (1S97). 
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If in the equation 
we write t = e**, we have 



n=s -oo 



00 



ll=-oo 



Changing < to — % in this equation, we have 



«= -00 



Adding and subtracting these results, we have 

« 
cos (z sin <^) = 2 «/„ (-?) cos n^, 



nss -co 

00 



sin (z sin <^) = S Jn (z) sin tk^. 



n= -00 



Since «/n(^) = (— l)'*«/ln(A these equations give 

cos (z sin <f>) = Jo (-2^) + 2Jj (fr) cos 2^ 4- 2J4 (-?) cos 4<^ + . .. , 
sin (2r sin ^) = 2/1 (2:) sin <f> + 2/, (-?) sin 3^ + ... . 

As these are Fourier series, we have (§ 82) 

1 f» 
J^ (^) = - I cos nd cos (z sin d) dd, (n even), 

1 f' 
= - I cos nd cos (z sin d) dd, (n odd), 

1 f' 
J„ (if) = - j sin r?d sin (z sin d) dd, (n odd), 

If'. 

= — I sin nd sin (z sin d) dd, (n even). 

Since 

cos (nO — e: sin d) = cos n0 cos (2: sin 0) + sin nd sin {z sin d), 

we have in all cases when n is an integer 

1 [' 
Jn (-2^) *= — I cos {nd — z sin d) dd, 

W Jo 

the formula required. 

Example, To shew that for all values of n, real or complex, the integral 

1 /■» 
y^- I ooB(n6-zmn$)dB 

ir J 
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satisfies the differential equation 

<^ ,'^dy ( »«\ sin nir /I n\ 

which reduces to BessePs equation when n is an integer. 

1 /"' 
Forif y = - I cos(nd-«sind)flW, 

IT Jo 

we have 7^^" i ®^^ ^ ®^" (n^- « sin ^) cW, 

?5^= - 1 f %i 



80 



I sin>^cos(n^-2sin^)c2tf, 
y+^«-/ co8*^cos(nd-zsin^)(W, 



and ~7r^^y^^l am {n0 — g sm 3) d0 — I ■^cos(nd-«8m^)<W. 



Now integrating by parts, we have 



1 f'sin^ . , ^ • ^x j^ 1 . 1 /'cosd, ^. , - • iix^ii 

-/ sin(w-«sm^)a^-«— 8innir + - I — (n-«cosd)cos(w-»sm^)a^, 

njoz irz «-yo« 



and therefore 



= — sin»ir-;3- / coe(n^-*sin^).rf(»^-«sin^ 
nz i*n J ^-0 



1 . n . 

— sm «ir — i sm n»r 



smnir 



V 5)' 

which is the required result. 

164. Extension of the integral-formula to the case in which n is not an 
integer. 

We shall now shew how the result 



1 f ' 
(^) =s - I cos (n0 — z sin 0) dd 



must be generalised in order to meet the case in which n is not an integer, 
i.e. the case of the Bessel functions, as opposed to the Bessel coefficients. 
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Suppose that the real part of z is positive. Write t = ^zuvcL the formula 



we thus have 



"<^^ = 2^/""*"'*^^"""^''"' 



where m"*"* has that value which becomes unity when the variable u travels 
by a rectilinear path to the point u = 1. Since values of t whose real part is 
large and negative correspond to values of u whose real part is large and 
negative, we see that the path in the u- plane, along which this integral is to 
be taken, is still a path leading from m = — x round the point t* = and 
returning to t* = — x . 

Let this contour be chosen so as to consist of 

(a) a straight line parallel to, and below, but indeBnitely close to, the 
real axis from ?t = — xtow=-l; 

()8) a circle I of radius unity described round the origin ; 

(7) a straight line parallel to, and above, but indefinitely close to, the 
real axis from m= — 1 toti= — x. 

Thus 



^'•(^> = 2^-D-^^^'^''"'^^^ + 2i/.-""-^^' 






where u~"~> has in the first integral the value e^""*"''*' at u = — 1, and in the 
third integral has the value e~*'*^^**'at us= — 1. Hence, writing ti = — ^ in 
the first and third integrals, and u = «**• in the second integral, we have 



1 r» ^(n+l)i» /•• •/_#+l\ 



dt 



where, in the last two integrals, <~*"* has the value 1 at the point < = 1. 
Writing ^ = e*, we have 



Jn(z) = ^ jre— ^+'<"»^d^+ r ^-'•^^'^""•d^ 



sin(n + l)7r r^_M.„i„h,^^ 

TT 'a 



TT .'0 



SttJo ^ ^ Jo 
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or 



Jn(^) = - rco8(z&m0'-'ne)d0-—'''' C e-^-^m\iBde (1). 

ttJo TT .'o 

This formula is valid when the real part of z is positive. When the real 
part of z is negative, a similar procedure leads to the result 

J^ (z) = ^— I r COS (z sin + nd) d0 - sin nw j e-^+'"nh(j ^^l (2). 

When n is an integer, the f«)rmula (1) gives 

1 f' 
J^ (z) = - I cos (n0 — z sin 0) d0y 

TT Jo 

when the real part of 2: is positive ; and the formula (2) gives 

J^ (2) = ^"^i^ r cos (nd + z sin 0) d0, 

TT Jo 

or, since Jn (^) = (- 1 )" «/^-n (^), 



1 f' 
^1 (-2^) = - I COS (nd — z sin d) dd, 

TT Jo 



when the real part of z is negative. 

Thus in either case when n is an integer, we have again the result of the 
last article, namely the formula 



J^(z) = - r COS (nO-z sin 0)d0 (3). 

TT j 0- 



The equation (3) was known to Bessel. Equation (1) is due to Schlafli, Math, Ann. in. 
<1871) ; equation (2) was first given by Sonine, Math, Ann, xvi. (1880). 

The trigonometric integral-formula for J^ (z) may bo regarded as corresponding to the 
Laplacian definite integrals for the Legendre functions. For we have seen that the 
Bessel function J^^ (z) satisfies the difierential equation of the function 



Limit P„»» 



n— 00 



('-&)• 



or 



or 



But the Laplacian integral shews that this quantity is a multiple of 

^^* / ' b " £» "^ ((^ " £')* - 1}* «» * J «* "^ '^ 

Limit I f IH — cos ^ j cos m<f> d4>, 



I e^'coa^cosm^o^, 
Jo 

the similarity of which to the above result (3) will bo observed. 
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166. A second expression of Jn (z) as a definite integral whose path of 
integration is real. 

Another definite-integral formula, which is valid for all values of z and a 
certain range of values of n, can be obtained in the following way. 

The function Jn (z) is expressed for all values of n and z by the series 

• (-l y^-nr 

r=o2«-*^r!r(n+r+l)' 

Since (§ 95) we have 

this can be written in the form 

. (_l)r^»+»T(r + |) 

/«W= 2 i 2Z_. 

r=o2»r(n + r+ l).2r!rQj 

Now by § 107 we have 

provided the real parts of (r + s ) and (n •\- = ] are positive. 

Thus if the real part of ( '^ + s) ^ positive, we have 

1 * (— ly ^^*^ f' 
^n(z)^ t.Mt./ n ^ 2H cos«-<^8in«*<^d0. 

But cos(^cos9)= 2 - -ft-T — - • 

Thus we have 

J"^ (z) = J, I J ,1 I COS (2: COS 6) sin** 6 dd>. 

2-r(i)r(n + i)'o 

This formula is true for all values of z, and for all values of n whose real 
part is greater than - ^ . 

Example 1. Shew that 



so 
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For we have 

I er*^*Jf^(x sine) jf'dx^- [' d<f» I 6-«c««.<j-**«to«oo«^^fl^ 
Jo ir J J 

= r(n+l)P»(co8d), 
which establishes the result. 

Example 2. Shew that 

r{n—fn-i-i) J o 

(Cambridge Mathematical Tripos, Part II, 1893.) 

166. HankeVa definite-integral solution of BeaseVa differential equation. 

If in the result of the last article we write 

t = cos <f>y 
we obtain the result 

Jn{z)^ ^/IxC/ n r C0S(^)(l*e»)-»d<. 

It will now be shewn that this integral is a member of a very general 
class of definite integrals which satisfy Bessels differential equation, namely, 
integrals of the form 



J c 



where C may be any one of a number of contours in the ^-plane. The 
importance of solutions of this type was first shewn by Hankel*. 

To shew that integrals of this class satisfy Bessel's equation, we form the 
first and second derivates of the expression y, and find that 






= -^»-' f {^e«'' (<»-!)•+*- (2n + l)«te^ (<»- I)"-*} dt 
J c 

= 1^-' [ I {c** «» - !)»+»} dt. 



* Math. Ann, i. 
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From this it is clear that Bessel's equation will be satisfied by the integral 

J G 

providetl (7 is a closed contour such that the integrand resumes its initial 
value after making a circuit of C 

The similarity of this result to the general theorem of § 142 is very 
apparent. 

167. Expression of Jn {z\ for all values of n and z, by an integral of 
HankeVs type. 

We shall now shew how the particular solution Jn {z) of Bessel's equation 
can be expressed by an integral of Hankel's type. Consider the contour 
formed by a figure-of-eight in the ^plane, enclosing the point < = H- 1 in one 
loop and the point < = — 1 in the other, so that a description of the contour 
in the positive sense involves a turn in the positive direction round the point 
< = + 1 and a turn in the negative direction round the point < = — 1. After 
turning round the point < = + 1 in the positive sense, the integrand resumes 
its original value multiplied by e^*-*)^'*, as can be seen by writing it in the 
form 

^rrt+(n-i)log(t-l)+(n-4)log(r+l). 
^ ♦ 

and after turning round t= — \ in the negative sense, it is further multi- 
plied by 

-(ii-J)2« 
c • 

Hence after describing the whole contour, the integrand resumes its 

original value. 

/•(i+.-i-) 
Thus y^z""] e^' (t* - 1 )»-* dt 

is a solution of the differential equation, valid for all values of z and of n ; 
the symbol (1 -h, — 1 — ) placed at the upper limit of the integral indicating 
that the path of integration consists of a positive revolution round 1 and a 
negative revolution round — 1 

In this equation we shall suppose as usual that z^ has the value which 
reduces to 1 when z travels by a straight path to the point z = 1, and we shall 
suppose (<'—!)'*"* to have initially the value which reduces to e"^**"*^** when 
t travels by a straight path to the point t = 0. 

To find the relation between this quantity y and the particular solution 
Jn (z) of BesseFs equation, we expand y in the form 



00 jgn+r 
r«0 ' 



'l> r(i+.-i-) 

p. r(<*-i)»-*ctt. 
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To evaluate the iutegrals which occur in this series, write 



F{r,n)^j 



(i+,-i-) 



Then F(r, n+ [) = j (tr^^ - r) (<« - 1)*-* dt 



(l+.-l-) fr+l 



-I 

J 2n +1 



Thus we have F(r, n) = - ^V^T^ F(r, n + l). 

This result enables us to reduce the evaluation of F(r, n) to the evalua- 
tion of F(r, n + 1), and thus to the evaluation of F(r, w + A;), where k is a 

..." 1 

positive integer so chosen that the real part of (n + A;) is greater than — ^ • 

We have therefore to evaluate the integral 



F(r, n)=j' 



where we may now suppose that the real part of n is greatei; than - ^ . The 

contour can be supposed to start at the point t = 0, where (t'— 1)**~* has the 
value e"^**"*^*", then to proceed to the neighbourhood of the point t = l along 
the real axis, then to make a positive turn in a small circle round ^ = 1, then 
to return along the real axis to the point ^ = 0, where (<*— 1)""* has now 
the value g^**-*)*^, then to proceed along the real axis to the neighbourhood 
of the point < = — 1, then to make a negative turn in a small circle round 
< = ~ 1, and lastly to return along the real axis to the point ^ = 0, where 
(f*- 1)'*"* has now the value «-(»-*>»». Since the real part of w is greater 

than — 2 , the integrals round the small circles at ^ = 1 and ^ = — 1 are 

infinitesimal, and we therefore have 



Jo Jo 



dt 



Jo Jo 



-1 
where in each of these integrals the quantity (1 — ^)*~* is now supposed to 
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have the value unity at ^ = 0. Writing — ^ for ^ in the two last integrals, 
-we have 

F{r, n)= - {e(»-*)« - ^-C-*)''} {1 - (- 1)h-i} ^^(x . v)n-kdt 

= — 2i cos' -^ sin ( n — ^ j TT I i^ "'"^' (1 — v)*"* dv^ where i/ = f , 
<by § 105) = - 2» C08' ^ sin f n - 1) ,r£ (^-^ . n + *) 

(by § 106) =-2ico8'^sin (n - 1) ,r AJ_JlJ1!Ji . 

r(„ + | + i) 

This result has now been proved to hold so long as the real part of n is 
greater than — ^ • ^^^ i^ virtue of the formula 

F{r, n)= ———F{r, n + 1), 

we see that it holds universally. 

Thus we have F{r, n) = 0, when r is odd ; and it is therefore sufficient to 
take r even. Let r= 2s, Then the formula becomes 

F(2s, n) = 2t sin (n + ^ ^ ^■^/^ \^^ '^ . 
But (§ 97) we have 



"^ ■'/ ^^ / sinU + iJTT 



Therefore 2i7rr/'« + i'i 



i'(2«, n) = 



rg-n)r(n + «+l)' 



and 80 y=2_— s-j -7^ 



2tvr 



(•^8 



or 



-0 2«! r(i-n)r(n + « + l)' 

_ I (-J7^+» ^^"^^ (a) 

^"•=0 2"«! "r(^-„)r(n + ,+ l)- 

But J„ (5) -. S^ ^^—j, _^--_- ^ . 
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Therefore Jn (z) = 






or 






This formula gives the required expression of Jn{z). It is- valid for all 
values of n and of z\ but when n is of the form (^ + o)» where A; is a 
positive integer, the factor T (s — w ) becomes infinite and the integral 



/ 






becomes zero (since the integrand is now regular at all points within the 
contour), so that for this exceptional case the formula is indeterminate. 

Example. Deduce the formula 

•^» ^'>- 2-r(i)1^(n+i) /J «» («««*) sin*" ^'^ 
from the result of this article. 

168. Bessel functions as a limiting case of Legendre functions. 

We have already (§ 148) shewn that Bessel's differential equation of order 
7n is the same as the differential equation of the associated Legendre 
functions 

We shall now express this connexion more precisely, by establishing the 
formula 



J.(.) = Ldmitn-»P«-.(l-|,). 



For taking the expression of the associated Legendre function by a definite 
integral (§ 131), we have 



s\^ 



„-«. P « /'1 _ ^ "i _ in-\-m)(n + m-\) (n-m + 1)^ (\_±\ 

" " V 2nV (2m - 1) (2to - 3) 1.7r.n»» \ 4nV 

and as n becomes infinitely great, the right-hand side of this equation tends 
to the limiting value 

To TT-To 1^^ — i — I {l + -co8<^) sin»^^d<^, 

(2m — 1) (2m — 3)...l .TT Jo \ n v ^ ^ 
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or ,-^ .../^ ,,. ., (%««-♦ sin»« <t> d<f>, 

(2wi— l)(2m — 3)...l . ttJo 

or (§155) ./«(^), 

which establishes the result stated ; it is due to Heine*. 

169. Bfissel functions whose order is half an odd integer. 

The result of § 157 suggests that when the order n of a Bessel function 

Jn(^) is a number of the form A: + 2, where A: is a positive integer, certain 

exceptional circumstances arisef in connexion with the function. In this 
case it is in fact possible to express the Bessel function 

«^»H4W = 2j^^^j,/^_^3x )^"2(2A: + 3)"*"2.4.(2A: + 3)(2ik + 5)"'") 

in terms of well-known elementary functions. 

For by § 151 we have, if A: be a positive integer, 

But the series-expansion of the function J^ (z) is 

, . . 2M (, ^ z" 1 / 2 N» . 

•^»W = l^-|l-2.3+2:3T475--f = tJ ''''"• 

rpk f I- / X (-l)*(2z)*+ * d* /amz\ 
Therefore J»^j (^) = ^^-^ ^ ^^^ (-^ j , 

which is the required expression of the function Jfc+j {^) in terms of more 
elementary functions. 

The student will without difficulty be able to prove that a second solution of Besael's 
differential equation in this case is 



* Heine's definition of the associated Legendre function is somewhat different ttom thai 
which has since become general and which is adopted in this book : this leads to differenoes of 
statement in many other formulae, soch as that of this article. 

t The student who is familiar with the theory of linear differential equations wiU observe that 
in this case, and also in the other exceptional case of n an integer, the difference of the roots of 
the ** indicial equation *' of BessePs equation is an integer. 
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Example, Shew that the solution of the equation 

inH-l p-im 

where the quantities Cp are arbitrary constants, and oq, a|, ... ajm* ai^ the roots of the 
equation 

a*" + * = ». (LommeL ) 

160. Expression ofJn(z) in a form which furnishes an approximate value 
to Jn {z)foT large real positive values of z. 

We now proceed to form an integral which will be found to play the 
same part in the theory of the function J^ {z) as the integral of § 104 plays 
in the theory of the function T {z). We shall suppose x^ to be real and 
positive. Then,,by § 155, we have, for all positive values of n, 

Jn {z) = / cos {z cos d) sin"*^ d^. 

2».rf7i + y.7r*-'o 

Writing cos (f> = x, this becomes 

Jn (z) = y n I (1 - 0^)^^ COS zxdx, 

or t/n (z) = Real part of r—^n ( 0-" «^)'*^ «*" ^• 

2^^rfn4-ij.7r* Jo 



In order to transform this integral, we take in the plane of a complex 
variable t a contour OPQBCOy formed in the following way. is the origin 
{t = 0) ; P is the point < = 1 — /o, where /o is a small quantity, and OP is the 
part of the real axis between and P. Q is the point t=l + ip, and PQ is a 
quadrant of a circle which has its centre at the point ^ = 1. B is the point 
^ = 1 +ik, where £ is a large positive quantity, and QB is the line (parallel to 
the imaginary axis in the ^plane) joining Q and B, C is the point t = ik, and 
BC is the line (parallel to the real axis) joining B and C Lastly, CO is the 
part of the imaginary axis between C and Q. Then the function 

(1 - t')n^ e^ 

is regular at all points of the ^-plane in the interior of the contour OPQBCO ; 
and therefore the integral 

\l-t^)'^e^dt, 



I 



taken round this contour, is zero. 

w. A. . 19 
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We can write this relation in the form 



f +1 +1 +1 +1 =^' 

J OP JpQ Job Jbc Jco 



Now the part of the integral due to PQ tends to zero with p, and the part 
due to BC tends to zero as k becomes infinitely great, while the part due to 
CO is purely imaginary. Thus we have 

Real part of / =: — Real part of I , 

J OP J QB 

and 80 J. U) » Real part of "^ ,l / (l-I^Y^^dL 



In this integral write 



....V". 



80 that u varies between the limits and oo when t describes the line QB; 

^ (..,y,.-?(!)'^(.^«)', 

•nd therefore f =2^m ^■*""^*-*-jr«-«-* (l + g)'~*<iii. 
Thns we have 



or J, (*) = 



r(ii+i).(2w*)» 

'-{'-(■4)1}/:— i>4""-(-£n^ 



-•^{-(— i)i}/>-{('-sr-('-£nH' 

This is the integnl-expression required. It is essilj seen to famish an 
appioximate value of J^ {s) for large positive values of x ; for as « becmnes 
indefinitelv Urge, the two integrals in the expression tend respectivelj to the 

limits SFfn + s] and zero; and therefore the functi<Hi J»{s) approximateB 
for large positive values of s to the value 




1 
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The evaluation of «/» (^) when z is large will be considered in fuller detail 
in the next article. 

The result of this article can also be obtained in the following quite different manner, 
which connects it more closely with the general theory. We have seen in § 148 that Bessel's 
differential equation is a limiting case of the general hypergeometric equation, represented 
by the function 

r 00 c 



«*• Limit P 

eaoo 



V n J-2UJ 2ic-l 

Since the differential equation of the P-funotion 

r 00 c 




is (§ 142) satisfied by the int^^l 

taken between suitable limits, we see that Bessel's equation is satisfied by the expression 

Limit A-* [r^»(l-0-*-|+«»(«-O*-*rf<, 



or «*•«"* 



or (putting <= — ivz) 



or 



«<•«• I (v+tt;*)»-*fl->*rft;. 



The limits of the integral can be taken to be and oo , since these satisfy the conditions 
for the limits found in § 142 ; and hence it follows that 

e*»2^ I (v + tv»)*- * e-^ dv 

is a solution of Bessel's equation. 
Similarly the quantity 

is a solution of Bessel's equation. 

The solution J^ {z) must therefore be of the form 

19—2 



k 
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where A and B are constants independent of z. This is substantially the form given above, 
but the determination of the constants A and B ia a matter of some difficulty, for which 
the student is referred to a memoir by SchafheitUn, Cretins Journal^ cxiv. p. 39. 

Example, Shew (by making the substitution u=:22cot<^ in the integral found above, 
or otherwise) that 

w 

J^(9)=. ^^^^ I V«*«>**oo8*-*<^co8ec*»+»0coe{«-(n-i)^}d(^. 

r(n+J).fr*yo 

161. The Asymptotic Expansion of the Bessel functions. 

The Bessel fiinctions can for large values of the argument be represented 
by asymptotic expansions. We shall here consider only the asymptotic 
expansion of «/»(-?) for positive real values of z\ this was discovered by 
Poisson (for n = 0) and Jacobi (for general integer values of n). The theorem 
has been considered for complex values of z by Hankel * and several subse- 
quent writers. 

We shall derive the asymptotic expansion from the integral-expression 

Jn{z)^ 7 T\ 

(27r^)* r (n + ^) 

.- -^ {' - h i) I /: - «-!(' ^ ir - (- sn "-J 

found in the last article. 

It is first necessary to find the asymptotic expansion of the integral 



/, 



e-«ti*(l + S*dt^, (A:>0), 



which we shall denote by the symbol /. 
Now we have 



(1 . £)*- 1 .4. 'I^.l>(g)V... .M-Liiz-i) 



tu 



^ Hk-^)^.(ic-n) i^t^.^y^i^,)^.^. 



* Math. Ann. i. 



i 
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Therefore 



I^f'^u'^du^iJ<'-^^-f-'--^'\i.Jf\--u^du 



tu 



'''-":,-''"'V > °'^".r (£-')'"-')— "■ 



or 
where 



r(fe + l){l+i ^^<^-^>-;-<^-^-^^^ (iy(Ar + r)(fc + r-l)...(fe + l) 



+ Rn, 



R, 



_ k{k — l)...(k- n)f t\ 



Now as ^ becomes intinitely large, n having any definite finite integer 
value, the remainder-term R^,, tends to the limit 



or 



or 



e-«ii*^+^ du, 



^ (n+1)! \2z) )o 

J. _ k(k-l)...(k''n)T(k'-n + 2 ) / i \«+» 



(n + l) 

It follows from this that 

Limit z^R^ = 0, 

Z—CK) 

and therefore the series 

r (A: + 1) jl + i^ (k + r)(k + r-l)...ik-r + l) ^^y| 

is the asymptotic expansion of the function 



j e-» w* (l + ^V du 



2zJ 



(k > 0). 



Substituting this result in the expression already found for Jn(z), we 
see that 



(-1) 



(2m)lr(n + l) 



COS 



|._(..i).}|..,ihHh!rhhh:).i^}] 



+ sin|.-(n + i)|}[i 



(n-^ + r)(n-| + r)...(n-r + |) .^._. ^_ .^^ 



r! 



(2^)' 



}J 



COS 
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+ °" I' - 1" + sj 2),!, (JTH)! (Spi. 

is the as}rmptotic expansion of the Bessel function «/n(^) for large positive 
values of z. 

Even when z is not very large, the value of Jn {z) can be computed with great accuracy 
from this formula. Thus for all values of z greater than 8, the first three terms of this 
asymptotic expansion give the value of Jq {z) and J^ {z) correct to six places of decimals. 

162. The second solution of BesseVs equation when the order is an integer. 

We have seen in § 149 that when the order n of Bessels differential 
equation is not an integer, the general solution of the equation is 

oJnW + iSJLnW, 
where a and /3 are arbitrary constants. 

When however n is an integer, we have seen that 

j«(^)=(-i)»j-_„(*), 

and consequently the two solutions J^ {z) and /_« (^) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinct from Jn(^), in order to have the general 
solution. 

To obtain this second solution, we write 

y = uJn (z), 
where u is a new dependent variable, in Bessel's equation 



Remembering that Jn{^) is a solution of Bessel's equation, the differ- 
ential equation for u becomes 
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dN, dJn(z) 

dz* ^ dz 1 ^ 

du Jn yz) z 

da 

Integrating this equation, we have 

d'Ui 
log T- + 2 log Jn (-2^) + log z = constant, 

or J- = f , . >., , where 6 is a constant, 

dz z { Jn W}' 

, /•' dJt 

where a and 6 are arbitrary constants. 

The complete solution of Bessel's equation can therefore be ¥nitten in 
the form 






To find the nature of the solution thus obtained, we observe that in the 
vicinity of the point ^ = the integrand 

IS of the form 

f"**~* (constant + powers of f)~*, 

which when n is a positive integer can be expanded as a Laurent series in 
the form 

The function 
has therefore the form 



^— 2n , ^-an-n , .d. 



where the quantities d_jn, d_jn+s, ... are definite constants. 

It thus appears that the complete solution of fiessel's equation can be 
written in the form 

y = AJn{z) + B [Jn{^) log^ + 1;}, 
where t; is the result obtained by multiplying together J^ {z) and a Laurent 



series of the form 



^— «n , tt—jn+j - . d. 



jfn j^nr-% ^ 



+ ... + -? + da -?»+..., 
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where the quantities d^m, d^u^+t, ... are definite constants, and A and B are 
arbitrary constants. The expansion of J^ (z) being known, we see that the 
product V has the form 

z~^ X a power-series in s^ ; 

and thus a second solution of BesseVs differential equcition, in the case in 
which n is an integer, can be taken of the form 

Jn (z) log z + z~^ (a, + Oi^ + OtZ* -h Oj-g* +...), 

where the quantities a,, Oi, a,, ... are definite constants. These quantities a 
are not however all of them strictly speaking definite, since by adding a 
multiple of J^ (z) (which will leave the expression still a solution of Bessel's 
equation), it is possible to change all the quantities a after a,»_i. 

This solution will be denoted by Kn{z)*. 

The coeflBcients a^, a^,a^, ... may theoretically be determined by substi- 
tuting this expansion in the differential equation, and equating to zero the 
coefficients of successive powers of z. A better method is however the 
following"!-. 

We have seen that when n is a positive integer, J-^(z) reduces to 
(— iy^Jn{z); in fact, if in the equation 

/^\-tn— t) X (— ly* fz\^ 

J_,^, (z) = (^2 j 1^ r(-n+e+p+l)T(p+l) [v 

we suppose the quantity e to tend to zero, all the terms of the series vanish 
as £Eur as p — n, since r(— n+/> + l) is for these terms infinite. Changing 
the meaning of the index of summation p in the other terms, we have 

J_,^ {z) = [^j 4or(-n+€+p+i)r(p+i) [v 

^^ ' [ij ptoT{€+p + l)r{n+p + l)\2) ' 
and when c = 0, the first of these partial series is zero and the second is 

(-i)rJn(z). 

Since the quantity 

(-l)-J_,^,(«)-J-,^,(«) 

vanishes with c, we can take as a second solution of Bessel's equation the 
limiting value of the quotient 

(- ly J_,»_^ (z)-J,^(z) 



* In referring to memoirs it most be borne in mind that different writers haTe taken different 
definitions of the Beeed functions of the second kind, 
t Doe to Hankel, Math. Ann. i. p. 470 (1869). 
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Substituting the above values for the Bessel functions, this becomes 

(t r'""' V ( -^)^ 1 (lY 4. /"in r- 1 \p^M (i'f 

where /(e) represents the expression 

•^^*^*"r(n+p + i)r(p+«+i)(2j " r(n+p-6+i)r(p+i) [2) • 

The limiting value of /(€)/€, as € tends to zero, is 

1 »i„.-^ 1 r(j>+i) 

r(»+p+i)r(p + i) *2 r(n + p+i){r(p + i)}' 

1 r(«+/)+i) 



r(p + i){r(n+p+i))»- 

Also, since 

"we have Limit -=r7 ,-t = (— 1)'»-Hp+i r (n — p). 

Consequently we obtain, as a second particular solution of Bessel's 
equation, the expression* 



Y'^'^i r(n + p + i) r(p + i)r 



The coeflScient of log 2: in this expression is 2J^{z), So, dividing the 
expression by 2, we have the second solution in the form 



Jn 



/A- 1 {-ly (zvp 1 ( _ r(n+p +i) F (p + 1 )) 

V2/p_or(n+p+i)r(p+i)V2y 2 1 r(n+p + i) r(j) + i)j 

It is convenient to add to this expression a term 



J.(^)|log2+Il<^^)|. 



* This is Hankel^B second eolation Y^^ (z). It is really 

dn ^^ ^' dn 
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which is itself a solation of Bessel's equatioa ; so the second solation now 
takes the form 



_ 1 /£\- 1 (-1)" /« N" (F (n+j) + l) r(p + l) _ 2r (1) ) 

2U>/p:or(n+j)+i)r(p+i)V2y |r(n+i) + i)'^r(p+i) r(i)r 

This is the solation K^ («) which we take as our standard. 
Since, when r is a positive integer, we have 

r(r + l) r(l) ,11 1 

r(r+l) r(l) *^2^3^"*^r' 

we can write £, («) in the form 

^.w.^.(.).o..-i(ir3;<^^fFiii(ir 



1 /'«^ s (- ly f, 1 1 1 - 1 . . 1 t /«\«^ 

2 w |,«o (»+!>) 'p* 1 2 3 p 2 n+|>J\2/ 

When n is an integer, the two independent solations of Bessel's diffSer- 
ential equation are J^{z) and K^(z\ 



Example 1. Shew that the function K^ {z) satisfies the recuirenoe-formulae 

These are the same as the recurrenoe-formulae satisfied by J^ («). 

Example 2. When the real part of 2 is positive, shew that the expreaaioQ 

f'sin(jsin<^-ji<^)d^- f «-»«toJ>»{«^+(-l)»«-"^ iW 

is a second solation of Bessel's diflferential equation of integer order %, 

(SchlaflL) 
Example 3. Shew that the expression 

•/;iog*+2(,/,-K+Kf-...) 

is a second sohitioii of the Bessel equation of order aero. 
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163. Newmanna expansion ; determination of the coefficients. 

We shall now consider* the expansion of an arbitrary function f(z), 
regular at the origin, in a series of Bessel functions, in the form 

f(z) = a«/o (z) + OLiJi {z) + a, Ja {z) + . . ., 

where the coefficients Oq, ol^^ a^t ••• are independent oi z. 

Suppose first that such an expansion is possible, and let us try to 
determine the coefficients, by expanding both sides of the equation as 
power-series in z and equating coefficients of the several powers of z. Since 

/W=/(0) + 2 (|)/'(0) + | (|)V"(0)+|^ (|)V"'(0) + ... 

and •^«(^)-^(|) {l-iT(;rrT)©' + 2!(n + lKn + 2)(iy--}' 

we have on comparing coefficients the equalities 

/(O) = «., 
2/'(0) = a,. 

2»/" (0) 2a, + 0,, etc., 

from which without difficulty we find 

«. - /(O), 

a„ = 2 1/(0) + 1/" (0) + ^Hn^-2') ^„ (q) + . . . + 2»->/ <») (0)J (n even). 



«,=2|n/'(0)+"i^ll=i2/"'(0) 



+ !^^!^ ^^y"* ?') /w (0) + . . . + 2»-'/ <«> (0)1 (n odd). 

These coefficients take a simpler form, if we introduce functions Oi (ji), 
Ot(z), Ot(z), ..., defined by the formulae 

^ ,. 1 n« n»(n'-2*) 2»->n! 

0«W = - + ^ + -^^^p ^+-+ "^S^ («even), 

^.. n nCn*-!") n (n« - 1») (n* - 3») 2*->n! , ,,. 

for then it is easily seen that an is twice the residue of the function On(t)f(t) 

* C. Neumann, Theorie der BuuVichen Funetionen, The exposition here given foUows 
Eapteyn, AnnaUi de V&coU NormaU (3) x. p. 106 (1893). 
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at the point f == 0. The two formulae for On (z) can be united by reversing 
the order of the terms ; thus 

^»W- ^+1 |^ + 2(2ii-2)"^2.4(2ii-2)(2n-4)"^""J' 
the series terminating with the term in z^ or z^^\ 
We thus have Neumann's expansion 

where Oo =/(0), 

and On (n > 0) is twice the residue of On {t)f{t) at the point i = 0, so that 






where 7 is any simple contour surrounding the origin. 

164. Proof of Neumanns expansion. 

The method by which this result has been found cannot be regarded as a 
proof, since the possibility of the expansion was assumed. We can, however, 
now furnish a proof by determining directly the sum of the series obtained. 

From the definition of On (z\ we can at once obtain the identities 

0^, {z) + 2 ^-^^ - 0^. (z) = 0. (n > 0). 

0.W-;- 

Writing the first of these equations in the symbolic form 

O^,-22)On-O^x = 0, where 2) = ^, 

and solving the series of recurrence-equations obtained by giving n integer 
values, in the same way as if D were an algebraic quantity, we obtain for 0» 
the symbolic expression 

This symbolic expression can be transformed into a definite integral in 
the following way. 
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1 f 

We have - = / e"*** du, 

t Jo 

where the upper limit must be understood to mean that direction at infinity 
which makes the real part of tu positive and infinite ; and therefore 

Jo 
or, writing tu — x, 

On (t) = f i r^> e-'[[x + (x' + e»)*}« + {x--(a^ + ««)*}'»] dx, 
Jo 

where the upper limit now means the real positive infinity, so that the 
integration may be regarded as taken along the real axis of x» 

Writing this in the form 

''.<')-i??rj:[r-i^T^<->"i-T(^r]-^' 

we have 0, (t) J, (^) + 2 2 0„ (<) /» (^) 

(by § 146) 
= 5- Limit I 26* < * »+(x«+r«)*i . e"* dx 

^t x=oo Jo 

= - Limit jet dx. 

* X«ao Jo 

z — t 
In order that this integral may have a meaning, the real part of — r— 

V 

must be negative, a condition which is fulfilled when 



\z\<\t\. 
If this inequality is satisfied, we have therefore 

Oo(0«/o(^) + 2SOn(0^^n(^) = T^. 

»«! t—Z 

From this result Neumann's expansion can at once be derived ; for let 
f{z) be any function which is regulai* in the interior of a circle G whose 
centre is at the origin, and let ^ be a point on the circumference of the circle. 
Then if z be any point in the interior of the circle, the condition | x: | < | ^ | ia 
satisfied, and therefore we have 



t-Z 



nsl 



302 TRANSCENDENTAL FUNCTIONS. [CHAP. XII. 



^- /w-^L^^ 



= OoJo (-8^) + aiJi {z) + a,t/a {z)+..., 
where flo =/(0) 

and On = —. f On (0/(0 ^^ (^ > 0). 

inJc 

This establishes the validity of Neumann's expansion for points z within 
the circle C. 

Example, Shew that 

COS *- Ji (*) - 2J, (*)+2^4 (j) - ... , 

sin 1=2^1 («) -2^5 («)+2y4 (j) "... . 

166. SchlomUcKa expansion of an arbitrary fimction in terms of Bessel 
fanctiona of order zero, 

Schlomilch * has given an expansion of a qaite different character to that 
of Neumann. His result may be stated thus : 

Any function f(z) which is finite and continuous for real values of z 
between the limits z^O and z^ir, both incltisive, may be expressed in the form 

f{z)=^a^ + OiJo (^) + a^Jo {2z) + OrTo (3z) + . . ., 
where ao=/(0) + -rw [ {l-'V)-^f{ut)dtdu, 

'fj Jo 

an=^-\ ttcosnw (l-t^)-^f' {ut)dtdu (n>0). 

'TJ Jo 

Schlomilch's proof is substantially as follows. 

Suppose that F and /are two functions connected by the relation 

IT J 

Then we have 

/' (^) = - f '(1 - «>)-* sr (zs) ds. 
irj 

♦ ZeiUcknftfiir Math, u, Phytik, n. (1867). 
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In this equation, write zt for z, multiply both sides by ^ (1 — ^■)~* eft, and 
integrate with respect to t between the limits ^ = and ^ = 1. Thus 

Jo 'T J Jo 



9 r* /•(«■-«•)* 

IT J Jo 



2 rs /•(«■-«•)* 
Jo 

where x^zst, y = -?«(l — ^■)*. 

Performing the integrations, we have 



[\l - ^a)»/' (zt) dt^F(z)- F(0). 

Jo 



z , 
'o 



Now by the definition of the function/, we have 

/(0) = ^(0). 

Thus F{z)=/(0) + z(\l-f)-if' (tt) dt. 

Jo 

This equation expresses the function F explicitly in terms of the fiiDction 
/, whereas in the original definition / was expressed explicitly in terms 
of ^. 

In order to obtain Schlomilch's expansion, it is merely necessary to apply 
Fourier's theorem to the function F (zs). We thus have 

2 /"i fl /•» 2 • f"" ) 

/{z)^-] (1 -«")"* (fo -^- / F{u)du'\--' 2 cosnucx^nzBF{u)du\ 

1 /"' 2 • f' 

= - / F{u)du'\'— 2 I QOBnuF(u)J^{nz)du. 

'tJo ^ »«! ^0 

In this equation, replace F(u) by its value in terms of /(u). Thus 
we have 

/(*) = \ Jl {/ (0) + «//!- «•)-*/' («<) ^} du 

+ - i J, (m)f' COS nu\f(0) + u(^(l-fi)-if'(ta)dt\du. 
"■ »-i Jo I JO J 

which ia Schldmilch's expansion. 

Example. Shew that if < 2 ^ ir, the expression 

^* - 2 JJ, W + 1 Ji (&) + 1 ^0 (61) + .. j 
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is equal to z ; but that, if vr ^^ ^ Sir, its value is 

«+2irC08-»--2(««-ir*), 

where cos~^ - is taken between and - . 
z 3 

Find the value of the expression when z lies between 2n and 3ir. 

(Cambridge Mathematical Tripos.) 

166. Tabidation of the Bessel functions. 

Many numerical tables of the Bessel functions have been published. 
Meissel's tables (Berlin, 1889) give the functions Jo(z) and Ji(z) to 12 
decimal places for real values of z from -? = to 5 = 15J, at intervals of O'Ol. 

Tables of the second solution Yq (z), defined by the equation 

z^ I 1\ ^ 
Fo(^) = Jo(^)log^ + 2i-(^l +2J2r^"^'"' 

from -r = to 2: = 10*2, are given by B. A. Smith, Messenger of Math, xxvi. 
(1897). 

The British Association Reports for 1889, 1893, 1896, contain tables of 
the functions /»(-?), which are solutions of the differential equation 



dhi 1 du 



so that In(z)^i''^Jn(iz), 



A table of the first 40 roots of Jo (z) is given by Wilson and Peirce, BuU, 
Amer, Math, Soc, iii. (1897). 



Miscellaneous Examples. 

1. Shew (e.g. by multiplying the expansions for e ^^ "t' and e~^ ~ t/ , and equating 
the terms independent of ^ that 

{•^o«}'+2{^i«}»+2{J,W}«+2{^,W}«+... = l, 

and hence that, for real values of z^ J^ {z) can never exceed unity, and the other Bessel 
ooeflBicients of higher order can never exceed 2~'i. 

2. Shew that, for all values of ^ and v, 
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3. Shew that 



4. Shew that 



6. Shew that 



J^(z) n+1- n+2- n+3-...' 



6. If — *- V\ ^ denoted by Qn («), shew that 



(Lommel.) 



7. Shew that 



8. If the function 



^).i_!(!^)e.(,j+,{e.(,)j. 



1 f' 

— I 2'^cos*ucoB(mtf-«8inu)c?ii 

IT Jo 



(which when k is zero reduces to a Bessel function) be denoted by J^^f {z\ shew that 

p=»o P- 
where iV.«i. ». p ^ ^^® *' Cauchy's number ^ defined by the equation 

Shew further that this function satisfies the equations 
and zJ^^ (z) = 2nuC' (r) - 2 (1:+ 1) {jj|_, « - J^+j {z)}. 



(Bourlet) 



9. If quantities v and M are connected by the equations 

M^E-eBinEf cosv=_ ?:=, where e < 1, 

' 1-dcosii' ' ' ' 

shew that r=jr+ 2 (!-««)* i i (*«)*./;„* (me)- sin miT, 

m=l fc=0 »* 

^here J'^*(«) = - I (2cosi«)^cos(9ni«-«Binu)ci?tt. 

try 



10. Prove that 



P.-(co6^)=^^^^{(a,-«+y«)* ||^, 



where a:=rco8^, ^+y*«r*8in* ^, and Cn** is a numerical quantity. 

(Cambridge Mathematical Tripos, Part II, 1893.) 
W. A. 20 
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II. Shew that, if n is a positive int^er and (m+2n+ 1) is positive, 

(m-I)JV/«+iWJ«.i(x)cir-a:*+M/i*i(^)-^»-iW--^^^ 

(Cambridge Mathematical Tripos, Part I, 18d9.) 



12. Prove that 



2 r* 

J^(ji)s^- I sin (2 cosh u) (fti. 
n J 



(Cambridge Mathematical Tripos, Part II, I8d3.) 

13. Prove that 

•^•^'^"2-Mr(n+i) y +5?) irr) ' 

and if Y^^ (z) is HankeFs second solution of Bessel's equation, defined by the equation 

i r. w = Limit -^-W--^.. (')««""• , 

«■ M-lnttcer sm nir 

14. Shew how to express ^J^ («) in the form 

where A, B are polynomials in z ; and prove that 

•^,(6*)+3^o(6*)-0, 

3«^f(30*) + 6J,(30^)=0. 

(Cambridge Mathematical Tripos, Part II, 1896.) 

16. Prove that, if J, (of) =0 and Jn(fi&=0, 

j^^xJ^(aj:)J^{Px)dx^O, and j^^a:{J^(ax)}*dx^iP{J^^,{a()}\ 

Hence prove that the roots of J^^ (x)=0, other than zero, are all real and unequaL 

(Cambridge Mathematical Tripos, Part I, 1893.) 
I& Shew that 

r --(y) 

Jo r(«-^) 

if 2n+I >i/i^-l. 

(Cambridge Mathematical Tripos, Part I, 1898.) 
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17. Shew that 

(Lommel.) 

18. Shew that the solution of the dififerential equation 

where ^ and ^ are arbitrary functions of «, is 



y-(^y{^-^.W+5^-.W}. 



19. Shew that 



^ly Pj'^(«Bin^)8in-+i^cW-«-iJ'^^j(«). 
20. In the equation 

the quantity n is real ; shew that a solution is given by 

( _ l)m ^Sm Qog (ti^— n log «) 



(Hobson.) 



co8(nlog;)~ 2 



«-i 2»»m!(l + n«)*(4+w«)* (wH»«)* ' 

where ttm denotes 

tan-»7 + tan-*5+...+tan-i-. 

(Cambridge Mathematical Tripos, Part II, 1894.) 
21. Prove that the complete primitive of the dififerential equation 

where m is a positive integer, is 
where, for real values of z, 

"^^^ 1.3.6...(2m-l) jo ^^ 

Prove also that 

jr;HW-1.3.6...(2m-l)(-«)'~| (tt«+««)-'^-*coswrfu. 

20—2 
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Shew that for very small values of 2, 

^oW=-log|--677..., 
and that for very large values of 2, 

(Cambridge Mathematical Tripos, Part II, I89a) 
22. If C be anv curve in the complex domain, and m and n are integers, shew that 

j^J^(z)0^{z)dz^t, 

where k^O if the curve does not include the origin ; and, if the curve does include the 
origin, 

t=0 if m 4> n, 

t=:2frt if m=ii. 



CHAPTER XIIL 
Applications to the Equations of Mathematical Physics. 

167. Introduction : illustration of the general method. 

The functions which have been introduced in the three preceding 
chapters are of very great importance in the applications of mathematics to 
physical investigations. Such applications are outside the province of this 
book ; but most of them depend essentially on one underlying circumstance, 
namely that by means of these functions it is possible to construct series 
which satisfy certain partial differential equations, known as the partial 
differential equations of mathematical physics; and in this chapter it is 
proposed to explain and illustrate this fundamental property. 

The general method may be explained by considering first the solution 
of the partial differential equation 

-a.:^-^ap = ^ ^'^^ 

a solution which, while resting on the same principles as those to be 
developed later, does not require the use of any but the elementary functions 
of analysis. 

Consider any solution V{x, y) of this equation (1). Near any point at 
which a branch of the function V{x, y) is a regular function of x and y, and 
which we may without loss of generality take as origin of coordinates, this 
branch of the function V{x, y) can by Taylor's Theorem be expanded as a 
power-series of the form 

^(^> y) = Oo -I- OiiT -I- 6iy + o^a^ -}- 6a^ + Cay* + Oj^ + ; 

on substituting this value of F in equation (1), and equating to zero the 
coeflBcients of the various powers of x and y, we obtain the relations 

Oa + Cj = 0, 

Sa, + c = 0, 

3^3 + 65 = 0, 
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Fixing our attention on those terms in V which are homogeneous of the 
nth degree in x and y combined, it is clear that the equalities just written 
will furnish (n — 1) relations between the (n + 1) coefficients of these terms 
of degree n. When these equations are satisfied, there will therefore remain 
only {(n + 1) — (n — 1)} or 2 coefficients really arbitrary in the terms of the 
nth degree in V. 

Now the expressions 

V^(x + iyY 

and F=(a?— ly)** 

satisfy equation (1), and therefore if A^ and B^ are any arbitrary constants, 
the expression 

^ n (« + iyY + 5n (a? - lyT 

satisfies equation (1), and is homogeneous of the nth degree in x and y, and 
contains two arbitrary constants. It therefore represents the most general 
form of the terms of the nth degree in F; and so the general solution of 
equation (1), regular at the origin, can be expressed in the form 

F(a?,y) = ilp + 4i(a? + iy)4-5i(a?-iy) + il,(^ + iy)'4-5,(a?-iy)«+ (2), 

where the quantities Aq, A^, Bi, A^, ... are arbitrary constants. 

« 

This expansion furnishes the general solution of equation (1) ; what is 
however in general needed is the particular solution of equation (1) which 
satisfies some further conditions. As an example of the conditions most 
frequently occurring, we shall suppose that the value of the required solution 
V{x, y) is known at every point of the circumference of a circle, whose centre 
is at the origin and whose radius is any quantity a ; it being supposed that 
this circle lies wholly within the region for which V is regular. This being 
given, we shall shew that the constants Aq, Ai, Bi, ... can be found, and 
the solution can be completely determined. 

For writing 

a? = r cos ^, y = r sin ^, 

the value of V is known when r = a, as a function of 0, say /(ff). Let the 
function /(^) be expanded as a Fourier series in the form 

/(^) = ao + aacos^ + 6isin^ + aacos2^ + 6,sin25 + (3), 

where the coefficients ao, Oi, 6i, Oa, ... are given by the formulae 

1 r^ 



1 f*' 
an = - I f(t) COS ntdt 
^ Jo 

1 r^» 

fr Jq I 



y (4). 
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Consider now the expression 

Oo + ^(oj COS ^ + 61 sin 0) + f H (a, cos 2^ + 6, sin 20)+ (5). 

This expression (5) reduces to (3), i.e. to f(0\ when r^a; and since we 
have 

r» cos n^ = ^ [(x + iyy + (a; - iy)»}, 

r~ sin n^ = ^^ ((^ + WT - (« - iy)% 

it is clear that the expression (5) is of the form (2), ie. that it is a solution 
of the equation {\\ 

It follows that the solution V of equation (1), which is characterised 
by the condition that it has the vaivs V—/(0) when r^a, is given by the 
expansion 



r /r\^ 

V = a^ + - (aicos + bisin 0) 4- l-j (oa co& 20 + 6, sin 20) + ..., 



where 



I 1 r*» 

«o = 2;^j^ f(t)dt, 

1 r^' 

On = - / /(t) cos ntdt, 

TT J Q 

1 r*» 

tfi = ~ I f{t) sin n^d^. 
\ ''T Jo 



The principal object of this chapter will be to obtain theorems analogous 
to this for the other partial differential equations of mathematical physics ; 
the method followed will be in most respects similar to that by which this 
result has been obtained. 

168. Laplace's equation; the general solution; certain particular solutions. 
The partial differential equation 

a»F a«r d^v ^ 
— I 1 — =0 

da^ dy^ dz^ 

is known as Laplace's equation^ or the potential-equation, and is of importance 
in the investigations of mathematical physics. 

The general solution of this equation was given by the author in 1902. 
It may be written 

/•2ir 

F= I f{x COS ^ -f y sin t + iz,t) dt, 
Jo 
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where/ is any arbitrary function of the two arguments x cost + y sin t + is 
and t The solution is effected in Monthly Notices of the Royal Astron. Soc, 
Vol. LXII. In this chapter however we are concerned not so much with the 
general solution as with the particvlar solutions which satisfy certain further 
conditions. To the consideration of these we shall now proceed. 

Let the equation be transformed by taking instead of the independent 
variables x, y, z, a new set of independent variables r, 6, <f>i connected with 
them by the relations 

a? = r sin ^ cos ^, 

y — r sin sin ^, 

z=^r cos 0, 

It is found without difficulty* that Laplace's equation becomes 

d f.dV\ 1 yF d / . ^9F\ ^ 
ar V 3r j ■*■ sin«^ 3<^« "*" sin 0d0 \^^^d0)' 

Let us seek for particular solutions of this equation, of the form 

F=iJ0<D, 

where R, 8, <1>, are functions respectively of r alone, alone, and ^ alone. 

Substituting, we obtain 

1 d (.dR\ 1 d / . ^dS\ 1 d^ 

R dr \ dr) "^ e sin ^ d0 V^^^do) ^ <Dsm*^ d^« ""' 

Now the quantity 

ldfdR\ 

Rdr\ dr) 
does not involve or (f>; and since by this equation it is equal to 

Ssm0d0V^ d0) <Pmn^0d<f>^' 

it clearly cannot vary with r : it is therefore independent of r, 0, and if>, and 
80 must be a constant; this constant we shall write in the form n(n+ 1). 



We thus have 



^,(Hf)-»(« + i)i'-o- 



Write r = e", so dr = e^du. Then this equation becomes 

d 



du 



(''"©-"<"■' '>^=^ 



d^R dR s , Tx E> f. 
aiA* d\L 

* The work is given in fall in Edwards' Differential Calculue. 
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This is a linear differential equation of the second order with constant 
coefficients ; its solution, found in the usual way, is 

where A and B are arbitrary constants. 

The most general form of the function R is therefore 

Considering next the function <I>, it can in the same way be shewn that 

the quantity 

2 cP4> 

is independent of r, 0, and <^, and so must be a constant. Writing 
this constant in the form — m^ we have for the determination of 4> the 
equation 

— + 7n*4> = 

of which the general solution is 

<I> = a cos m<f) + b sin m<^, 

where a and b are arbitrary constants. 

It thus appears that the expressions 

r" cos m<f> and r" sin m<f> 

are particular solutions of Laplace's equation, if n and m are any constants 
and is a function (of only) which satisfies the equation 

^(^■*"^) + 0li^d^r^^WJ-5iK^ = ^- 



Writing cos d = z, this becomes 



d („ ..de 



(l-^») 



dz 1 dz 



+ U(n + 1) 



-i^}*-"- 



But when m is a positive integer, this is (§ 129) the equation which is 
satisfied by the associated Legendre functions of order n and degree m ; so a 
particular solution is the function 

Pn^ {z\ or P»"» (cos 0). 

Hence generally we see that the (2n+ 1) expressions 
r'^Pn (cos 0\ r"" cos <f> Pn^ (cos 0), r** cos 2<^ Pn^cos ^), . . . , r** cos rw/) Pn" (cos d), 

r"" sin <f) Pn' (cos 0), r^ sin 2<^ P„» (cos 0\ ..., r** sin n<f> P^"" (cos 0\ 

where n is a positive integer^ are particular solutions of Laplace's equation. 



r 

Jc 



J Q 
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Moreover, since Pn^ (cos 0) is of the form sin*^ x s. polynomial of degree 
(n — m) in cos 0, it is easily seen that each of these quantities, if expressed in 
terms of x, y, z, becomes a polynomial, homogeneous of degree n, in a?, y, z. 
It can in fieu^t be easily shewn, by using the result of § 132, that 

r~ cos m<l> P^ (cos 0) 
is a constant multiple of 

{x cos ^ + y sin < + izY cos m^ d^, 

and that 

r^ sin m^ P„"* (cos ^) 

is a constant multiple of 

{x cos ^ + y sin ^ + !>)** sin mt dt, 



from which their polynomial character is evident; these forms have the 
further advantage of exhibiting these particular solutions as cases of the 
general solution given at the beginning of this article. 

Example. If coordinates r, $, are defined by the equations 

'x^rcos$, 

y = (r* - 1)* sin 6 cos 0, 

z = (r* - 1 )* sin 6 sin 0, 
shew that the function 

F=Pn"* W Pn* (cos d) COS IW0 

is a solution of Laplace's equation 

169. 2%e series-solution of Laplace's equation. 

The particular solutions of Laplace's equation, which have been found in 
the preceding article, enable us to express the general solution, in the form of 
an infinite series involving Legendre functions. This series-solution will of 
course be really equivalent to an expansion of the general solution 

f{x cos ^ -f y sin ^ + iz, t) dt 



Jo 



already mentioned ; but the series- form is (as will appear from § 170) more 
convenient in determining solutions which satisfy given boundary-conditions. 

For let V{x, y, z) be any solution of Laplace's equation 

a«r ^ ?!Z = o 

da^ 9y' dz^ 
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Then in the neighbourhood of any ordinary point, which we may take as 
the origin of coordinates, V can be expanded in the form 

F= tto + Old? + 6iy + CiZ + a^a^ + 6iy* + c^^"^ + d^yz + e^zx-^-f^xy + a^a^ 4- .... 

Substituting this expansion in Laplace's equation/ and equating to zero 
the coefficients of the various powers of a?, y, z, we obtain an infinite number 
of linear relations between the coeflScients a©, Oi, hu Ci, Oa, .... 

There are ^n{n — \) relations of this kind between the 2(^+l)(w + 2) 
coefficients of terms of degree n in the expansion of F: and so only 
'{2(71 + l)(n + 2) — hw(^ — 1)[ or (2n + l) of the coefficients of terms of 

degree n in the expansion of V are really independent. But in the last 
article we have found (2n + 1) independent polynomials of degree n in a?, y, z, 
which satisfy Laplace*s equation, namely the quantities 

r'^Pn (cos d\ r^ cos <f) P^^ (cos ff), , r^ cos n<^ P^ (cos d\ 

r'* sin 4>Pn (cos d\ , r* sin n^P^ (cos 0). 

It follows that the terms which are of degree n in x, y, z in the expansion 
of V must be a linear combination of these (2n + l) quantities; that is, 
V must be expansible in the form 

F = ^0 + r [A^P^ (cos 0) + ^1' cos <i>P^^ (cos 0) + 5,^ sin <^Pi^ (cos 0)] 

+ r« {^aPa (cos 6) + ^a' COS <^Pj^ (COS 0) + 4j« COS 2<^Pa« (coS 0) 

+ 5a^ sin <^Pa^ (cos 0) + 5,' Sin 2<^ Pa» (cos d)} -h . . . , 
where the quantities ilo, -4i, -4i^ B^, ... are arbitrary constants. 

170. Determination of a solution of Laplace* a equation which satisfies 
given boundary conditions. 

In order to determine the unknown constants A^y A^ A^y B^, ..., which 
appear in the expansion just found, it is necessary to know the remaining 
conditions which the function F is required to satisfy. A condition of 
frequent occurrence is that F is to have certain assigned values at the points 
of the surface of a sphere, which we may take as being of radius a and having 
its centre at the origin. This sphere will be supposed to lie entirely within 
the region for which F is a regular function of its arguments x, y, z. When 
r = a, F is therefore to be equal to a given function /(^, ^) of and <^. 
The constants -4©, A^y A^, B^y ..., are therefore to be determined from the 
equation 

f{0y <^) =» ^0 + a {^iPi (cos 0) + A^^ cos <^ Pi^ (cos 0) + A' sin <^Pi' (cos 0)] 

+ a' [A^P2 (cos 0) + Aj^ cos ^Pa^ (cos d) + ...} + ... 
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In order to obtain the value of one of these constants, say iln^> from this 
equation, we multiply both sides of the equation by Pn^ (coq d)cosm^, and 
integrate over the surface of the sphere. On the left-hand side we thus have 

r i '/(^' i>) ^n*" (cos e) cos nuf> sin dd d<f>. 
As to the right-hand side, we know that 

cos m<f> cos r<l> d<l> 



I 





is zero except when r = m, and that 



I cos m<f) sin r<f) d^ 
Jo 

is always zero ; and also (by § 130) that 

r P/^ (cos 0) PrJ^ (cos 0) sin d0 

Jo 

is zero except when r = n. It follows that on the right-hand side, every 
term vanishes except the term 

a'^An'^ l I {PfT (cos 0)}* cos' m<f> sin d0 dtf). 

Jo Jo 

Since I cos' m^ d<f> = ir, 

and (by § 1 30) /J {P,- (cos Of^ sin 6 d0 = ^^^ J^l , 

this term has the value 

nj m 2 ( n + 7n)! 
2n + 1 (n — m)l 

We have therefore the formula 

"*»" = ^^- • (ttS)' /o' C-^^^' *^^ ^»'" ^^' ^^ ''*'" '"•^ '^" ^ "^^ ''*' 

which determines the coefficients AtJ^ in the expansion of V, 

The coefficients jB»"* can be similarly determined: and so finally the 
solution V of Laplace* 8 equation, which hae the value f{0, <l>) at the surface of 
the sphere, is given for points in the interior of the sphere hy the expansion 

+ 22 >^^^^"! ; Pn"* (COS ff) P„- (cos 0) COS m (<^ - <^')! ^ ^dff dS\ 
«=i (n + to); J 
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This result may be regarded as a three-dimensional analogue of the two- 
dimensional result of § 167. 

Example 1. Shew, by applying the expansion-theorem just given, that 
P» {cos 6 cos ^+8in ^ sin ^ cos (0 - ^')} — P^ (cos 6) P„ (cos ff) 



+ 2 2 ^^— ^;P»«(cosd)P»"»(oos^)cosm(6-6'). 



Example 2. Prove that if the product of a homogeneous polynomial of degree n in 
X, y, z and the function P^ {cos 6 cos ^ + sin ^ sin ^ cos {tft - tft')) he integrated over the 
surface of the sphere, the result is 4Yr/(2n+l) multiplied by the value of the polynomial 
at the point (^, ^'). 

(This can be proved by taking ^ to be zero, which involves no real loss of generality, 
and expanding the polynomial by the theorem of this articla) 

171. Particular solutions of Laplace*s equation which depend on Bessel 
functions. 

It is possible to construct solutions of Laplace's equations in series in 
several ways, of which that which has been given, and which depends on 
Legendre functions, may be taken as representative. A full discussion of 
the other methods would be beyond the scope of this book, but a general 
idea of them may be inferred from the result which will next be established, 
namely that the Bessel functions furnish a group of particular solutions of 
Laplace's equation, just as the Legendre functions do. 

When Laplace's equation 

da^ ay* dz^ 

is expressed in terms of the " cylindrical coordinates " Zy p, <f>, where p and ^ 
are defined by the equations 

[x = p cos <l>, 

[y = p sin ^, 
it takes the form 

dz^ '^dp^'^pdp'^ p" d4>^ "■ 

Let us seek for particular solutions of this equation, of the form 

V = ^P4>, 
where Z, P, <I>, are functions of z alone, p alone, and ^ alone, respectively. 

On substituting this value of F, Laplace's equation becomes 

Zdz^^ P\dp^'^ pdp)'^ p^d<f>^^^' 
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This equation shews that the quantity 

Z dz* 

must be a constant independent of z, p, and (f) ; let this constant be denoted 
by k^. Then on solving the equation 

we have the particular solutions 

Z^e^ and Z^er'^. 

Similarly the quantity 

1 ^ 

is a constant, which may be denoted by - m»; on solving the equation 

we obtain the particular solutions 

<I> = cos m<l> and <I> = sin in<f>. 
The equation to determine P is now 

dV IdP 



%*lfA^-7>-''- 



On putting kp = y, this becomes Bessel's equation of order m, 



c?P IdP 



.(.-f)p.O, 



df y dy \ y^ 
a particular solution of which is 

It follows that the expressions 

e"^ cos m<l>Jfn{kp) and 6=*=** sin m^ J^ (^p)» 

where k and m are arbitrary constants, are particular solutions of Laplaoe*8 
equation, 

172. Solution of the equation 

We now proceed to consider another partial diflferential equation. 
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We have seen in the last article that Laplace's equation 

is satisfied by the particular solutions 

€i^Jn{r) cos nd and ^ «/„ (^) sin nd, 
where a? = rco8tf, y = r8ind. 

But if we write Tr=^F, 

where F is a function of x and y only, the Lapl«tce*s equation for W becomes 

It follows that, for all values of n, the quantities 

Jn{r) cos nd and Jn(r) sin nd 
are particular solutions of this latter eqiuition. 

From these particular solutions, as in the case of the solution of the 
equation 

already described, we can build up the general solution of the equation 

— + + F=0 

in the form F = 2 •/„ (f) (ctn cos nd + bn sin n6), 

where ao, a,, a,, ..., (1, 62, ..., are arbitrary constants. 
173. Solution of the equation 

da? dy^ dz* 
In order to solve the equation 

d'V d'V dv 

which is likewise of great importance in the investigations of mathematical 
physics, we first express the equation in terms of new independent variables 
r, 0, <f>, defined by the equations 

'X = r sin cos ^, 

y = r sin sin ^, 

.x; = r cos 0y 
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and then endeavour to find particular solutions of the form 

where R, ft, <1>, are functions respectively of r alone, alone, and ^ alone. 
Proceeding as in § 168, the differential equation becomes 

l^f.dR\ 1 d f . ^de\ ^ 1 cM>_^ 

"^"^Rdr V dr j ■*■ 0sin dOV^"^^ d0) '^ <t> sin' d<f>' ^^' 

This equation can be solved by the process used in § 168 for finding 
particular solutions of Laplace's equation; the quantity 

^ Bdr\ dr) 

must be a constant, which we shall denote by n (n + 1). If in the resulting 
equation 

we write y = Rr^y it becomes 



dr^ r dr^ [ r« 



y=o, 



which is BesseFs equation of order (^ + s) ' 

The quantity R can therefore be taken to be 

R = r-iJn+^ (r). 

The equations for S and 4> are now found to be the same as those which 
occur (§ 168) in the solution of Laplace's equation; and proceeding as in 
§ 169, we find that the general solution of the partial differential equation 

ff^ d'V d'V 
regular near the origin, can be expressed in the form 



00 



F= 2 r-^Jr^(r) 

n=0 



AnPn (cos 0) + An^ COS 0P„> (cOS ^) + . . . + An"" COS n<l>Pn'^ (cOS ^)| 

+ 5n^ sin 0P„» (cos 0) + ,..-hBn'' sin n<f>Pn'' (cos 0) \ 



where the quantities A and B are arbitrary constants. 
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When a particular solution V of the equation is to be determined by the 
condition that it is to take prescribed values at all points on the sur&ce of a 
sphere, the constants A and B are determined exactly as in § 170. 

Example, Shew, as a case of the general expansion of this article, that 

e<rco«tf«: 2 i^(2ir)i(2n + l)r-iP»(cosd)./^+j(r). 



n=0 



Note. The partial differential equations of §§ 172, 173, possess general solutions 
analogous to that of Laplace's equation. The solution of the equation of § 172 is 

where /is an arbitrary function ; and the solution of the equation of § 173 is 

where / is an arbitrary function. For the proof of these results, reference may be made 
to papers by the author. 

Miscellaneous Examples. 

1. If a solution V of Laplace's equation be symmetrical with respect to the axis of «, 
and have the value V=f{z) at points on that axis, shew that its value at any other point 
of space is 

F«- ('/{«+* (•^+y")* cos <^}«^0- 
IT y 

2. Deduce from the result of Example 1 that the potential of a circular ring of 
mass My whose equation is 



IS 



- [''jr[c2+{«+i(^+y»)*cos0}«]'*rf<^. 



3. Let P (x, y, z) be a point in space, and let the plane through P and the axis of z 
make an angle ^ with the plane tx. Let this plane cut the circle whose equations are 

in the points a and y, and let the angle aPy bo denoted by B and log (Pa/Py) by <r. 

If o-, ^, ^ be regarded as coordinates defining the position of the point P, shew thai 
Laplace's equation 

takes the form 

a f sinho- ?I1 + A f sinh <r dV\ I ^!Z„o 

S^ (cosh <r - cos ^ 9crJ 8d (cosh <r - cos d 8^ J sinh* cr (cosh cr - cos 6) 80* "" * 

and that the quantities 

F«=(cosh cr - cos B)^ cos nB cos m^iP^y (cosh cr) 
are solutions of it. 

W. A. 21 



CHAPTER XIV. 
The Elliptic Function p (z). 

174. Introduction. 

1{ f{z) denote any one of the circular functions sinz, cosz, tau ^ ... , it is 

well known that 

f{z + 27r) =/(^), 

and hence that 

f{2 + 2n7r) =/(^), 

where n is any positive or negative integer. 

This fact is generally expressed by the statement that the circular 

functions admit the period 2'rr. They are on this account said to be periodic 

functions; and in contradistinction to other classes of periodic functions, 

which will be introduced subsequently, they are called singly-periodic 

functions. 

It will in fact be established in this chapter that a class of functions 
exists possessing the following properties : if /{z) be any function of the 
class, then f{z) is a one-valued function of z, with no singularities other than 
poles in the finite part of the 2:-plane ; moreover, /(-?) satisfies, for all values 
of Zy the equations 

/(^ + 2a,.) =/(«), 

where a>] and a>s are two quantities independent of z. Functions f{z) of 
this class are said to admit the quantities 2a>i and 2a), as periods, and are 
called doubly-periodic functions or elliptic functions. The two periods 2a»i 
and 2a>s play the same part in the theory of elliptic functions as is played 
by the single period 27r in the theory of circular functions. 

By repeated application of the formulae written above, we obtain as the 
characteristic equation of all elliptic functions the equation 

f{z + 2ma>i + 2na>,) = / (z), 

where m and n are any integers. 
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176. Definition of fp (z). 

The elliptic functions may, as we have just seen, be regarded as a 
generalisation of the circular functions. It is natural therefore to introduce 
them into analysis by some definition analogous to one of the definitions 
used in the theory of circular functions. 

One mode of developing the theory of the circular functions is to start 
from the infinite series 

1 ±00 1 

+ 2 ^ 



z^ fn^±\{e - rmrf 

It can be shewn that this series converges absolutely and uniformly for 
all values of z except the values 

^ = 0, ±ir, ±27r, ±37r...; 

and that it admits the period 27r. If now its sum be denoted by (sin -j)~^, 
and this be regarded as the definition of the function sin z, then from this 
definition we can derive all the properties of the function sin z, and thus 
a complete theory of the circular functions can be developed. 

Similarly, as the basis of the theory of elliptic functions, we form the 

infinite series 

-r^ -f 2 {(^^ — 2ma>i — 2n6>2)"^ — (2ma>i + 2n(»8)"*}, 

where a*i and w^ are any two quantities, independent of z, whose ratio is not 
purely real, and where the summation extends over all integer and zero 
(except simultaneous zero) values of m and of n. 

It has been shewn in § 11 that this series is absolutely convergent for all 
values of ^, except the values -3^ = 0, ± ©i, ± ©,, ± 6>i ± 6>i, ± 26>i ± 6>j, ... . 

By comparing the series with the convergent series 2(TW* + n')~* as in 
§ 11, it is seen that this convergence is also uniform (§ 52). The series 
therefore represents a one-valued function of Zy regular for all values of the 
variable z except the values z = 2ma>i -i- 2n6>3 ; and at these points, which are 
the singularities of the function, it clearly has poles of the second order. 

We shall denote this function hy the symbol jp (z). Its introduction is due 
to Weierstrass. 

There are other ways of introducing both the circular and elliptic functions into 
Analysis ; for the circular functions, the following may be mentioned : 

(1) The geometrical definition, according to which sin z is the ratio of one side to the 
hypotenuse, in a right-angled triangle of which one angle is z. This is the definition usually 
given in the introductory chapter of treatises on Trigonometry : but from our point of 
view it IS defective, as it applies only to real values of z. 

(2) The definition by means of the infinite product 

8in.=. (l - i^) (l - ^^ (l - ^) ... . 

21—2 
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(3) The definition by the inversion of a definite integral, 

We shall see subsequently that alternative definitions of the elliptic functions exist, 
analogous to each of those definitions (1), (2), (3), and that they may if desired be taken 
as ftmdamental in the theory. 

Example. Prove that 

176. Periodicity, and other properties, of ff (z). 

The function fplz) is an even function o( z, i.e. it satisfies the equation 

For if — ^ be substituted for z in the series which defines fp{z\ the 
resulting series is the same as the original series, except that the order of 
the terms is changed. But since the series is absolutely convergent, this 
change in order does not affect the value of the sum of the series; and 
therefore we have 

Further, the function fp (z) admits the quantity 2a>i as a period. 

For 
jp (z + 2ai,) - jf> (z) 

= {z + 26>i)""' -- z^ -h X {{z + 2(0i — 2ma)i - 2n€02)'~* - (^ — 2ma>i — 2na>i)'^\ 
= S K-g: — 2 (m — 1) 6>i — 2n(»2)~^ — (z — 2iiu», - ^yuoj)"*}. 

where the last summation is extended over all iuteger and zero values of m 
and n without exception. But this last sum is zero, since its terms destroy 
each other in pairs. Thus we have 

fp(z + 2<D,)==fp{z), 

Similarly p{^+ 2(»2) = fp (z\ 

and generally j? (^ + 2m<0i + 2^0)3) = ^ (z), 

where m and n are any integers. 

Therefore the function fp(z) admits the two periods 26>i and 20)3. 

Differentiating the above results, we see that jp' (z) is an odd function of 
z, and admits the same periods as p (z). 

177. The period-parallelograms. 

The study of elliptic functions is much facilitated ' by a method of 
geometrical representation which will now be explained. 
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Suppose that in the plane of the variable z we mark the points fr s 0, 
^ = 2a>i, z 8 26)3, z^2(Oi + 2a>a, ... and generally all the points comprised in 
the formula z = 2ma>] + 2na>2, where m and n are any positive or negative 
integers or zero. 

By joining the point ^ = by a straight line to the point ^ = 26>i, then 
joining the point 2a)i to the point 26>, + 26>„ then joining the point 26>i + 2©, 
to the point 2a>3, and lastly joining the point 2a>a to the point ^ = 0, we 
obtain a parallelogram in the ^-plane, which we shall call the fundamental 
period-parallelogram. 

It is clear that the whole ^-plane may be covered with a network of 
parallelograms, which are each similar and equal to this parallelogram, and 
which can be obtained by joining the other marked points by straight lines. 
These parallelograms will be called period-parallelograms. 

Then if t be any quantity, the points 

z=st, z = t+26>i, z = t + 2oi>2, ..., ^ = ^ + 2m«k)i + 2n6)2, 

manifestly occupy corresponding positions in these parallelograms; these 
points are said to be congruent to each other. 

It follows from the fundamental property of fp(z) that the function p(z) 
has the same value at all points which are congruent with each other ; and 
hence that the values which the function ^{z) has in any periodrparallelogram 
are a mere repetition of the values which the function has in any other period- 
parallelogram, 

178. Expression of the function fp (z) by means of cm integral. 

We shall now obtain a form for fp (z) in terms of an integral, which will 
be found to be of great importance in the theory of the function. 

The quantity fp (z) — r^, 

or 2 {(z — 2ma)i — 2na)2)"* — (imiOi + 2ru»j)"*}, 

is a regular function of z in the neighbourhood of the point fr = 0, and is an 
even function of z. It can therefore by Taylor's theorem be expanded, for 
points z near the origin, in the form 

where clearly we shall have 

^ = 3S (2ma>, + 2na,,)-«, 

g = 52 {2mm, + 2n<o,)-'. 
Thus p(^) = ^+g^4.||^ + .... 
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Forming the square and the derivates of this expansion, we have 

Therefore j»* («) — s lp"iz) = jgS'a + terms involving z* at least. 
It follows that the function 

is regular in the neighbourhood of the point ^ = ; and as it is doubly-periodic 
(for clearly any power or derivate of an elliptic function is likewise an elliptic 
function) it must be regular in the neighbourhood of each of the points 

z = 2ma>i + 2na)j. 

But the only singularities of ip(z) are at these points : and therefore the only 
possible singularities of the function 

are at these points. The latter function is consequently regular for all values 
of z\ and so by Liouville's theorem (§ 47) is independent of z, and therefore 

is equal to the value which it has at the point z=0, which is j^g^. 
We have therefore the relation 

Multiplying by 3jp' (z) and integrating, we have 

where c is a constant ; on substituting the expansions in this equality, we 
find that c = ^g^. 

Thus, finally, the function ^{z) satisfies the differential equation 

jp'» (^) = 4 jf>« (z) - 5r,^ (^) - 5r„ 

where gq and g^ (called the invariants) are given in terms of the periods 
of jp(z) by the equations 

(7a= 602 (2ma), + 2720),)-*, 

(7, = 1402 (2ma>i + 2na),)"*. 
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This differential equation can be written in the form 

where t^fp {z)y 

and therefore (since fp{z) is infinite when z is zero) we have 

which is the required expression of jp(z) in terras of an integral. 

The preceding theorems may be illustrated by the results which correspond to them in 
the theory of the circular functions. Thus we may in the following way discuss the 
properties of a function f{z) (really oosec^z), which we shall take to be defined by the 
series 

This series is clearly infinite at the points 2=0, yt, - yt, 2ir, ... ; for other values of « it 
is absolutely and uniformly convergent, as is seen by comparing it with the series 

The effect of adding any multiple of yt to z is to produce a new series whose terms are 
the terms of the original series, arranged in a different order ; this does not affect the sum 
of the series, since the convergence is absolute ; and therefore /(«) is a periodic function of 
«, with the period ir. 

By drawing parallel lines in the ^plane at distances w from each other, we therefore 
divide the plane into strips, such that at points occupying corresponding positions in the 
different strips, /(r) has the same value. In each strip, f{z) has only one singularity, 
namely at that one of the points 0, ir, —n, 2Yr, ~2Yr, ... which lies within the strip. The 
function is not infinite at the infinite ends of the strip, because the several terms of the 
series for f(z) are then small compared with the corresponding terms of the comparison- 
series 

l+l-2+l-8+2-«+2-»+3-«+3-«+.... 

Now near the point ^=0, the function /(z) can be written in the form 

/w=.-»+.-'(i-i)-V.-«(i+i)"V(2.)-.(i-A)-v... 

=2-«+ir-«(l + l + 2-»+2-2+...) + »r-*2«(3 + 3+3.2-* + 3.2-*+...) + ... 
=2-2-f2Yr-«.^ + Yr-V.3.2.~ + ... 

o yu 

Difierentiating and squaring this equation, we have 

/"(z)-6«-« + l + ..., 

It follows that 

f"(»)-ep{z)+if(z) 
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is a series coDtaining no n^ative powers of z; it has therefore no singularity at the point 
z^O, and therefore (since that is the only possible singularity) no singularity in the strip 
which contains 2=0, and therefore (on account of the periodic property) no singularity in 
any strip. It is therefore, by Liouville's theorem (§ 47), a constant : this constant must 
be equal to the value of the function at the point z«>0, which (on substituting the expan- 
sions) is found to be zero. We have therefore 

/"(z)-6/»(*)+4/(z)-0. 

Multiplying by 2f' (e) and integrating, we have 

/'*« = 4/»W-4/««+c, 
where e is a constant. On substituting the exp&naiona, e is found to be sero^ and therefore 

/'«(2) = 4/«(2){/(z)-l} 

or ©' "^^ ^*" ^^' "^^^ *"-^^^^' 

whichgives 2z«" / <-i(r-l)-*cft 

as the expression of f{z) by means of an integral 
Example, If y = §^ (z\ shew that 

\dz) \<b) 

^here e^ e^^e^ are the roots of the equation 

For we have fi^{»)^^f^(»)'gt1f(')-9z, 

and so (J)'-4(y-«0(y-««)(y-*i). 

Differentiating logarithmicaUy, we have 



m 

Differentiating again, we have 



(IT W 



Adding the last equation, multiplied by ^, to the square of the preceding equation, 
multiplied by ^, we have the required result 

It may be noted that the left-hand side of the equation is half the Schwartrian derivative 
of z with respect to y ; and hence the result shews that z is the quotient of two solutions 
of the equation 

^+ {le ,?, (y-«r)-*-|y (y-«,)-> (y-«,)-» (y- e^-j r=o. 
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179. The homogeneity of the function fp (z). 

When the Weierstrassian elliptic function is considered as depending on 
its arguments and periods, it has a certain property of homogeneity, which 
will now be investigated. 

Let fp Iz, j denote the function formed with the argument z and periods 
2a>i and 2iia2. Then we have 

fp (\z, ^j = X^z-^ + 2 {(Kz - 27nXo)i - 2nXo),)-^ - (2mXa)i + 2nXa)a)-«} 

It follows that the effect of multiplying the argwment and the periods by 
the earns quantity X is equivalent to multiplying the function by X"^. 

This relation can also be expressed in terms of the quantities ^,, g^. 

For let fp(z; g^, g^ denote the function formed with the invariants 
flr.and(7.. Then we have 

gt^ 602(2ma>i+2ntt),)-^, 
5r, « 1402 (2mftii + 2n(»a)-«. 

The effect of replacing o^ and cog by Xoii and Xcoa respectively is therefore 
to replace g^ and g^ by X~*^, and X'^^r, respectively; and thus we have 

= X«jp(X^; X-*5fa, X-«5r,), 
which expresses the homogeneity-property in terms of the invariants. 
Example, Deduce the last result directly from the equation 

180. The addition-theorem for the function ^ {z). 

The function f{z) possesses an addition-theorem, i.e. a formula which 
gives the value of jf>(^ + y) in terms of the values of ^{z) and jp(y), where 
z and y are any quantities. 



330 



TRANSCENDENTAL FUNCTIONS. 



[chap. XIV. 



To obtain this formula, consider the expression 

1 »(y) »'(y) 

as a function of z. 

Since it is compounded of doubly-periodic functions, it is itself a doubly- 
periodic function ; and the only points at which it can have singularities are 
the points at which the functions jp(^ + y) and fp(z) have singularities^ 
i.e. the points ^ = 0, z = — y, and points congruent (§ 177) with these. 

Now for points z near the point ^ = 0, we can write the determinant in 
the form 



^■^+2ftfl^«^'+"- 



-2:r* + j.g^2 + .,. 



1 »(y) v'iy) 

Expanding this determinant, we find that the terms involving negative 
powers of z destroy each other; the determinant can therefore, in the 
neighbourhood of the point ^ = 0, be expanded as a series of positive powers 
of z ; that is, the function represented by the determinant has no singularity 
at the point ^ = ; and therefore (by the periodic property) it has no 
singularity at any of the points congruent with z^O. 



Considering next the neighbourhood of the point z^ — y, write z 
The determinant can be written in the form 



= -y + ar. 



^'^^"^ "^ 90 9^^ + • • • 



-.2ar»4-Trt5raa:+... 



1 jp(-y)+a;jp'(-y) + ... ip'(-y) + ^ip"(-y)+... ' 

1 j?(y) i?'(y) i 

and on expansion this is found to contain no negative powers of x. The 
function represented by the determinant has therefore no singularity at the 
point ^ = — y or any of the congruent points. 

The function has therefore no singularities, and so by Liouville's theorem 
(§ 47) is independent of z. But it vanishes when z has the value y, since two 
rows of the determinant are then identical. The determinant is therefore 
always zero. 

We thus have the formula 



1 jf>(^ + y) -jp'(^-hy) 

1 i?(y) »>'(y) 



= 0, 
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true for all values of 2 and y. Since, by § 178, j/ (^ + y), jf>' (z\ jff (y) are at 
once expressible in terms of jp(-f + y), jp(^), if>(y)> respectively, this result 
really expresses fiz-Vy) in terms of f{z) and |>(y). It is therefore an 
addmon-theorem. 

The addition-theorem may also be obtained in the following way. 

Take rectangular axes Ox^ Ou, in a plane ; and consider the intersections of the cubic 
curve 

with a straight line 

The abscissae x^^ j?|, x^ of the points of intersection are the roots of the equation 
<f>(x)=Oy where 

The variation ix^, in one of these abscissae, consequent on small changes dm and dn in 
m and n, is therefore given by the equation 



<f/ (Xf) Kcr + 2 (mxy, + n) {Xr^m + dn) = 0, 



whence 



* ; — =— Z Z — -ry . . - 

rsimiTyi + n r=l 9 (^r) 



Therefore 



=0, by a well-known theorem in partial fractions. 
s 

1 (4Xr^-g^r-g^'^^r'=0. 



Now when n is infinite, the abscissae j;^, x^, x^ are all infinite : we may therefore 
integrate the last equation over the series of positions of the straight line y^mx+ny and 
obtain the result 



2 / (4Xr^-g^r-9^''^(^r^0. 



If we write 



^i=j?(4 ^«=i?(y), ^3-PW» 

we have therefore « +y + w^ — 0. 

But the ordinates of the three points of intersection are 

t*i=rw, t^=i?'(y), wj-rw 

Since the three points are collinear, we have 

1 ^3 W3 , =0, 



and therefore 



1 Xi Ui 

i 1 i>W i>'W 

I 1 S^(y) »'(y) 



which is the addition-theorem. 
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181. Another form of the addition-theorem. 

The determinantal form of the addition-theorem given in the last article 
may be replaced in the following way by a simpler, though less symmetrical, 
formula. 



Consider the equation 



1 ^{x) 

1 fiy) 



j?'(y) 



= 0. 



If in this we replace jp' {x) by its value in terms of ^ (re), and expand, 
we have 

W (^) - i/»i? (^) - 9^\ [f (-2) - j? (y)}' 

= W (^) { j? (^) - j? (y)} + j?' (y) [V (^) - f (^)}?- 

This may be regarded as a cubic equation in the quantity ^ {x). One of 
its roots is jp(a?)='jf>(^ + y), by the addition-theorem; and the other two 
roots are |> (^) = ^ {z) and (P (^) "= (P ( y), since the determinant vanishes when 
^ or y is substituted for x. We have therefore 

P(^) + i?(y) + iP('*^ + y)= S"™ of roots of cubic 

= — {Coefficient of ^{x)] -r {Coefficient of jp» (a?)} 

=i{j?'(^)-j?'(y)}Mi>(^)-i?(y)}-. 

and thus we have 

p (^ -»- y) = T t *^' ^^l " *^'5^? r - y (^) - y (y)» 

»^^ -^^ 4[|>(z)-.p(y)J »^^ ^ »^^^^' 
which is a new form of the addition-theorem. 

Example 1. Prove that the expression 

Hi?' W - r (y)}« {*> W - j»(y)} -« - i» W- «> (»+y), 

considered as a function of 2, has no singularities : and deduce the addition-theorem 
for fp(z). 

For the given expression, from the mode of its formation, can clearly have no singu- 
larities except at the points z=0, 2=y, 2« -y, and points congruent with these. 

Consider then first the neighbourhood of the point z=0. The expression can be 
expanded in the form I 

-«>(y)-«jf>'(y)-..., 

and this on reduction is found to contain no negative powers of «, the first non-zero term 
being §^ (y). The expression has therefore no singularity at the point s=0. 
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CoDBidering next the neighbourhood of the point 2=y, we take z^y-\'X ; the expression 
becomes 

i{r(y)+^r(y)+----r(y)}MiP(y)+^'(y)+...-i?(yr»-i>(y)-^r(^^ 

-if>(2y)-4?iP'(2y)-..., 

and this on reduction is found to contain no negative powers of \r ; there is therefore no 
singularity at the point t^y. 

The case of the point «= — y can be similarly treated. 

The given expression has therefore no singularities, and so by Liouville's theorem is 
independent of z. But its value at the point 2=0 has been shewn to be ^ (y). We have 
therefore, for all values of z, 

i{rW-r(y)}Mi?W-if'(y)}-»-if'W-«'(^+y)-P(y)=o, 

which is the addition-theorem. 
Example 2. Shew that 

For by the addition-theorem we have 






Replacing ip'«(«) by ^if^z) - g^ip {z) -- g^, and replacing jfK2(y) by 4.if^{2f)-g^V{2f)'9z* 
and reducing, we obtain the required result. 

182. The roots e^ eg, ^. 

Let n denote any one of the periods of fp(s:\ namely the quantities 
2g)i, 2o)a, 2aii + 2ais, 2a)i — 2o)2, — 2a)i — 2a)2, .... Then 

jp' Q n^ = jp' Q n - n V since jp' (-^) has the period il, 

= — p' f 2 ^) » since jp' is an odd function of z. 

It follows from this that unless g^ ^^ itself a period (in which case 
fp (^Q.j is infinite), jp'uflj is zero. 

We have therefore 

jp'(a>0 = 0, ip'(a>,) = 0, ip'K) = 0, 
where w, stands for — (oh + ©a). 



334 TRANSCENDENTAL FUNCTIONS. [CHAP. XIV. 

Now denote the quantities p(c^), jf>(fi»s)i jp(^) ^y ^i ^i ^i respectively. 
Then the equation 

or 0=4ei»-5r,ei-5r,, 

shews that ^i is a root of the cubic equation 

Similarly et and ^ are roots of this equation. 

Moreover, the quantities ei, es, ^, are distinct roots of the equation ; for if 
for example we had ei = ^, we should have f (<»,) = fp (»]), and therefore 

«, = + ft)i + ^ period, 
which is not the case. 

We see therefore that the three roots of the cubic 
are ej, «t» ^i f^here 

«i = if> («i), «t = p(«4), ^ = s> («i), 

The quantities ^i, et, ^ therefore satisfy the relations 

ei + «t + ^ = 0, 

«t^ + e,ei + ei«, = -|5r,. 

1 

183. Addition of a half-period to the argument of ^{z). 
From the addition-theorem we have 

or PU + «>i) = «! + («i - «t)(ei - e^) ;p(z) - f,}-». 

This formula expresses the result of adding a half-period to the argument 
of the Weierstrassian elliptic function. 
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Example 1. Shew that 

ifK (.) jfK (,+«o r(*+«i) r («+«») 

is a multiple of the discriminant of the equation 

For we have 

P(iJ+«i)-ei=(«i-e,)(e,-«,){i?W-«i}-'- 
Differentiating, we have 

r(^+«i)=-(«i-«2)(«i-«3)i?'W{i?W-«i}-'. 

Therefore 

which is a multiple of the discriminant of the equation 

4 (a?-«i) (a?-«,) (J7- «3)=0. 

Example 2. Shew that 
{iP(^)-^{1P(^)-e^+{fp{2z)-e^{fp(^)^e^+{fp(2z)-e^{ip{2z)-e^^f^ 

184. Integrdtion of (oar* + 4ia5* + 6ca^ + 4(ir + e)~*. 

We shall now shew how certain problems in the Integral Calculus, whose 
solution cannot be found in terms of the elementary functions, can be solved 
by aid of the function fp (z). 

Let the general quartic polynomial be written 

/(a?) = cur* + 4605* + 6ca^ + 4da? + e. 

Let its invariants* be 

g^^ae — 4tbd + 3c*, 



fl^8 = 



a b c 
bed 
c d e 



=zace + 2bcd - c» — cm? — 6^ ; 



let its Hessian be 

h(x)^(ac - b')a' + 2(ad-bc)x' + (ae + 2bd - 3c»)«* 
4- 2 (6c - cd)x + (ce- (?), 
and let its sextic covariant be 

= (a^d - 3a6c + 26»)a^-|- .... 

* The student who is not already familiar with the elements of the theory of binary forms is 
referred to Bomside and Pantou's Theory of Equatioiu, where the invariants and oovariants 
of the quartio are disoossed. 
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Then it is known that 

f(x) 4A» ix) + g,p («) h {X) - gj* (x). 

If we write »= — A (x)//(x), this relation becomes 

<'(x)=/»(x)(4»»-5r,«-<7,). 
Now ^^A(x)/'(.>-A'(x)/(x)^ 

and so (^ — flr,» — gr,)~* d« = 2 {/(a:)}-* Ar. 

Let ^0 be any root of the equation y(x)sO: then to the value x^x^ 
corresponds « = x ; and hence, if we write 

z^('{/(x)}-idx, 
we have 2z^j (W - ffjt - g^Y^ dt 

- X 

It follows that the equation 

%8 an integrated form of the equation 

z = 1 {cur* + 4&r* -I- 6cx" + 4<ir + e]'^dx. 

Example 1. Shew that (with the same notation) 
Example 2. Shew also that, if 

then |> (2+y) and !> (^-y) are the roots of the equation 

where /'(x, tt)=ajc*tt' + 2&rM(jr+M)+c(jF*+4rM + u-) + 2</(x +!«)+«, 

and H (x, i/) is derived fix)m A (x) in the same way as F(x, u) from/(x). 

(Cambridge Mathematical Tripos, Part II, 1896.) 

185. Another solution of the integration-problem. 

The integration discussed in the last article may also be effected in the 
following way. 

As before, let 

z=\' [fixyr^dx. 
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where /(x) = aai^ + Aha? + 6cai* 4- 4da? + e, 

and let a?o be a root of the equation f{x) = 0. 
Then, by Taylor's theorem, we have 

f{x) = (a: - x,)f {x,) + i (a: - x,yr (^o) + g (^ - ^o)*/"' (^o) 

+ i (^ - ^o)y "" C^.) 
Writing {x — a:©)"^ = ?» we have 

/(*) = ?-* {/ (^.) ?• + ^ /" (^.) C + s /'" W ? + i /"" (^ . 

and 80 z = I" j/'(^,)?» + i/"(^.)r' + g/"'(^.)? + i/""(^"*dr. 

Writing ?=*{/' (a;,)}"' d. we have 

^=/J{4^ + ^/"(^.)^ + ^/'(^.)/"'(^.)^+24-i6/"(^)/""(^'*<^^- 
Now take a new variable of integration 8, defined by the equation 

this substitution destroys the term involving the square of the variable of 
integration in the denominator, and we thus have 



= j [4^ " g^ - g^]-^ ds, 



z 
where 



It can easily be verified that these latter quantities are the same as the 
invariants g^ and g^ of the last article. 

We have therefore 

and therefore ^ == j? l-^) "" 24 J' ^^^* 

?=4|/'(a^.)j-'{pW-^/"(x,)[, 

and finally x = x, + \f' (x,) |p {z) - ^ /" {x,)\ " . 

This last equation is the integral-equivalent of the equation 

z=r{fix)}-idx. 

Jx, 

w. A. 22 
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It may be observed that 

f- {£) = (48» - fir^ - sr.)* = i/' (x,) {/(x))* r, 
and hence that 

^^^^^ 4J,(.)-^/"(.4'- 
Example. Shew that the integrated form of the equation 






"ifltr, 



where Xq is any constant (not necessarily a root of f(x)), and f{x) is any quartic function 

where |i> is the Weierstrassian elliptic function formed with the invariants g^ and g^ 

of fix). 

Shew further that 

186. UniformiscUion of curves of gemcs unity. 

The theorem of the last article may be stated somewhat differently 
thus : 

If two variables y and x are connected by an equation of the form 

y' = cur* + 46^:^ + Gear* + 4dx + e, 

then it is possible to &vpress them in terms of a third variable z by fnean9 
of the equations 

' «> = ^. + J /' (^.) (p (^) - ^ /" (^ "' . 

wAere f{x) = cur* + 46ic* + 6c^ + 4cia? -f c, 

a?o w any roo^ of ihs equation f{x) = 0, and the function fp (z) is formed with 
the invariants g^ and g^ of the quartic f(x) ; moreover^ the quantity z is defined 
by the equation 

J 4?o 

Now y is a two-valued function of a:, since the quantity 

± (oar* + isbx^ + 6ca^ + ^dx + e)^ 
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may take either sign ; and a; is a four- valued function of y, since the equation 
in X 

has four roots. But on referring to the equations which express x and y in 

terms of z, we see that x and y are one-valued functions of z. It is this fact 

which gives importance to the variable z; z in called the uniformising variable 

of the equation 

ya = cwr* + 4,bx^ + Gcx^ + '^dx -f e. 

The student who is acquainted with the theory of algebraic plane curves will be aware 
that curves are classified according to their genus*, a number which may be geometrically 
interpreted as the difference between the number of double points possessed by the curve 
and the maximum number of double points which can be possessed by a curve of the same 
degree as the given curve. Curves whose genus is zero are called unicursal curves ; if 
f(x, y)=0 is the equation of a unicursal curve, it is known that x and y can be expressed 
in the form 

where <^ and ^ are rational functions of their argument ; since rational functions are always 
one-valued, it follows that the variable z thus introduced is the uniformising variable for 
the equation /(jT, .v)=0 ; i.e., although y is in general a many-valued function of x, and x 
is a many-valued function of y, yet x and y are one- valued functions of z. 

Considering now curves whose genus is not zero, let 

be a curve of genus unity. Then it can be shewn that x and y can be expressed in 
the form 

(J7«<^ {Z) 

where (f> and ^ are now elliptic functions of their argimient z ; x and y are thus expressed 
as one- valued functions of 2, and z is the imiformising variable of the equation f(Xy y)=»0. 
This result is obtained by writing 

where F and are rational functions of their arguments, and choosing F and O in such a 
way that the equation /(^*, y)tmO ia transformed into an equation of the form 

we can then wnte 

and X and y will thus be expressed as one- valued functions of z. 
When the genus of the algebraic curve 

f{^,y)=o 

is greater than unity, the uniformisation can be effected by means of automorphic 
functions. Two classes of automor])hic functions are known by which this uniformisation 

* In French genre^ in German Getehlecht, 

22—2 



{ 



t 
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may be effected : namely, one which was first given by Weber in Odttinger Nachrichteny 
1886, and one which was first given by the author, PhU. Trans., 1898. In the case of 
Weber's functions, the '* fundamental polygon " (the analogue of the period-parallelogram) 
is '^multiply-connected," i.e. consists of a region containing islands which are to be 
regarded as not belonging to it. In the case of the functions described in PhU. Trans., 
the fundamental-polygon is " simply -connected," i.e. is the area enclosed by a polygon. 
This latter class of functions may be regarded as the immediate generalisation of elliptic 
functions. 



Miscellaneous Examples. 

1. Shew that 

jf>(«+y)-i'(»-y)=-rw*''(y){ifW-i»(y)}-». 

2. Prove that 

where, on the right-hand side, the subject of differentiation is symmetrical in z, y, and w. 

(Cambridge Mathematical TrijKDs, Part I, 1897.) 

3. Shew that 



r'(^-y) r"(y-^) r'o^-^) 
n^-y) r(y-^) r("'-^) 



=\9^ 



r'(^-y) r'(y-«^) r'c^'-*) 

i?(^-y) ?(y-t^) if>(tr-r) '. 



if>(^-y) P(y-^) P(«^-«) 11 1 ' 

(Trinity College Scholarship Examination, 1898.) 



4. If 



y=if>w-^n y=|, 



simplify the expression 

where «i, e^, e^ are the values of §p (2) for which ^' {z) = 0. 

(Cambridge Mathematical Tripos, Part I, 1897.) 
5. Prove that 

2{?(^)-e}{fr>(y)-if^(ir)}M»>(y + ^)-^}*{P(y-tr)-^}*=0, 

where the sign of summation refers to any three arguments z, y, w, and e is any one of the 

quantities 6,, eg, e,. 

(Cambridge Mathematical Tripos, Part I, 1896.) 

(Cambridge Mathematical Tripos, Part I, 1894.) 
7. Prove that 

P (2.) - p (a,,) = { JP' (.)}-« (iP {z) - p {U,)Y {(? (z) - P («, + i«,)}«. 

(Cambridge Mathematical Tripos, Part I, 1894.) 



6. Shew that 
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8. If m be any constant, prove that 



-b// 



{PW-«i({iP(y)-«i} 



where the summation refers to the values of fjf (z) for which i^ {z) is zero ; and the integrals 

are indefinite. 

(Cambridge Mathematical Tripos, Part I, 1897.) 

9. Let 

and let f =^(^) be the function defined by the equation 

where the lower limit of the integral is arbitrary. Shew that 

0(*'+y)-*(«) <^(«-»-y)-*(«) *(«-y)-0(«) <^(a+y)-^(^) 

(Hermite.) 

10. Shew that when the change of variables 

^ v' '".»» 

is applied to the equations 

V + '7(l+K) + ^=0. 

they transform into the similar equations 

2i7'+l+^f 

Shew that the result of performing this change of variables three times in succession is 
a return to the original variables (, rj ; and hence prove that if ( and rj be denoted as 
functions of u by B{u) and F{u) resixjctively, then 

where A is one-third of a period of the functions E(u) and /*(«). 
Shew that E(u)=^-if (u ; g^, 5-,), 

where S^j-S/j+l^*, g^= - i -lp> - A^p>. 

(De Brun.) 



CHAPTER XY. 
The Elliptic Functions snz, en 2, dnz. 

187. Construction of a doubly-periodic function with two simple poles 
in each period-parallelogram. 

The function i(>(z), which has been considered in the previous chapter, 
is a doubly-periodic function of z, with a single pole of the second order in 
each period-parallelogram, namely at the point congruent with the origin*. 
We shall next introduce a doubly- periodic function which differs from ^(z) 
in having two poles, each simple, in every period-parallelogram. 

Consider the series 

f(z) = 2 [{z + 2wft>i + (2n + 1) (k),}-i - [2nia>, + (2n + 1) o),}"* 

- {^ -h (2m + 1)0), + ('2n + 1) (d^}-' + {(2m + 1) q>i + (2n + 1) w,}"^], 

in which the summation extends over all positive and negative integer and 
zero values of m and n. 

When the modulus of (2ma)i + 2n(k),) is large (and we may suppose the 
series arranged in order of ascending values of | 2m<kii + 2n(k>s j ), the terms 
of the series bear a ratio of approximate equality to those of the series 

X[-z {2m(k)i + (2n + 1) (»,}-« + z {(2m + 1) Wj + (2n + 1) cwa}-*], 

or -^2{2ma)i + (2n + l)a)2}-^'l-(l-H« - ^ -,-v -Pi , 

^ ^ LI . 2m(k), + (27i+l)«J J' 

and these terms bear a ratio of approximate equality to those of the series 

- 2^(k)i 2 {2m(k), + (2n + 1) (o^}-\ 

which again bear a finite ratio to those of the series 

1 (2m<0i + 2nG)2)-», 

which was shewn in § 11 to be an absolutely convergent series. 

* In the network* of parallelograms described in § 177, the poles of ^ (z) are not within the 
parallelograms, but on their bounding lines. We may however suppose the whole network 
slightly translated so as to bring the poles within the parallelograms. 
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It follows that the series which represents f{z) is absolutely convergent 
for all values of Zy except for the exceptional values included in the formula 

z = mtoi -f (2n + 1) 0)2, (wi, n, integers) 

for which the several terms of the series are infinite, and which have been 
t€M5itly excluded from the foregoing discussion of convergence. 

Moreover, since the terms of the comparison-series are independent of z, 
the convergence is (§ 52) not only absolute but uniform. 

By a discussion similar to that in § 176, we can shew that/(z) is a dovbly- 
periodic function of Zy whose periods are 2a>i and 2a>, ; it is an odd function 
of Zy so that 

/(^) = -/(- z) ; 

and its singularities are at the points 

z = mo)i 4- (2ii + 1) <»a» 

where m and n may have any integer or zero values; these singularities 
are simple poles, with the residues ± 1. There are two of these singularities 
in each period-parallelogram. 

188. Expression of the function f{z) by means of an integral. 

The singularities of f{z) in the fundamental period-parallelogram are, 
as we have seen, at the points z^cd^ and ^ = (k>i + <0a* 

Consider now the neighbourhood of the point z = Wj. 
Writing -gr = fi>, 4- a:, we have 

/(fi)« + a:) = — /(— fi)3 — x)y since / is an odd function, 
= — /(2a)2 — fi>a — ^), since 2a>a is a period, 

from which it follows that /(coj + x) is an odd function of x ; the expansion 
o{ f(z) in ascendiug powers of a: will therefore contain only odd powers of a:. 

Now 

f(z) ^t[[x + 27710)1 + (271 + 2) fi>a)-i - l'2m(o, + (2n + 1) ft),}"' 

-{a? + (277i+l)oi + (27i+2)ft),}-» + {(2m+l)tt>i + (27i-H)a)2}-^], 

where the summation extends over all positive and negative integer and zero 
values of m and n. 

In this expression, replace all expressions of the form (A + x)"^ by 
their expansions A"^ — A'~^x + A'^x*— ..., x being supposed small. A term 
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in ar^ will arise from the pair of values (m = 0, m = — 1), and we thus 
have 

where 5 = 2 [- {2m6Di + 2nft)j}-« + {(2m + !)<», + ^nw^]-^] . 

the summation being in this case extended over all positive and negative 
integer and zero values of m and n. excluding simultaneous zeros in the 
first term. 

If now by means of this expansion we express the quantity 

as a series of powers of x^ it is found that the negative powers of x destroy 
each other ; this quantity has therefore no singularity at the point z = a>^. 

Consider next the neighbourhood of the point -er = ci>i + oj. 
Writing ^ = cdi + Oa + y, we have 
/(cDi + ©2 + y) = —/{— cDi — Wj — y), since / is an odd function, 

= — /(ci)i + 6i)a— y), since (2o)i + 2o)a) is a period. 

It follows that /(o)i + 0)2 + y) is an odd function of y ; its expansion in 
powers of y will therefore contain only odd powers of y. 

Now expanding /(^) in powers of y, in the same way as /(^) was formerly 
expanded in powers of x, we find that 

if 

where F = 2 [- {(2m - 1) cdi + 2wa>i|-« + {2mc»i + 2n6)a}-"], 

the summation extending over all positive and negative integer and zero 
values of m and n, excluding simultaneous zeros in the second term. 

Comparing this with the expansion of B, we have 

*f 

and, as before, the quantity 

/'\z)-/*iz) + (iB/^(z) 
has no singularity at the point ^ = (k>i + o),. 

Now the points z = a>^ and z = q)i + (0^ are the only possible singularities 
of this quantity in the period-parallelogram ; it has therefore no singularity 
in the parallelogram, and therefore (since it is doubly-periodic) no singularities 
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in the whole ^r-plane ; it is therefore by Liouville's theorem (§ 47) a constant 
independent of z, say A. 

The function /(^) therefore satisfies a differential equation 

Replacing B and A by new constants k and fi, we can write this in the 
fonn 

\r ) KM' ) 

so that. Bs/(z) is zero when z is zero, 



z 



Jo l/^ J 



-*ll )-* 



We see therefore that the odd dovbly-periodic function f{z\ which has 
periods 2(Di and 26Da and simple poles at all points congruent with z^a>i 
and ^ = cDi + 61)9, may be regarded as defined by the equation 



rf.-ri-'-'A 



where k and fj, are constants depending only on a>] and a>s. 

189. The function sn z. 

The function f{z) discussed in the last two articles can be expressed in 
terms of another function, which we shall denote by sn z, in the following 
way. 

Replacing the variable t of integration by a new variable «, defined by 
the equation ks = fd, we have 



= /I f (1 - fi«)-*(l - k'^)-^ds. 
Jo 



Now define the new function sn z by the relation 

/jfifjLz) =^ksuz; 
then we have 

Jo 

This last equation can be regarded as the definition of the function sn z 
in terms of its argument z and the constant-parameter k, which is called 
the modulus ; it is analogous to the definition of the function sin z by the 
relation 



rsim 

= (l-s»)-*ds. 
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From the equation 

fif(jiz) = A; so ^, 

it is clear that the function sn^^ has the same general properties d& f{z), 
namely, it is an odd one-valued doubly-periodic function of z, with two poles 
in each period-parallelogram, the distance between the poles being half of 
one of the periods. The two periods will be connected by a relation, as they 
depend only on the single constant k, 

190. The functions en z and dn z. 

We now proceed to introduce two other functions, either of which may 
be regarded as bearing to the function sn ^ a relation similar to that which 
the function cos z bears to sin z, 

rsnz 

Since z^\ (1 -««)-* (1 - ]d^^)-\ ds, 

Jo 

dz 
we have ^ — . = (1 - sn^ z)-^ (1 - A* sn' z)-^, 

d ^sn Zf • 

or -T- (sn -?) = (!- sn« z)^{\- ¥ sn^ z)K 

Now sn -^ is a one- valued function of z, so its derivate must be also a one- 
valued function. It follows that 

(l-sn«^)*(l-ib^sn«-e)* 

can have no branch-points (§ 46), considered as a function of ^; and therefore 
either 

(a) Each of the quantities (1 — sn'-g^)* and (1 — A:*sn'-^)* is a function of z 
which has no branch-points, or 

(/8) The functions (1 — sn'-g^)* and (1— A*sn'^)* have branch-points, but 
are such that their product has no branch-points. 

Now the alternative (^) could be true only if the functions (1 — sn' z)^ and 
(1 — A:^sn'£r)i had their branch-points at the same places; but this is not the 
case, since (l-sn'-g^)* has branch-points at the places when sn*2r=l, and 
(1 — A;" sn' z)^ has not. The alternative (^) being thus ruled out, we see that 
the alternative (a) must hold. 

If now we write 

en 2^ = (1 — sn' z)^, 

dnr = (l -A-'sn'-g^)*, 

where it is supposed that each of these functions has the value unity when 
sn z is zero, then since en z and dn z have no branch-points, and have definite 
values at the point ^ = 0, it follows that the functions en z and dn z are one- 
valued functions of z. 
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' They obviously satisfy the relations 

Sn'-8r + cil'2r= 1, 

A;" sn^ -gr + dn* -gr = 1. 

The functions sn z, cn z, dn z are often called the Jacobian elliptic 
functions. 

The function cos 2 is in the same way a one- valued function, although the occurrence of 

the radical in (1 -sin^^)^ might lead us at first sight to suppose that it possessed branch- 
points. 

191. Expression of cn z and dn z by means of integrals. 

We shall next find, for the functions cn z and dn z, integral-expressions 
similar to that found in § 189 for sn^. 

Differentiating the equation 

c\\^z = 1 — sn'^r, 

we have cn z -j- cn z =^ — ^n z q,tl z An z, 

dz 

so -T-cnz = — snzdnz 

dz 

= - {(1 - cn- z) (P + h^ cn' z)]^, 
where &'* = 1 - A». 

Thus if cn ^ = t, we have 

d^ = - (1 - t^Y^ (ib'« + ifc»0-* cfe, 
and therefore (since cn -g^ = 1 when z = 0) 

In the same way we can shew that 

J- dn -2^ = — A;* sn -gr cn ^, 
az 

and z^C (1 -<«)-* (^-A:'«)-*d«. 

./dnz 
Example 1. If cs ««>cn z/sn z, shew that 

J cs« 

Example 2. If sd « ■> sn zj^n z, shew that 



f'^\l- k'n^)-^ (1 +Ji^^)-i dt 
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192. The addition-theorem for the function Aaz, 
We shall next shew how to find dna?, where 

in terms of the sn, en, and dn, of y and z : the result will be the addition- 
theorem for the fiinction dn. 

Suppose that y and z vary, x remaining constant, so that 

dz _^ 
dy"^ ' 

Introducing new variables u and v, defined by the equations 

<^ = en <2r en y, 
v = sn ^ sn y, 



we have 



or 



dv J . ji dz 
, -7- sn ^ en V cin y + sn V en ^ an ^ -^ 
dv _dy if if if ^ 

d%i du J J dz ' 

-r- —cnzsnyany — cnysnzauz-r- 

dv __an z en y dn y — an y en z dn z 
dn cnyanzdnz—enzanydny' 



From this we obtain the equations 

(dv\^ 
-p j — 1 = A;*(8n*y — sn^z^ (en y sn ^ dn -2r — en z sn y dn y)~", 

dv 
v — u -1- = (sn y en y dn ^ — sn -^ en -0 dn y) (en y sn ^^ dn ^ - en -gr sn y dn y)~*, 

\-f) ~(^'"'*;7~) = (so* y "" sn* ^y (c'^ y sn ^ dn 2: — en z sn y dn y)""*, 
and consequently 



or 



K'-iy-'-'-D- 



This equation is the equivalent, in the new variables, of the equation 

dz ^ 1 
dy" 

It is a differential equation of Clairaut's type, and its integral is therefore 

A;«(t;-wc)» = l - i V, 

where c is an arbitrary constant. 
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Thus the equation 

k^ (sn zsny — ccnzcnyy^l— A;V 
must be equivalent to the equation 

where c is some function of x. 

To determine c in terms of x, put y = ; then we have 

A:«c> cn« a; = 1 - & V, 
which gives c* = dn'~*x = dn~" {z + y). 

Now the integral equation can be written in the form 

c" ( 1 — A;" + A;* en* y cn^ -er) — 2ck^ sn y sn ^ en y en 2: + (** sn* y sn' ^ — 1 ) = 0. 

Solving this equation in c, we have 

_ A;'8ny sn 2^ en y en ^ t (A:* sp'y sn* z en' y en' xr— (1 — A:*+A;' en* yen' ^)(A;'sn' y sn* 2:— 1 )|* 

l-A:'+A;'cn'ycn'-8^ 

_ i* sn y sn 2: en y en -2^ ± dn y dn ^ 
^ " l-A:* + ^cn'ycn*£r ' 

Since 
A;* sn' y sn' -^ en' y en* -? — dn*y dn* ^ = ( 1 — A;* + A:* en* y en* ^) (A:* sn* y sn* 2: — 1 ), 
this equation can be written 

A* sn* y sn' 2 — 1 



c = 



Ar* sn y sn 2r en y en r T dn y dn z * 



J , . ± dn V dn ^ + A;* sn y sn ^ en y en ^ 
^ ^^ l-A'sn'ysn'2: 



or 

-y 



The two ambiguities of sign in this equation remain to be decided. 
Taking z = 0, it is seen that the first ambiguous sign must be + ; so 

J . . dn y dn <2r + A;* sn y sn -2^ en y en ^ 
^ ^^ l-i*sn»ysn*^ 

Now suppose that y is a small quantity ; expanding both sides in ascend- 
ing powers of y, and retaining only the terms involving the first power of y, 
we have 

dn ^ + y -T- dn ^ = dn -2^ ± A:*y sn -8^ en ^. 
Since -, dn ^ = - A:* sn 2^ en -0, 
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it is clear that the ambiguous sign must be — . We thus finally obtain the 
addition-theorem for the function dn, namely 

, , . ^dn z du y ^ k^ 8u z 8X1 y en z en y 
6n(z + y) ^—^——-— . 

Example 1. Shew that 

dn(*+y)dn(.-y)=-^^^P^__L_. 

Example 2, Prove that 

l+dn2r 2^°'^ 



l-Psn*^* 



193. The dddition-iheoreme for the functions sn z and en z. 
To obtain the addition-theorem for the function sn z^ we have 

8n(^ + y)= ± j^ (1 -dn«(« +y)l*. 

Substituting for dn {z + y) from the result of the last article, this equation 
after some algebraical reduction gives 

, . . sn ^ en V dn y + sn V en 2: dn 2: 

sn(2r + y) = ± ^ il—^ — h • 

^ ^^ 1 -A;»sn'-8rsn'y 

On putting y = in this formula, it is seen that the ambiguous sign is + ; 
we thus obtain the addition-theorem for the function sn, namely 



sn 



, . __ sn ^ en y dn y + sn y en -er dn -? 
^^■^^^ l-A:=-sn«^sn»y ' 



Similarly for the function en z we obtain the addition-theorem 

, . en £: en V — sn £: dn 2^ sn V dn V 

en (2r + y) = f — r- — ^—^ ^ . 

^ ^^ 1- A*sn»2r8n*y 

These results may be regarded as analogous to the addition-theorems for 
the circular-functions, namely 

sin {z-\-y)=^ sin z cos y -H cos z sin y, 
cos (z + y) = cos z cos y — sin 2: sin y, 
to which, indeed, they reduce when k is put equal to zero. 

Example 1. Prove that 

8n(z+y)8n(*-y)=j-^^^--^^, 

Example 2. Shew that 



8n*«= 



1- en 2^ 



l+dn22' 
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194. The constant K. 

We shall denote the integral 

[\l-'t')'^{l-Ic't')-^dt 
Jo 

by iT; it is clearly a constant depending only on the modulus k. The 
ambiguity of sign in the radical will be removed by the supposition that at 
the lower limit of integration the integrand has the value 1. 

From the equation 



rwnz 
^0 



Example. Prove that 



we see that sn ir= 1, 

and hence en iT = (1 - sn* K)^ = 0, 

dnir=(l-A»sn«ir)* = ib'. 

cni^=iP*(l+if)-*, 

195. The periodicity of the elliptic functions with respect to K, 

It will now appear that the constant K is intimately connected with the 
periodicity of the elliptic functions sn z, en z, dn z. 

For by the addition-theorem, we have 

, j^. ^nzcnK AnK -^-^uKcnzAxi z qhz 

sn (-gr + A ) = = 7- --== = = . 

Similarly en (^ + ^) = - K ®^ ^ 



dn 



Z' 



V 
and dn (z-^rK)- j — . 

dn ^ 

Hence sn (-gr + 2A ) = -j—^ ^. = - sn ^, 

^ ^ dn(^ + ^) ' 

and similarly en {z + ^K) = — en 2:, 

dn(2r + 2iO = dn^; 
and finally sn {z + \K) = — sn {z + ^K) = sn z, 

en {z + 4ir) = en z, 

dn {z + 4iQ = dn z. 
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This 4JSr is a period for the functions sn z and en z, and 2K is a period for 
the function dn z. 

Example. If ca 2 = en z/sn 2, shew that 

cszcs{K-z)^]lf, 

196. The constant K\ 

We shall denote the integral 

j\l - 1')-^ {I -- k'H^)-^ dt 
Jo 

hyK. 

The ambiguity of sign in the radical will be removed by supposing that 
at the lower limit of the integration the integrand has the value 1. 

Write « = (1 - kfH')-^. 

Then (1 - ^)-*= j^i^ (1 - k'H^)K and (1 - ^V)"* = ^^^^J . 

and d« = (1 - k'^^^y^k'Hdt 

1 

Therefore ^' = - ij\l - «*)"* (1 - ifc»5«)-* ds, 

1 

and 80 iT + tX = /'*(1 - ««)-* (1 - A^5«)-* ds, 

.'0 

or sn(ir + i7r) = p 

whence dn (K + lif') = and en (K + iK') = ± ^ • 

To determine the ambiguous sign in the last equation, we observe that 
the sign of i must be understood in the light of the relation 

which was used in the transformation ; putting 

s = sn(ir + i^') = p t = l, 

ikf 
and so en {K + iK) = - -y- . 

Example, Shew that cni(A'+iiL') = (l-o(^) . 
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197. The periodicity of the elliptic functions with respect to K + iK\ 

The quantity K introduced in the last article is of importance in 
connexion with the second period of the functions snz, cnz, daz. 

For by the addition-theorem, we have 

sn(^ + ^+i/r)= l^k^sn^zsn^(K+iK') 

__ dn-gr 
"~ A; en -e: * 

ik' 1 
Similarly en (-gr + -K" + iK') = - -r- , 

and dn(^ + Z + t-^0 = *—''-. 

^ cn^r 

By repeated application of these formulae we have 

( sn (^ + 2ir + 2iK') = - sn ^, 
en (^ + 2^^ + 2iK') = en z, 
dn(^ + 2Z + 2iX') = -dn^, 

and f sn (-? 4- 4ir + 4iZ0 = sn z, 

cn{z-{-*K+4!iK') = en z, 
dn(-? + 4Z+4tZ') = dn-?. 

Hence it appears that the function en z admits the period 2K + 2iir, and 
the functions sn z and dn z admit the period ^K + 4dK\ 

198. The periodicity of the elliptic functions with respect to iK\ 
By the addition-theorem, we have 

sn (^ + iiT) = sn (^+ 5^+ tiT'- Z) 

_ %n{z ^ K + iK')cn K dxiK - ^nK cn{z ^' K '¥iIC)dn{z -^-K -{-JK') 

l-Jfc»sn«irsn»(^ + ir + tZ') 
^1 
"" A; sn 2r * 

Similarly we find the equations 

/ . -LT/v i dnz 
en (z + tK') = - r » 

dn(^+iir)=-i^^. 
^ ' sn^ 

w. A. 23 
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By repeated application of these formulae we obtain 

sn (z + 2iK') = sn z, 
en {z + 2%K') = — en -gr, 
dn (z + 2tK') = - dn ^, 

and (8u(z + UK') = sn z, 

en {z + 4dK') = en z, 
dn {z + ^iK') = dn z, 

80 that the function sn z admits 2%K' as a period, and the functions en z and 
dn z admit 4dK' as a period. 

199. The behaviour of the functions sn z, en z, dn -2^, at the point z = iK\ 

For points in the neighbourhood of the point 2r = 0, the function sn z can 
be expanded by Taylor's theorem in the form 

sn-8r = 8n0 + 2rsn'0 + 2^sn"0 + ..., 

where accents denote derivatives. 
Since sn = 0, 

sn'0 = cnOdnO = l, 

sn" = 0, 

8n'"0 = -(l+A;»), etc. 



the expansion becomes 



sn2r = ^ — g(l + A;")2:»+ .... 



6 



Hence en £: = (1 — sn' z)^ 

= 1 — 2 ^ • • • • I 

and dnz = {l —k^an^z)^ 



and therefore 



2 

sn (z + iK')^-i - 

ksnz 



-~ A ^ A IC^M + • • . J 



=^{i-l(i + i-)^+...f-^ 



~kz^ Qk ■^•"' 
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and similarly cn{z + iK') = -r- H wr~ ^^ + ••• 

and dn {z + iK') = - - + — g— iz^ .... 

It follows that at the point z = iK\ the functions sn z, en z, dn -r Aaw simple 

poles, with the residues 

1 _t 

200. General description of the functions sn z, en 5, dn z. 

Summarizing the foregoing investigations, we can describe the functions 
sn z, en Zy and dn z, in the following terms. 

(1) sn-? is a one- valued doubly-periodic function of z, its periods being 

4 A" and 2iK'. Its singularities are at all points congruent with z=^iK' , 
and z « 2K + iK' ; they are simple poles, with the residues hr^ and — Ar* 
respectively ; and the function is zero at all points congruent with z^Q and 
z = 2K. 

It may be observed that no other function than sn z exists which fulfils this description. 

For if <^ (2) be such a function, then 

<fi {z) - sn 2 

has no singularities, and so by Liouvillo's theorem is a constant independent of z ; but it is 
zero when ^=0, and therefore the constant is zero ; that is, 

<^(«)=8nz. 

When k^ is real and positive and less than unity, it is easily seen that K 
and K' are real, and sn z is real for real values of z and purely imaginary for 
purely imaginary values of z. 

(2) en ^ is a one-valued doubly-periodic function of z^ its periods being 
4tK and 2K -f- 2iK'. It« singularities are at all points congruent with z = iK' 
and z^2K -{-iK' \ they are simple poles, with the residues ihr^ and — iA:~* 
respectively ; and the function is zero at all points congruent with z = K and 
z^SK. 

m 

(3) dn -2^ is a one- valued doubly-periodic function of z, its periods being 
2K and 4iir'. Its singularities are at all points congruent with z = iK' and 
z = ZiK' ; they are simple poles, with the residues — i and + i respectively ; 
and the function is zero at all points congruent with z^K-\-iK' and 
z^K + ZiK'. 

201. A geometrical illustration, of the functions sn^, caz, Anz. 

The Jacobian elliptic functions may be geometrically represented in the 
following way. 

Let the position of a point, on the surface of a sphere of radius unity, be 
defined by (1) its perpendicular distance p from a fixed diameter of the 

23—2 
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sphere, which we shall call the polar axisy and (2) the angle '^ which the 
plane through the point and the polar axis (the meridian plane) makes with 
a fixed plane through the polar axis. 

Then if ds denotes the arc of any curve traced on the sphere, we clearly 

have the relation 

{dsf = p« (d>^)« + (1 - p»)-^ {dpf. 

Let a curve (SeiflFert's spherical spiral) be drawn on the sphere, its 
defining-equation being 

where A; is a constant. We have therefore for this curve 

(ds)ni - A:»P') = (1 - P V W, 

and so if s be measured from the j>o2e, or point where the polar axis meets 
the sphere, we have 

Jo 
or p = sn 5, 

the function sn being formed with the modulus k. 

The rectangular cooijdinates of the point s of the curve, referred to the 
polar axis and an axis perpendicular to it in the meridian-plane, are p and 
(1 — p')*, and can therefore be written sn s and en s ; while dn 8 is easily seen 
to be the cosine of the angle at which the curve cuts the meridian. Hence 
if K be the length of the curve from the pole to the equator, it is obvious 
that sn s and en s have the period 4fK, and dn s has the period 2K. 

202. Conneadon of the function sn z with the function p (z). 

We shall now shew how the functions considered in this chapter are 
related to the elliptic function of Weierstrass. 

Let ei, 0j, ek denote the quantities ^i, e,, ^, taken in any order. 

In the integral 

J Piz) ^ 

let the variable of integration be changed by the substitution 

Thus 

z^ (1 -^')-* [{ei - ej)^-{ei - <?»)<«}-* d«, 

Jo 

^0 
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where &* = — — - . 



This is clearly equivalent to the equation 

= 8n«{(ei-'«^)*^}. 



ei - e^ _ 






We thus obtain the result that the function fp(z), formed tuith any periods, 
can be expressed in terms of the function snz by the equation 

the function sn being formed with the modulus 

Example, Shew that this relation can be written in either of the forma 

p,,x ?<::.4cnM(«^-^ 

l-cnM(e<-«^)*5} ' 
and . .-e^dnM(..-e,)>.} 

203. Expansion of ^nz as a trigonomMric series. 

Since sn z is an odd function of z, admitting the period 4iK (which we 
shall for our present purpose suppose to be real), it can by Fourier's theorem 
be expanded in a series of the form 

J . irz J , Zirz , . 37r2: 
sn 5 = Oi sin ^^ + Oj sm ^^ + o^ sm -^ + . . . i 

where (§ 82) 6,. = — I sn ^ sin -^ dt. 

This expansion will (§ 78) be valid for all points in the -er-plane contained 
in a belt parallel to the real axis and bounded by the lines whose equation is 

Imaginary part of -er = ± iK\ 

since within this belt the function sn z has no singularities. 

We have now to evaluate the integrals 6,.. We shall follow a proof due 
substantially to Schlomilch. 

Let OARSCBQPO be a figure in the plane of a variable t, consisting of 
the rectangle whose vertices are the points 

0{t = 0), A(t = 2K), C{t^2K-¥ 2iK'), B{t^ 2iK'\ 

with a very small semi-circular indentation PQ around the point t = iK\ and 
another small semi-circular indentation RS round the point i = 2-K'4 iK\ 
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Consider the integral 

taken round this contour. 

Since the integrand is regular everywhere in the interior of the contour, 
we have (§ 36) 

f +1 +j +1 +f +j +( •+( =0. 

J OA JAB J ES J SO JOB J BQ J QP J PO 

Consider first the integral along the semi-circular indentation QP, 
Writing t = iK* + Jie*^, we have 

I snte^ dt=\ sn {iK' -f iie**) e ^ e^ Reside 

J op Jv 



2 

ir irw 



1 .'^riij^^^^'V 



= ^e ^ 






k Jir sn(i?e^) ' ^ ksnz 

2 






. /• 2 

= T « ^ f (1 + positive powers of R) dO 



Trt - 



2 
rwK' 



= — 7- ^ ^^ , when R tends to zero. 
k 

Similarly we have 

irwt _- rwK' 



snte^ dt^i-iy'^e' ^ . 

J BS K 



Since sn {z + 2iK') = sn z, we have 

J OB JO A* 

and since sn {z + 2iQ = — sn -er, we have 

\ =(-l)'f . and f =(-irf . 

JAB J PO J 80 J BQ 

We thus have 

Now equate to zero the imaginary parts of this equation. Since 

imi 

an t e^ dt 




203] 
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is real when t is purely imaginary, there is no imaginary part arising from 



/ +/ • 

J BQ J PO 



Therefore 



(1-e ^)j^ 8n<sin^d<=^e «ir {1 - (_ 1)'}. 



Writing 
this equation gives 



•2K 
q = e ^, 



k 



IT I 



{\-f)Khr=-j^<t\l-{-m 



r 
*2 



or 



and 



6y = if r is even. 



SD^ 



Thus finally we have the expansion of sn ^ as a trigonometric series, 

Sttz _^ 

Example, Prove that 



2ir f q^ irz o* . ^irz q^ . hirz \ 



cm 



2ir f o* irz , q^ 3wz . o^ bnz \ 



Miscellaneous Examples. 



1. Shew that 



2. Shew that 



3. Prove that 



4. Prove that 



5. Prove that 



6. Prove that 



cnz 



/cn« 

{I±cn(.-Hy)}{l±c„(.-y)}=j^^g2^;- 
l+cn,-.,)cn(.-,)=,^5^|-. 



dn*«= 



iP«+dn2g+i^cn2g 
l+dn22; 






cnz 
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7. Shew that 






it^+dn«-it*cn«' 



8. Shew that 






9. Prove that 



sm [sin-i {an («+y)} + 8m-i {sn («-y)}]= i^j^^j^i^^i^ • 

10. Shew that 

CD t/ ~~ SD t/ dll Z 

COB [sin-* {sn («+y)} - sin ~ * {sn (« -y)}] = , '^,, — ^^ ^ . 

11. Shew that the quarter-periods K and tiT' are solutions of the equation 

where «=it*. 

12. Shew that the quarter-periods K and iK' are Legendre functions of the argument 
(1 - 2ifc«), of order -i. 

13. Shew that 

cn/3cnysn 03— y)dna+cny cnasn (y-a)dn/9+cnocn/9sn(a-/9)dny 

+sn O — y) sn (y -o) sn (o— ^) dn a dn/3 dn y=0. 
(Cambridge Mathematical Tripos, Part I, 1894.) 

14. If tt+v+r+«=0, shew that 

i(^ sn ii sn V en r en « - ir' en i£ en 1; sn r sn « - dn u dn v+dn r dn «=0, 

ir^sn u sn t;~ iP> sn r sn «+dn u dn V en r en « - en tf en vdn r dn <B=0, 

sn usn t^ dnr dn «— dn It dn t^snr sn «+cn r en < — cniicn 17=0. 

(H. J. S. Smith.) 

15. Shew that, if a>^>/3>y, the substitutions 

a?-y=(a— y)dn'w and a:-y=0~y)dn~*v, 
where ifc* «= (a — /9) (a - y) ~ ^, reduce the integrals 

j {(a-x) {x- p)(a;- y)}-i dx and j{(a-x)(x-p)(x-y))'^dx 

respectively to the forms 2m (o - y) " * and 2i; (a - y) "* ; and deduce that, i{u+v=K, 

1 - sn* u - Bii^v+i^ sn* u sn* v=0. 

From the substitution t/=(a-x) (x-fi) (x-y)-\ applied to the integral above with the 
limits /3 and a, obtain the result 

w w 

P(aiCos2^+6isin«^)-ic/^«fVco8*^+&'8in*^)-i(W, 

where o^, &| are the arithmetic and geometric means between a and 6. 

(Cambridge Mathematical Tripos, Part I, 1895.) 
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16. Shew how to express 

{(<u^-\'bX'\'C)(a'x*-\'b'x+€^)}-^dx 



I 



as an elliptic integral of the first kind, in the case when both quadratic expressions have 
imaginary linear factors. 



If f = f *{(a?+l) {a^+x+l)}'^cLc, 



express x in terms of z by means of Jacobi's elliptic functions. 

(Cambridge Mathematical Tripos, Part I, 1899.) 

17. The different values of z satisfying the equation en 32; = a are z^ z^, ... %. 
Shew that 

9 9 

3it* n cn«,.+if* n cn«r=0. 

r—l rss9 

(Cambridge Mathematical Tripos, Part I, 1899.) 

18. Shew that 

cn_£ _ 2n f q^ trz q^ Zjtz q^ 6irz \ 

dnz''kK\l-q^2K''T=^^2R'^l'-q^^2K'"T 

19. Prove that 

iP sn ;; 2fr 



dn2 
20. Shew that 



z 2ir ( q^ . trz a* . Zirz . a* . btrz ) 






21. Prove that 



sn3 .= /l+f (^\ - il f^Yl^ sin ^- 



{ 2ifc3 \2KJ 2P V 



2ifc3 \2KJ 2i^\2Kj jl-q 2K 



Snz 
2k 



{l-\-k^( n\ 38 /fr\»l V . 3ir 
'*'t 2lfi \2K) 2its \2K) J 1-^ ^ 2i 

"*■ I w \2k) ' 2^ \^2t; J r-f^ 



bnz 

'^M 

I* • • • • 

(Cambridge Mathematical Tripos, Part II, 1896.) 

22. Shew that 

k^ 8n« « = if) (« - xK') + Constant, 

where the Weierstrassian elliptic function is formed with the periods 2K and 2\K\ 

23. Shew that the differential equation 

admits the general integral 

t* = {8ni(a-«)cni(C-2)dnJ(a-r)}-*{il + i58n«i(C-«)}, 
where A and B are arbitrary constants, and C^2K+iK\ 



CHAPTER XVI. 
Elliptic Functions ; General Theorems. 

204. Relation between the residues of an elliptic function. 

In this chapter we shall be chiefly concerned with properties of more 
general elliptic functions than the special functions ^ (z), sn z, en z, and 
dn z, which have been discussed in the two preceding chapters. 

We shall first shew that the sum of the residues of any elliptic function, 
with respect to those of its poles which are situated in any period-parallelogram, 
is zero. 

For let f{z) be an elliptic function, and let 2g>i and 2g>2 be its periods. 
The sum of the residues is, by § 56, equal to the integral 

taken round the perimeter of the parallelogram. • 

Now in this integral, any two elements/(^)dz corresponding to congruent 
line-elements dz on opposite sides of the parallelogram, are equal in magnitude 
but opposite in sign, and therefore destroy each other. Hence the integral is 
zero, which establishes the theorem. 

The number of poles or zeros of an elliptic function contained within 
a single period-parallelogram is often referred to as the number of irreducible 
poles or zeros. 

205. The order of an elliptic function. 

We shall next shew that if c is any constant and f{z) is an elliptic 
function, the number of roots of the equation 

contained within a period-parallelogram depends only on f{z), and is inde- 
pendent of c, and is therefore equal to the number of irreducible zeros, and also 
to the number of irreducible poles. 
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For the difference between the number of zeros of the function 

f{z) - c 

and the number of its poles, contained within the parallelogram, is (§ 60) 
equal to the value of the integral 



!«•] 



/'(^) 



dz 



27nJ f(z) — c 

taken round the perimeter of the parallelogram. But if P and Q are two 
points congruent with each other, situated on opposite sides of the parallelo- 
gram, then the elements f'(z) {/(z) — cl^^dz arising from P and Q are equal 
in magnitude but opposite in sign, and so destroy each other. The integral 
is therefore zero; that is, the number of zeros of the function f{z) — c 
contained within the parallelogram is equal to the number of its poles, i.e. to 
the number of the poles of /{z) ; but this latter number is independent of c, 
which establishes the theorem. 

The number of irreducible poles or zeros of an elliptic function is called 
the order of the function. It must be noted that a zero or pole, which is 
multiple of order n in the sense of " order " defined in §§ 39, 44, must be 
counted as n zeros or poles for the purposes of this definition of " order." 

The order is never less than two; for if an elliptic function had only 
a single irreducible simple pole, the sum of its residues within any period- 
parallelogram would not be zero, contrary to the theorem of the last article. 
This explains why the functions discussed in the two preceding chapters, 
which are of order two, are the simplest elliptic functions. 

206. Expression of any elliptic function in terms of fp (z) and p' (z). 

We shall now shew how any elliptic function can be expressed in terms 
of the Weierstrassian elliptic function which has the same periods. 

Let f(z) be any elliptic function, and let ^(z) be the Weierstrassian 
elliptic function with the same periods 26>i and 26>2 ; and let p^ (z) be the 
derivate of fp(z). 

First, we can write 

/(^) = I {/(') + /(- ')} + l^^^Y^^ **' ^^^' 

Now the functions /(-^) +/(—-?) and [f(^)—f{'-^)}ip*~^(^) are even 
elliptic functions of z: let ^ (z) denote either of them : we shall now express 
(f> (z) in terms of fp (z). 

Since ^(2:) is an even function, it follows that if a be one of its zeros 
in the fundamental period-parallelogram, then another of its zeros in the 
parallelogram will be congruent to — a : its irreducible zeros may therefore 
be arranged in two sets, say Ui, a^y.am and zeros congruent to 

— fli, — da, ... — a^. 
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Similarly its poles can be arranged in two sets, say &i, &a, ... &ni &&<! poles 
congruent to — 6i, — 6^, . . . — bn- 

Now form the quantity 

1 {p (z) - y (a,)] {p (z) - p (g,)} ...{p(z)''fp (On)} 

where if one of the quantities Or or hr is zero, the corresponding factor 
{jpW-p(ar)} or {p(-^) — p(6r)} is to be omitted. 

This quantity is a doubly-periodic function of <er; it clearly has no zeros 
or singularities in the interior of the parallelogram, except possibly at ^ = 0, 
and therefore either it or its reciprocal has no singularities in the interior 
of the parallelogram, and so has no singularities in the entire plane. It must 
therefore by Liouville*s theorem be a constant independent of ^. 

Thus 
6 (z) = Constant x (P (^) - P (^>)1 [^ (^) " P (^M - - IP (^) ~ P (^M 

The quantities [f{z) +/(-^)} and {/(-^) -/(--?)} {^'(-2^)1"' can thus be 
expressed as rational functions of p{z)\ and thus we obtain the theorem 
that any elliptic function can he expressed in terms of the Weierstrassian 
function formed with the same periods, the expression being linear in p'(z) 
and rational in p(^). 

Example, Shew that 

an zcu zdn z:=j^k''^ fjy {z -tK'\ 

where the function ff' {z - iK') is formed with the periods ^K and ^iK', 

207. Relation between any two elliptic functions which admit the same 
periods. 

We shall now shew that an algebraic relation exists between any two 
elliptic functions whose periods are the same. 

For let f(z) and <^(^) be the functions Then by the last article, f(z) 
and <f> (z) can be expressed rationally in terms of p (z) and p' (z). Eliminating 
fp (z) and p' (z) from the three equations constituted by 

p''(z) = 4ff(^(z)-g,ip(z)-g, 

and these two relations, we have an algebraic relation between /(-2) and if> (z) ; 
which establishes the theorem. 

It is easy to find the degree of this equation in / and (f>. For if / be an 
elliptic function of order m, and if <f> be of order n, then each value of f 
determines m irreducible values of z, and each of these determines one value 
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of ^ : 80 to each value of / correspond m values of <f>, and similarly to each 
value of <l> correspond n values of /. The equation is therefore of degree m 
in <f> and n inf. 

Thus fp (z) is of order 2, and fp^ (z) of order 3. The relation between them, namely 

fr(z)=4^(z)-g,fp{z)-g,, 
should therefore be of degree 2 in jf^ (z) and 3 in $> (z) — as in fact it is. 

An obvious consequence of this proposition is that every elliptic Junction 
is connected with its derivate by an algebraic equation. 

Example. If ty u, v are three elliptic functions of the second order, with the same 
periods and argument, shew that there exist in general between them two distinct relations 
which are linear with respect to each of them, namely 

Atuv+BuV'\'Cvt+Dtu + Et+Fu+Ov+E^0f 

A'tuv + Euv + C'vi + Dtu + E't + F'u + G'v + JST' = 0, 

where J, ^, ... , i7' are constants. 

208. Relation between the zeros and poles of an elliptic function. 

We shall now shew that the sum of the affixes of the irreducible zeros of am, 
elliptic function is equal to the sum of the affixes of its in^editcible poles, or 
differs from this sum only by a period. 

For i{ f(z) be the function, and 2o>i and 2g>2 its periods, the difference in 
question is (§ 59) equal to the integral 

1 [ zf(z)dz 
27riJ f{z) 

taken round the perimeter of the fundamental period-parallelogram. This 
can be written 



or 



or 



. /■'- f _ ^/' (£) . (2^+ z)/'(2o>.+^) ) -] 

Jo I /(i) ^ /(2«. + z)- r^j' 



or 



^^.^^f^K^^f^}, 



or ^. {- 2a), log 1 + 2«», log 1}, 
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and as log 1 is zero or some multiple of 27rt, the last expression must be 
either zero or some quantity of the form 

A multiple of 2g>i + A multiple of 2g>2, 

i.e. a period. This establishes the theorem. 

Example. If F{z) is an elliptic function, for which ^1,^2, ... are the irreducible poles, 
and il|, A^^ ... the corresponding residues, and '\i f{z) is a one- valued function without 
singularities in the parallelogram, shew that the integral 

taken roimd the period-parallelogram, is equal to 7,A^f{z^, 

(Cambridge Mathematical Tripos, Part II, 1899.) 

209. The fumtion f {z). 

We shall next introduce a function ^(z\ defined by the equation 

with the condition that ^{z) — z~^ is to be zero when z^^O. 

Since the infinite series which represents |> (z) is uniformly convergent, it 
can be integrated term by term ; we thus have 

f (£r) = - j [,r^ + 2 {(-? - 2mG>i - 2nco2)"" - {2m(Oi + 2nG>j,)-«}] dz 

= -2^* + 2 {(-? - 2ma>i — 2nci>2)"^ + (2ma)i + 2nG>3)-^ -f z (2mG>i + 2nwj)-*}, 

since the condition, which ^(z) has to satisfy at^ = 0, is satisfied by this 
choice of the constant of integration. The summation is, as usual, extended 
over all positive and negative integer and zero values of m and w, except 
simultaneous zero values. 

When I 2m<i)i + 2nci), ! is large (and we can suppose the series arranged in 
ascending order of magnitude of | 2ma)i + 2nc»a |), the quantity 

(z — 2m6>i — 2wa),)~^ + (2mttii + 2nG>2)~' + z (2mai] + 2nG>a)~* 

bears a ratio of approximate equality to the quantity 

The series which represents ^(z) can therefore be compared with the 
series 2 (2mG>i + 2na),)~*, and hence we see that it is absolutely convergent, 
except at the singularities z = 2m€i>i -f 2r)6>a, and that the convergence is 
uniform. 

It is evident from the series that at its singularities z = 2ma>i -f 2i?a)3, the 
function ^(z) has simple poles with residues unity; and that ^(z) is an odd 
function of z. 
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The function ( (z) may be compared with the function cot z, whose expansion is 

to 

cot z =;?-* + 2 {(« - mir) " * + (rmr) ~ ^}. 

The equation -j- cot « = - cosec' z 

corresponds to the equation 

210. The qucLsi-periodicity of the function f (^). 
Since fpi^-^ 26)i) = fp (z\ 

we have ^ ? (^ + 2ah) = ^ f (-2), 

or f(z + 2c»,) = f(^) + 2i7i, 

and similarly ? (^ + 2(!i>a) = f (^r) + 2175, 

where 171 and 172 are two constants introduced by integration. 

Writing z = — co^ and <er= — ©j in these relations respectively, we have 

? («.) = ?(- «2) + 2i72 = - ? (co,) + 2i;„ 
whence % = 5'(wi), 

17j=f(6)2), 

which determines the constants 171 and 17,. 
If j?+y+«=0, shew that 

{fW+f(y)+fW}»+f'W+rCy)+f'W=o. 

(Schottky.) 
This result may be regarded as the addition-theorem for the function ((z). 

211. Expression of an elliptic function, when the principal part of its 
expansion at each of its singularities is given. 

Let f {z) be any elliptic function, with periods 2a>i and 2<a^, Let its 
irreducible singularities be at the points z = a^, a,, ... On; and let the 
principal part of its expansion near the point a^^ be 



Then if we consider the function 



^(^)= JJc*,a^-a*)-Cifc,r(^ -«*)+. ..+1^:-^^ 



d' 
where 5'<** (z) denotes ^-^ f (z), we see that 

aJT 
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(1) When z is replaced by (z + 2c»i), the function E{z) is increased by 

n 
n 

But 2 c*. is zero, since the sum of the residues oi f{z) within a period- 

parallelogram is zero. Hence E {z) admits the period 2(!0i. Similarly E{z) 
admits the period 2ai,. E {z) is therefore an elliptic function, with the same 
periods B&f{z), 

(2) Since the function ^^^^ (z — a^) has singularities only at a^ and 
congruent points, and its principal part at aj^ is (— 1)"* m! (z - aife)"^"S we see 
that E{z) has the same singularities as f(z), and the same principal parts 
at them. 

It follows from (1) and (2) that /{z) — E(z) is a function with no 
singularities in the whole plane; and therefore, by Liouviile's theorem, 
f{z) " E(z) is a constant. Thus the function f{z) can he expanded in the 
form 

/(^) = Constant + 2 2 J-=^'c*.?<'-" (^-a*). 

This theorem may be regarded as analogous to the decomposition of a rational function 
into partial fractions, or the decomposition of a circular function into a series of co- 
tangents (§ 76). 

Example 1. Shew that 

it sn «= f (f - tX') - f («- 2^- *X') + Constant, 
where the (-functions are formed with the periods AK and SiiT'. 

Example 2. Shew that 



1 »{^) if^W 
1 »{z) r« 



2 1 PW j?"W 

Extend this theorem to the case in which there are any number of variables. 

(Cambridge Mathematical Tripos, Part II, 1894.) 

212. The function a (z). 

We shall next introduce a function a (z), defined by the equation 

^\oga(z)=^(z\ 

with the condition that <r (z)/z is to be unity when j» = 0. 
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Since the convergence of the infinite series which represents ^(z) is 
uniform, the series can be integrated term by term : we thus have 



log a (z) = log ^ + 2 {log (l - ^^^ ^ g^ j 



+ ' -- + 1 ^ I 

2ma)i + 2wG>a 2 (2ma>i + 2wc»8)*J ' 



on choosing the constant of integration so as to satisfy the condition at ^ = ; 
and therefore 

<r (^) = Z n ( 1 - « \, I e««-.+2««. 2 (2m«,+2n«^ 

^ ^ \ 2mo)i + 2nft)a/ 

the product being, as usual, extended over all integer and zero values of m 
and n, except simultaneous zeros. The absolute convergence of this product 
follows from that of the series 



I ^^ \ 2mo>i + 27k»a / 2mG>i 4- 2wg>j 2 



\ 



(2?llft>i+27la)a)'j ' 

which is established by comparison with the series 

-2 ^ 

3 (2mft)i + 2na)^y ' 

since the terms of the two series have ultimately a ratio of equality. 

It is evident from the product-expression that a (z) is an odd function of 
z, that its zeros are at the points ir= 2ma>i + 2na)i, and that z~^ <r {z) tends to 
the limit unity as z tends to zero. 

The function a- (z) may be compared with the function sin z, defined by the expansion 



sin2=« n -1(1 )«*'!•. 



The relation -j- log (sin «) = cot « 

corresponds to 7^^^*^ ^^^'^^ (*)' 

213. The qiMisi'periodicity of the function <r {z). 

On integrating the equation 

^{z+2a>,) = ^{z) + 2f,, 

we have log a{z + 2o),) = log a (z) + 2%^ + Constant, 

or (r(z+ 2ft)i) = ce^^'tr (z), 

where c is a constant. To determine c, write ^r = — coj ; thus 

a (c»i) = — c«"*'»*'o- (ttii), 

or c = — e*»»*s 

w. A, 



24 



370 TRANSCENDENTAL FUNCTIONS. [CHAP. XVI. 

and therefore a'(z + 2g>i) = — e**'^*"*"*'^ a (z). 

Similarly o- (-^ + 2©,) = - e^^^+'^a (z). 

The behaviour of the function a (z) when its argument is increased bjr 
a period of p (z) is thus determined. By repeated application of these 
formulae we can find the value of <r (-^ + 2ma>i + 27kk)s), where m and n are 
any integers. 

An example shewing how the function a (z) may be expressed as a singly-infinite product. 
We have 

the summation being extended over all positive and negative integer and zero values of fn 
and n, except simultaneous zeros. This can be written in the form 

a(z)^z n (l-.-±-\e^fnu.,'^^(ui^ix *II ( I - -J-\ ^i^^^ ^i^ 
m=±i \ 2tn4oJ ,-±1 \ 2n«,/ 



X 

m 



*• • / . \ *_ +1 ?? 

n n ( 1 - „ ^ ) c2«-. +2n«/ » (2>it«, +2n-,)« 

i=±i »=i \ 2mai + 2n«2/ 



^00 QO ' V —«..«« 



X 

IN 



=±1 «=i \ 2m«i + 2n<aJ 



Now 



±00 

Z 



ss±i \ 2ma>|/ fr z«>i 



and n nfl-r ^ )e2«i«i+an-,'^*V2iiM»i+ai»«J 



_a n>4-g 






^amwi (2mw,+2sit*^^ ' (aniMi+aNMi)* 



(2n»2— «)«• 



nsi 2n«0air - z 

sm - * 1 - - — 

2<k>| 291a>2 

Similarly 

] 



n n [1+^ -^ ) ^««»+2n-,^»(2m»i+2*Mi4)* 



n 






sm ^ ' l+2r— 
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Therefore 






X n 



2na)o7r 
Sin ^-- 



00 

X n 

«=i 






(2mMi+2n«0^ 



} 



2/ta>^ 
Sin— s-^ 
2o>i 



or 



*• 1 

, . 2«>i **' Ai(2iiM.„^ • ^ ^ 
cr (z) = -- i e ••"** ^^''^'^ sm s— n 



Now write q=e*»i . 



Mill ^ ^ ^sin^ i—.J-— «• . *• 



8111^ — z^ — ^sin' — jf— - - *" . =^" «• 



So, 2<k>, ,(2im*JP"^,.^i(2»m.,+2jm^ 



L 



Sin* -— - 
®i 



Then 



. (2?l»5— 

sin^ — jr— ^ 
2<» 



{ 2<U*,iir | 2 
1-. -^ I 



8in«^?^ 
•i 



irz 



1 -25^008 hg^ 

Now if the imaginary part of »^<»| is [Msitive, we have | ^| < 1 ; and thus the infinite 
product 

1 - 2^** cos — + ^^ 

oonveiges absolutely, since the series 

2 q^ 

n»l 

converges absolutely ; and hence we can separate off the exponential factors, and can 
write 



00 

n 

»=i 



irz 



2«ii . vz 



00 



1-2^008 — + ^ 



a(z)=^e^ — *8ino— n 



where C is a constant 



2«i ,=i (T 



T^ 



The quantity C can be very simply determined from the relation 
for this gives 



^C U+2«i)«^ ^C««+2i», («+•.,) 



or 
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We have therefore finally an expression for cr (2) as a singly-infinite product, namely 

iiiz* _ 1 - 2g*» cos h ^** 

where 5'=« •»! . 

214. The integration of elliptic functions. 

The integral of any elliptic function can be found in terms of the functions 
^(z) and a (z), by using the theorem given in §211, on the resolution of 
elliptic functions into a sum of ^'-functions. 

In &Lct, in § 211 an expression 

t = l ,=:! {8-1)1 

has been found for the elliptic function f(z) ; the indefinite integral of this 
expression is 

c^+ 2 c*,log(r(^-a*)+ 2 2 T^^Nt.?^«(^-a*), 

which is the required integral of f(z). 

Example. The expression for ^ (2), found by the theorem of § 211, is 



It follows that 



j fp*(z)cU=if(y (z) + i^g^ + Constant. 



216. Expression of an elliptic function whose zeros and poles are knoum. 

We have already seen (§ 205) that the number of irreducible zeros of an 
elliptic function is equal to the number of its irreducible poles; and that 
(§ 208) the sum of the affixes of the zeros differs from the sum of the affixes 
of the poles only by a quantity of the form (2m6>i + 2no)j), where m and n are 
integers. By replacing the zeros and poles by others congruent to them, we 
can reduce this difference to zero. Suppose this done, so that for a given 
function f{z) the irreducible zeros are ai, a^, ... a^t and the irreducible 
poles are 6,, 62, ... 6n, where 

01 + 02+ ... + On = 61 + 6a + ... +6n« 

If any of the zeros or poles is multiple, of order k say, it will of course 
be counted as if it were k distinct simple zeros or poles. 

Consider now the quantity 

jj; r. ^ a(Z'-a^)a(Z'-a^) o-(ir-On) 

O- (-gr — 61) <r (-2 — 6a) ci^ — bn)' 
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We have 

Similarly E{z + 2(»2) = E (z). 

Thus E(z) is an elliptic function, with the same periods as f{z)\ and 
therefore f{z)/E(z) admits these periods. 

But the function f{z)/E{z) clearly has no zeros or poles at the points 

and so has no zeros or poles at any point of the 2:-plane. Therefore, by 
Liouvilles theorem, f(z)/E{z) is a constant; and so finally 

( r(z-a;)a{z-a^) (r(z-(in) 

'^^^^~a(Z'-b,)a(z-b,) a(z-bn)' 

where c is some constant. 

An elliptic function is therefore determinate, save for a multiplicative 
constant, when the places of its irreducible zeros and poles are known. 

This is analogous to the factorisation of a rational function : if a rational function has 
zeros at iK>int8 a^ a,, ... On, and poles at points 6|, 63, ... 6^, it can be expressed in the 

form 

(z-ai)(z-a^) ... («-«,,) 

where c is a constant. 



Example 1. Prove that 






By differentiating this formula, shew that 
and by further differentiation obtain the addition-theorem 



y (»+y)° -PW-y(y)+ j { ^jljl^gf 



Example 2. If 



2 (aA-6A)=0, 



shew that I o- (ax - 6.) ... g (ax- b^) ■ ■ ■ o- (ax - K) ^^ 

x-l <r(ax— o,)... 1 ...<r(aA-a,) 
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Miscellaneous Examples. 

1. Shew that, ifp denote one of the fuDctions sn 2, en 2, dn 2, and if q and r denote the 
other two, it is always possible to choose constants a, 6, c, such that 



I p€U=a\og(bq+cr). 



2. Shew that every elliptic function of order n can be expressed as the quotient of two 
expressions of the form 

where ft, a^, a,, ... a,^, are constants. (Painlevd.) 

3. Prove that 

+ iP'(«-ft){f(^-a)-f(^-*) + f(a)-f(6)[ 

(Cambridge Mathematical Tripos, Part II, 1895.) 

4. Shew that 

cr(j?+y-hg)o-(^-y)<r(y-2)cr(z-jr) 1 1 fp (x) |>'(4;) ' 

1 i?(y) iP'Cy) 

Obtain the addition-theorem for the function fp (z) from this result. 

5. Establish the identity 



1 iP(0 |>'(0...p<-^>(0 



where the product is taken for all int^er values of X and fi from to n, with the restriction 



6. Prove that 



f(^_a)-f(2-6)-f(a-ft)+f(2a-26) 



cr(2-2a+6)<r(2-26+a) 



cr(26-2a)cr(2-a)cr(2-6)' 
(Cambridge Mathematical Tripos, Part II, 18d5.) 

7. Shew that, if 2o+«i+ij+23=0, then 

the summations being taken for X=0, 1, 2, 3. 

(Cambridge Mathematical Tripos, Part II, 18d7.) 
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8. Prove that 

is a doubly- periodic function of z, such that 

= -2cr{i(z2+^s- 2,-24)} ^{i{h+^i-h-^4)}<^{i(^i+h-h-h))' 

(Cambridge Mathematical TriiKw, Part II, 1893.) 

9. If /(-?) be a doubly-periodic fimction of the third order, with \kAos at 2=Ci, 2=C2» 
-e=c„ and if ^ (z) be a doubly -periodic function of the second order with the same periods 
and poles at 2=0, 2= ^, its value in the neighbourhood of 2;= a being 

<^(2)= — +X,(2-a)-|-X^(2-a)«+..., 
prove that 

iX» {/" (a) -/" O)} - X {/' (a)+/' 03)} 2 ^ (c,)+ {/(a) -/O)} {3XX, + 2 * (c.) « (c,)} -0. 

1 1 

(Cambridge Mathematical Tiipos, Part II, 1894.) 

10. If X(2) be an elliptic function with two poles a^, a,, and if Zj, i,, ... z^y be 2n 
arbitrary arguments such that 

2i+ij+...+28»=n(ai+a^, 
shew that the determinant whose nth row is 

1, \(Zi\ X«(2,), ... X*(2<), \{Zi\ \(Zi)\(Zi\ \*{Zi)\,(Zi), ...\^-^(Zi)\i(Zi\ 

where ^i ('^<)=^X(2<), 

vanishes identically. 

(Cambridge Mathematical Tripos, Part II, 1893.) 

11. Shew that, provided certain conditions of inequality are satisfied, 

where the summation applies to all positive integer values of m and n. 

(Cambridge Mathematical Tripoe, Part II, 1895.) 

12. Assuming the formula 

prove that 



"w-^GT/^-^g-ayfi^.-". 



on condition that 



-»«(3)<*(sJ<««(5)- 

(Cambridge Mathematical Tripoe, Part II, 1896.) 



376 TRANSCENDENTAL FUNCTIONS. [CHAP. XVI. 

13. Shew that 



/{(x«-a)(^-6)}-irf..= -llog;-|^>+ilog 



2 *<r(z+«o) 2 "(riz+iz^y 



26 



(Dolbnia.) 



INDEX OF TERMS EMPLOYED. 



( The numbers refer to the pages^ where the term occurs for the first time in the 

hook or is defined,) 



AbRolute convergence, 12 

,, value (modulas), 5 
Affix, 6 

Analytic function, 45 
Argand diagram, 6 
Associated Legendre functions, 281 
Asymptotic expansion, 163 
Automorphic functions, 889 

Bemoullian numbers and polynomials, 97 
Bessel coefficients, 266 

„ functions, 274, 294 
Branch, branch-point, 66 



Circle of convergence, 29 

Coefficients, Bessel, 266 

Complex numbers, 4 

Conditions. Dirichlet's, 146 

Congruent, 325 

Contiguous, 260 

Continuation, 57 

Continuity, 41 

Contour, 47 

Convergence, 10 

absolute, 12 
circle of, 29 
radius of, 29 
semi-, 12 
uniform, 73 

Cosine series, 138 

Definite integral, 42 
Dependence, 40 
Derivate, 51, 58 
Determinants, infinite, 85 
Diagram, Argand, 6 
Dirichlet's conditions, 146 

„ integrals, 191 
Double-circuit integrals, 258 
Doubly-periodic, 322 



»» 



ti 



»» 



f* 



»f 



ff 



t» 



»» 



(f 



Elliptic function, 322 

Equation, associated Legendre, 281 

Bessel, 269 

hypergeometric, 242 

Laplace's, 811 

Legendre, 206 
Essential singularity, 63 
Eulerian integrals, 184, 189 
Expansion, asymptotic, 163 
Exponents of a singularity, 245 

Fourier series, 127 

Function, analytic, 45 

associated Legendre, 231 
automorphic, 389 
Bessel, 274, 294 
Qamma-, 174 
elliptic, 822 
hypergeometric, 242 
identity of, 59 
Legendre, 209, 221 
many-valued, 66 



»» 



»t 



tt 



f» 



»» 



X 



»f 



f) 



Gamma-function, 174 
Genus, 389 
(Geometric series, 18 

Hypergeometric series, 20, 240 
„ function, 242 

Identity of a function, 59 

Infinite determinants, 85 
products, 81 
series, 10 

Infinity, point at, 64 

Integrals, definite, 42 

Dirichlet's, 191 
double-circuit, 258 
Eulerian, 184, 189 

Invariants, 326 



»« 



»» 



»» 



»♦ 



t« 



It 



»» 



t* 
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Irredacible, 362 

Kind of Legendre fanctions, 209, 221 
Bessel „ 274, 296 



Laplace*8 equation, 311 

Legendre associated functions, 231 

equation, 206 

functions, 209, 221 

polynomials, 204 
Limit, 8 

Many- valued functipn, 66 
Modulus, of complex quantity, 5 

„ Jacobian elliptic functions, 345 

Non-uniform convergence, 73 
Numbers, Bemoullian, 97 
„ complex, 4 

Order of Bessel coefficients, 267 
„ functions, 274 
elliptic functions, 363 
Legendre functions, 209 

„ polynomials, 204 

pole, 63, 65 
zero, 55, 64 



INDEX. 



it 



»f 



>* 



»» 



«* 



*» 



Parallelogram, period-, 325 
Part, principal, 63 
Period, 822 

Period-parallelogram, 325 
Point, regular, 45 

„ representative, 6 

„ singular, 45 



Pole, 63, 65 

Polynomials, Bemoullian, 97 

„ Legendre, 204 

Power-series, 28 
Principal part, 63 
Process of continuation, 57 
Products, infinite, 31 

Quantity, complex, 4 

Radius of convergence, 29 
Regular, 45, 46 
Residue, 83 
Representative point, 6 

Semi-convergence, 12 
Series, Fourier, 127 

geometric, 13 

hypergeometric, 20, 240 

infinite, 10 

power-, 28 

sine and cosine, 138 
Simple pole, 63 
Sine series, 138 
Singly-periodic, 322 
Singularity, 45 

„ essential, 63 

of hypergeometric equation, 245 



ft 



tt 



tt 



tt 



tt 



»t 



Uniform convergence, 73 
Uniformisation, 338 

Value, absolute (modulus), 5 
Zero, 55, 64 
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